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1. AnamutHueckas reomerpus,
BEKTOpHas ajare0pa, onpenenuren,
MaTPHIBI

aapa 1. Anamutiueckas reOMeTPHA HAa IAOCKOCTH

§ 1. 1. Cucrema MPAMOYTOILABIX HERAPTOBNIX KOOPAMHAT
Ha onockoctd. IMpoctelfune samaun

-

M pamoyzossrvimu Bekapmossimit  Koopduramamy TOUKH M na
TIOCKOCTH HA3LIBAIOTCH PACCTOAHHSA OT 9TON TOUKH X=ML y=MN
(puc. 1.1} mo KoopauHATHWX oceft Oy u Ox, usMepeHHbic omHOf
H TOfl Xe eAuHuuefl AMmMHL W BSETHE C COOTBETCTBYIOLIHMH 3HA-
Kamn. Ecan Touka pacnonomena <npasa ot ocd Oy, 10 abenmeca ¢
RAHHOR TOUKH NOMOKHTENBHA, ecaH CeBa — OTpHUATEABHA; ecaAH
TOUKa JEKHT BRI ocH Ox, e opAHHATa ¥ NOJOKHTENbHA, ecaH
#HKe ocu Ox — oTpuutatenssa (npH yxasanioM Ha puc. 1.1 BuiGope
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L~y
Y
7 ——tte
I Nox Pue. 11

NONOXHYENBHHX nanpasnennfi oceft, o6osHauenHmX CTPeJIKaM),
Hna towex, Aexaunx ma oct Oy, x =0; aam TO9eK, Jemampx
Ha ocH Ox, y = 0. 3amice M(x, y) osuauaet, uto rouka M HMeeT
" KOODZUHATHL X H /3

1. Paccrosnue MEMAY ABymA Touxamu M, (x, y)u M, (%, o)
BHRHCARETCA N0 dopuy.e

d= V(-‘fs —x) + (¥ — yjs: (1.1)
3
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9. Koopnuuatsl ToukH M(x, y), memamel orpesok MM, rae
M, (%, %), Ma(¥, %), B xamioM orHomennn MM:MM;=1

(npr I — 1), onpeaenmoTes GopMy namu:

_ Bt - Bty

3. Koopaunars! cepeannnl orpeska MM, sbiwuc/smores 1O
dopMynam:

X X,
p=tm gy

4, Tlpowane TpeyrombHiKka ¢ BepmMHaMu P(xy, #), Q(xs Yo)
R (¥, ¥2) paBHa
Se=2 —;“' [(xg~ x) W — ) — (e —%1) Gz~ )],  (L.4)

rAe sHaK MIHYC caeayer Opath, KOTAa BHIpakKeHHE B KBajpaTHLIX
CKOOKaX OTPULATENBHO, 3HAK IUMOC — KOTZA OHO NOJIOKHTENBNO.

SaMevapne. Qopuyaa (1.4) Moker Ourb hanlicaHa B BAIE

L ity .
__!2_2;'0 (1.3}

S‘—'%l(x%"—xl)(ys_yl)_(xs_xl)(ys_yl)]’ 149

TZe ABYMS BepPTHRANLHRME TepTAMB o603HAueHz aGCOMOTHAd Beamuana {apipme-
THTECKOE 3HAYeHHE) BHPAEEHHA, CTORILEro B KBAAPATHHX choOKax, AGcomorThas
eeqAGHHA GHCNA X ONpefeaneTcs Tak: :

| %)= x, ecam x >0
= | —x, ecan x<_0.

Hanpamep, |4} =4. |— 6| =6

Mpumepss

1. Tloctpoute Touky M (2, 3). HalitHu TOUKH, CHMMeTpHYHLIC
Touke M OTHOCHTENBHO KOOPZHHATHHIX OCeH, GHCCEKTPHC KOOPAM-
HaTHBIX YTJIOB M Hauaja KOOpZHHaY.

3ameuanne DBrupakensc «maliTH TOuKH» O3HauaeT RafiTH KOOPIMHATLI
STHX TOUYEeK. .

Tloctpoum cHauana toaky M (2, 3). Ornoxus Ha ocm Ox BrpaBo
OT HadYana KOOpAHHAT OTpesok OM, =2 {puc. 1.2), Boccrasum
B Touke M; nepnengukynsap kK ocH Ox. Ornoxus Ha ocH Oy

. KBEpXy OT Hauana KOOPAMHAT OTpesok OM, = 3, BocCTaBuM B TOUKe
M, nepneangynsp K ocH Oy. Touka M mepecedelns yKasauusix
{IepIEeHIHKYIAPOB ABAACTCA HCKOMOH, (STY TOYKY MOXHO TOCTPOHTH
B ApYriaM cnocoGoM: Ha nepneBAuKyaspe K och Ox, TPOXOZsAmeMm
yepea TOUKY M, oTnOKHTL oTpesok MM = 3 Kgepxy ot ocit Ox.)

TMpoeoas nocAeAyiolHe NMOCTPOSHHA, MONB3YEMCA OfipeieNeHHeM
T0YeK, CHMMETPHYHHX OTHOCHTENLHO pamHOf npaMoil (3To Toukm,
ACKAILMEe Ha OJHOM TMepneHAMKYnApe K NpsAMOA, HA ORUHAKOBHIX
FACCTOAHMAX H TO PaSHEIE CTOPOHHL OT Hee),

4 -
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TlocTponm Touky N, CHMMETPHYHYIO Touke M
ocit Ox. KoopauHathl sroit TOuk: Xy =O0M,, gy, = - A%:HNof;l;Ei{l:Ij\of
cpaBa O ocit Oy, nosTomMy x>0 u mixe ocn Ox, TNOSTOM
g < :}; l;o OM; s ffjvf' MN = MM = Yppe cne,m'ma-reabno}:
¥ =¥ Upy = ~y,. Tak Kax us veno = =
o » » yenosusi xy, =2, y,, = 3, 70

Pue, 1.2

Hns toukn L, cammetpuanoli Touke M orsocute

HaxoauM: X, = — LMy = — MM = — Xy Y, =LS ’:’j“,’hﬁigy-
noml'_imy L{—2 3. o

OCTPOHM TEemnepb TO4KY P, cHMMeTpuy -
Tenbio Succextpucs! [ u i r(oopmmmm; wy?n:;qxe M omocn
N Koopanuater ;;3 Jg, =0P, u y, = PP, BHIDAa3HM yepes Koop-

Havel ToukH M. STOH UeNbIO PACCMOTPHM pasHOGenne

TpeyrofbHuku MAP n OAM, (A — touka ne?e%eqenﬁi Mldf I:l Hg}i?
cextpucsl). Taxk kak OM; = M,A 0 MA = PP, 10 P,P=0M
T. & Yp=x,. Hanee, nockomexky AM = AP = MP, MM ;'
=MA+ AM, OP,=0M, 4- MPy, 10 MM=0P, 7 e
Xp ﬁ Yy Taxum ofpasom, momywnm P (3, 2). v

OCTPOHM TOUKY Q, CHMMCTpHuRYIO Touke M
Guccektpitet I/ ot IV KoopaimtaTHerx yrios, Has pag;:l;c H;;J::;:f
YroJsHbix —Tpeyrombatikos 0QQ, 1 OPP, (0Q =0P, Z£Q0Q,=
: ‘{ij POP,) naxopnm, uto 0Q, = OP,, QQ, = PP,. Tax Kax OP,1 =
Tenbl;on‘f xH —PPI = OMI, TO OQ: = MIM, QQI = OM]_. CﬂE]IOBa'
orpuua:renq =~ Yo = — %y 1 Q(—3,—2) (RoopaEHATLL TOUKI Q
ocal_?y). bHBL, TaK KAK OHA NEKAT HHxe ocH OX W cAesa OT

OCTPOHB TOUKY R, CHMMETPHUHYIO Touke M OTHOCHTE
HAUana KOODAWHAT, M PacCMOTPeB paBHule NPAMOYTONbHEle TJ;ZI;O
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ronsaurd ORS 1 OMM (OR = OM, £ SOR = -Z M,0M), nonyunm _

0S =0M,, 8R= MM, nosroMy Xp=— Xy Yp=-—1Yy,
H R ("-' 29 - 3)

Oreern: N 2—3) L (-2 8), P 3 2) Q (~3—2), R (—2—-93)

Sameusnne Koopaumaru Touex N, L, P, Q R, crumerpuuix Touke
M (2, B} oTHOCHTENEHO COOTBETCTBEERO OCH O, ocH Oy, Guccextencst I o I
KOOPIARATHAX yrJos, OHCCRRTPHCH /f M [V %00pAMHATHMX Yr/IOB Havana Koop-
JHHAT, MOKHO no.ux;:mb € TIOMOILLI0 CREAYIDULAX HOpMaILELIX HeficTRHE:

1) 178 ToukE N — usMenuth SHag Y. OCTaBHB X DpexXHRAM,

2) LA TOYKR L -- H3MEK#TL SHAK X, OCTABHB DPeXHEM Y,

8) mas TOURM P — nowensTh MecTaMm X b i

4) DA PUKA Q — NONEUSTL MECTAMH X B , MSMEHRB X SHAKHE

5} ZaA TOUKH K — H3MeHuTh SHahm X B .

2. HNoxasats, 9TO TpeyrosbEHK ¢ BepmmHaMi P2, —Dn,
Q(6, 1), R(3, 4)— mpavoyronsnnil.

36aA CTopoHml q, b, ¢ TPEYTOABHHKA, € DNOMOIZEIO TeopeMbl
Ilaaropa MoMHO yeTaHOBHTH, ABnsieTes A AAMHBIE TPeYroJAbHHE
PAMOYTONBHBEI (2° + 6% = ¢%), oCTpoyroMbibM (C% < a? -+ 5%
TYNOYTO/IBHBIM (€2 > a? 4- bY),

afifieM ZaGHBI CTODOH  JAaHHOD TPEYTOAbIHKE, MOIbIYACH

dopuynoit (1.1). Bruwncanm suawane anuny  PQ, mnoacraeasa
B chpmy.ny (L.1) xoopmmmarer Touek P u Q ¥, = -2, Y =1,
Xg=6, yp=1:

=V~ +T—(—F=V&+ 2=}

Ina muuncnenus PR moactaeuM B topmyay (1.1) sHauenus
= —2, r=—1, 5,=3, Ya =4

PR=VB—(—P+ U= F=}VBE L5 =V5.
Anasornuso aaa 3-f CTOpOHB Xy =6, y, = 1, Ya=3, g, =4
QR=YB—6FL@—1F=V{=3FF5=yis
KeagpaTel aaui cTopon OYZYT COOTBETCTBEHHO papHSL:
PQ =68, PR®=D50; QR* = 18,

OTKyzia
PQ* = PR QR

Nocaegnee pasencrso O3HAYaeT, 4YTO TPEYTOALHUK NPAMOYTOMb~
Hulit,

Jamenanne, Qopmyna (L1) He homesnicn, earn B mell TMOMEHATD
HECTAME X W £ g B gy (ToK KaK (X;—Xg == (4; == 2\, (,—9)° = (g —g, ).
lNpe  ucnoansopaubr st dopMyns nepeofl Touroll (T. e, AMelomel KOOPABHATE
X), 1) MOXKEO CYHTATh JIOGYID B3 ABYX AANHLIX TOUEK, OCTABLASCN Touka OyRer
R10pofi (T. . EMEOmEH KOOPARHATH X Ua)

3. Buuneauth AMMEBL  Mepuan TPEYTOARHUKA ¢ BepuuiHaMp
P32, Q6, 4), R(7, —2).

Halizem Brawane ochosamug MezHaH, ABASIOMIHECH CepelHHAMM
CTopoH Tpeyroabhuka. Ilyete L, M, N — cooTseTcTBeHHO CepeAutLL
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cTopor PQ, QR, PR, Kooprunaret Touxn I ONpejiensieM no (op-
mynaM (1.3). B nanHOM criyvae , = —3, h=2 X=5 gy, =4.
OGosHavan koopanHaTs! Touk: L 4epes X, H y,, TONYUHM:

—~3-5 244
xﬁ_.;*_.—_ l; g, = ;f =3 L, 3).
AnanoruussiM oSpasoM Haxogm:
547 4F(~—2
xmz—%-= ; yM=-—-£—)=l;M(6,I):

: _ 24(=2 o
=9+ o yN=Lé—-=0, N, 0).

Boiancanu Aquny wmeptainl LR, Tloactaengs B dbopmyny (1.1)
KoOpAHHATH Touek L u R, 1. e, 3uadenua x, = |, H1=23, xa=17,
Yz = — 2, noayuum

LR=V (T =1 +(=2=3F=V&FF (<5 = VL

Tlo dopmyne (1.1} uaxosum Aanmsr Megnan MP u NQ:

MP=VE— {3+ - =yFI (<If= V5

NQ=V(E—2 L@ —0F=yVFL 4 =5

Bamenande ¢opu¥fm (1L.3) He mnsmensres, ecaw s mux TIOMEHATE
MECTAMI X' M Xy, ¢y M ¢y Ilpn #enoariosavmm sty dopuyn nepeoli TouRoH
(r e mMeoed KOOPEMHATH Xy, ;) MONHO CIHTATH Moyl N3 JBYX NAUHHX
TOYeK.

4. Jlannt pge cymexHble BEPLIMHE! napaancnorpamma A(1, -—2),
B(3, 2) n 1ouka N (5, — 1) nepeceuennn erd guarosanet:, Haijirie
ABe IpYFiie BepUIMHB! MAPAIENOrpaMMA.

Tak kak grarowamn napaaieNorpaMMa B TOUKe MNepeceucHus
Aenarea mononaM, 1o N — cepeusa BD u cepenna AC, rae D
u C — ABe Jpyrte BepIIILL, Gopuyaer {1.3) mag Aammoro cny-
Yas MPHMYT BHN

_ Fadt e _ Ya+¥c, _ % txp _¥s+up
WET T WS T Ay = gy =,
OTKYAa

Xo= 20y~ Xy Yo=2y— Y5 X, = 2y —Xp 4y = 24y —Ypge
TMoacrasaas B st Popmyan KOOpAHHATH TOWCK A, B n N Hafizem
sepunist C (9, 0), D(7, —4).

5. B tpeyromeunke ¢ sepumnamn P (2, 3), Q(6, 3), R(6, —5)
nafitn fanny Guccextphest QL.

Hs anementapuoll reomeTpuu uamecto, wro BucceKTprca yraa
TPEYTONBHUKA JCAHT MPOTHBONONOWKHYIO chc_oPony Ha uwacty, mpo-
BOPUMOBANBHbE NpUJCKAINM CTODOHAM. Haftiem anumsl st
ctopot. Ilo ¢opmyae (1.1) mmeen: '

PQ=1V{6—2f F(3—3F =4,
QR=V®6—6+(—5—3F =8,




CnegopaTeabHO,
PQ:QR=4:8=1:2u PL:LR=1:2,

rac L(x, ;,Ioz—mxa nepecedeHna GHCCEKTPHCH yraa Q co cTopo-

Holl PR, AUHATH TOYKH L onpegemimM no dopmynram (1.2).

B pannom cayuae:

a=% =% 6=6 gp=—5 l=.,
Ne3TOMY

1 1
SRS Wty R A I
"ty 2

Tlo ¢opmyne (1.1) Bauncasem ANHHY OHccexTpucn QL:
10\2 Iy _ 8y%
w=y =R+ 1)

3aMesanne B dopuynax (1.2) aymepauns Ttogex HMEET CYmeCTBEEHOS
saauesne. Ilpr nenoarsopanua stax dopuyn wyxuo pasaAtaTh HaYano H KoMeil

3%3. B gamnoM npmaepe MomAe Ohiac Gu PaccMATPHBEATL OTHOWLCHHE
RL:LP=2:1, Torna TOYKY R HYXRHO CYBTATH meprof (T. & X, =6, y,= b},
TOUXy P - propofi (xg = 2, Ys =3}, uncno ! B orom Cayvae yme GyIeT Apyru,
a HMeaHo [ = 2, GefuTeCh B TOM, UTO- NOACTAHOBKA STHX sgavennd B dop-
uynl (1.2) paer mpemumit pesynstar. Crenaitre geprex.)

6. Otpesok, onpegensieMuil ToUKaMy M;(—~6, 7), My(—2, 3),
pasxenen Ha 4 paBrme wactd. Haiitm Tourn Aenemns L, M, N,

l'“l,L yJL?
§
]
4
3
{

, N\ —

"6-5-4-3-2-10] IN 3456 x
-2
‘f, Pac, 1.3

ne, L

3 P

o xakofi Touku P HYM¥HO NPOAOMKHTL OTpesok M;M,, 4To6br
€ro NMMHA yBeaHuuaach B 3 pasa?

Ilo ycaoBuo oTHOWeRHA, B KOTOPHX TOUKH L, M, NupbP
(puc. 1.3) peast otpesck M,M,, cootercTBeNHO PaBHBL

8

L = ‘lIL — lo L _...,‘!"1"1 — 2 ._..lo L _._,‘l’l" —
1= l, = ' g == M == =1, fg= m—.
3 MIP 3

(B NOCreZHEM Clyuae HYHHO BSATH SHAK MEHYC, TAK KaK OTPesKH
MP u PM, umetor npotusononoxkuue HanpassieHns), Koopanuarsr
Touek L, N n P onpegeaun mno dopmynam  (1.2), xooparHaTh
TOYKH M --m0 dopuynam (1.3).

OnpenensieM kKoopfnuaTs Touky L. Moxerasus 8 dopuyau (1.2)

SHARCHHA X3 = — 0, y; =7, x4y 5= — 2, y, = 3, l=-:,7-, Oy YUM:
1 1
=8+ (=2 T+-338
X, = j =—05 y, = =6; L(—5, 6).
P+ 1+3

Tax gax M - cepeynna orpeska M;M,, 10 mo Gopmyae (1.3)
HMeeM:

—64+(=2
7

Hoacrasnns = dopuymm (1.2) KOOp{UHATHL ToueR M, u M,
1 I = 3, naxoguM Touky N:

—~643(—2 74+3-3
g = 1++§ ) =3 g, = 1++3 =4 N(—3,4)
AHaNorHuHO maxoaum TOYRy P (npunnmaﬂ BO BHHMaHNe, 4TO
3
I=——}
3 3
-s+(——2—-) -2 7+ -—2—-)3
xpm 3 26‘; ypm 3 =-—5;
(-7) (=)
P 6, — 5),

7. Ianst pse touxn L(3, 5) u M(6, —2). Ha ocu Oy nafitn
TaKy0 TOYKY N, 4ro6el mnaomame Tpeyronsmuxa LMN paBHA-
Aack 15 xeappaTHuM eauMHAnAM.

Oyers N (0, y) —mnckomas Touka (x=0, Tk kaxk TOuKa
ACKNT Ha ocH Oy). B dopmyay (1.4) noxcraenm sxauenus

8§ =15, Xy =3, 4 =05, x,=6, Ya=—2, x=0, Ys=1Y.
Toayyaen

15 t—;—-[(ﬁ—3)@—5)—(0—3)(—2-5)1 =

1
=z — (3y — 36),



OTCloAa .
15 = - (3y — 36), 15 = — -2~ (3y— 36).

Peias moNyYeHHhIE YPaBHEHHSA OTHOCHTEALHO Y, HaXoIHM
i = 22, yg =2,

CresoBaTebHO, YCHOBHIO 3aJaut YAOBJIETBOPAOT 1B& TOYKIL:
N, (0,22), Ny(0,2).

8, Haitty ToUKY, oMuHaKoBo yaaiemuyiw or ocelt KOOpAnHar
# or Touku M(1,8), -

Iycrs N(x, y)— ncKoMan TOYKA, ee KOODMHMHATH MOKa Heus
BecTHBI. Tak ®Kak mo ycnoBINO TOWKa paBHOYRaJsieHa OT oceit KoOp-
RMHAT, TO Y ==X MIN Y == -~ % {CM. ONpPEAC/ICHIIE NPAMOYFOMLNLIX
ZCKAPTOBBIX KOOPAHHAT, crp. 3).

Paccmorpum  mepsuiii  cayualt (g = x). Bripastim  paccroshue
Mexay tousamn M (1,8) u N(x, x) "epes ux KoopauHarsl. Ilo
dopmyne (1.1) nonywaem

MN =1 (x— 1+ (x— 87
Mo ycaosmo 310 paccrosmie paswo | x|, caefosarensho,

Vie—1F - (x—8F =[x}
Oceobosksiagcs o1 paiHKasa, NoayyilM KBajpaTHOE YpaBHSHHE
x*—18x 4 65 =0,

kopHi Koroporo x; =15, x; =13. Ilockoasky y=x, 10 y, = 5,
¥ = 13,

’ CrnepoBatennHO, TIOAYYeHH ABE TOYKH, YHOBASTBOPSIOILHE YCJA0-
Bui0 sapaud: Ny (5, 5), N,(13, 13).

Mpuseyauue Bropo# cayvall (y = — x) YCIOBHIO 3aJadH HE YHOBJe-

TRODAET.

9. Hafitu nemtp u paguyc oxpyxuoct, NPOXOAAIEH Yepes
Touku L(0, 0), M3, —1), N8, 4). . .

Ilycrs C(a, b) — nentp okpyxHocTH H R — ee pagnyc. Hafigem
HeH3BEeCTHHE 4qucaa ‘g, b 1 R, Cornacno ycaosmio, CIL = R,
CM =R, CN=R. Onpegeaum XaHHH CL, CM, CN no dop-
Myse (1.1) 1 mogcTaBuM 0X BLpaXEHHA B RocAefsNe TPH paBen-
crea. [loayums:

V{O0—aP+O0—08F=R umn >4 62 = R (A)
VB—af -(—T—bf =R nan 3 —al (1 + Y o (B)
VB—af+(4—b=R um (8—ap + (4—0b)} =Re. (€

PackpuiBast cKobku B JeBMX YacTax ypaswenrfi (B) n (C),
HCTIONB3YR YpamHeHue (A), mPHBOAY NOZOGHLIE 9ieHW H COKPaIIan
COOTBCTCTBERHO Ha 2 W 8, naxopmm:

5—-3a+b=0;}

10—2a—b=0,
10

Pewas s1y cucremy, nonyuaem: a — 3, b=4, C(3,4). Vs
ypaBHeH:st (A) HaxopuMm, uto R = 5.

Jasaun .

1. Tloctpouts Toukm: M, (1, 4), M:(—2, 3), My(—4, —5),
M2, —7), M0, D, M4, 0), M,(0, —8), Mg(— 8, 0),
My (0, 0. -

2. Hafitu Toukn, cnmmerpnmumie touke M (— 1, 5) otHocHTesB-
HO ocy Ox, oci Oy, Hawana KOOpAHAT, GHCCEKTPHC KOOpAHHAT-
HbIX YTJI0B.

3. Haftn Touki, cummerpuynne rowre M {a, b) orHoCHTEABHO
KOOpAMHATHLIX OCeH, Hadata koopanmar, GHCCERTPHCC KOOpANHAT-
HBIX Yr/IOB. ,

4. [lan npsamoyromeruk ABCD co cropotamn AB =2, AD =6,
Onpenesnts xoopaunaTol BepLINH MPAMOYrOARHIKA, MpHYsB:

1) s2a ocu  Kkoopnuwar  gme HCMAPANJICABHEE  CTOPOHKl  ero
H TOUKY HX NepeCevyeHHst sa HAYANO KOOPAUHAT;

2) TOUKYy mepecedeHHA AuaroHascli 3a HA4a70 KOoopAMHav, sa
OCH KOOPAHHAT ABE MPAMLIC, NaPai/IenbMbie CTOPOHAM MPAMOYTOIL-
HUKA,

5. Boluncauts nepumerp Tpeyrosbaika ¢ Bepinidamu A (3, 4),
B3, 8), C(6, 4). P TPeyr P €9

8. HokasaTe, YTo TpeyroabHik c BepmuHaMa P (3, 4), Q(7, 7,
R(4, 3)— paBHoGeapennsit:,

7. YeraHOBNTH, OyAer Ju TPEYTOAbHIK PQR ¢ mepiunnamy
P2, 2, Q, 6), R(7, — 1) ocrpoyroasnem, TYNOYTOMLHKM WA
DIPAMOYTOIbHEIM, )

8. Ilana cepepnna orpeska LG, 2) u o1am us ero xouuon
M2, —1). Hafitu sropoit xonen.

9, HMaua cepenimb CTOpOH TpeyrodpHnKa L{— 1,5), M(1, 1),
N (4, 3). Hafiru ero BEPIIHHLI,

10, Orpesok, onpenensemmii Toukasu My (—8, —-9), My(—3, —4)
paspeqeH Ha maTh paBHbIX wactell. Haftth rtoukm senenus, Ho
KaKOH TOYKH HYKHO HpPOAOKUTDL oTpe3ok MyM,, 9r0obm ero
AJMHA yBenlynaach B 4 pasa?

I, Han 71peyroasmik c BepliuHaMn  A(—7, 7), B(3, 2),
C(—1, —1). Haftrn touku, B KOTOpHX cropoHa AB penurcs
CHCCEKTPICAMH BHYTPEHNENO H BHEWHEro yraos npd pepuiine C.

12, Hafitu 104Ky nepecevenns meaman TPEYTONbLHIKE, BEpUItiAL
Kotopore A(—2, 1), B(2, — 1), C(4, 3). '

13. Buiyncante TLI0WA/b TPEYTOAbHIK C BEpLIHHAMI P(0,—2),
Q{4, 5), R(6, —4).

14. Naww sepuinst A(2, 1), B{—2, —2), C(—8, 6) Tpe-
yroasauka ABC. Hafirn pauny sricors!, ONYIMEHHO! 13 BepiHus 5.

15. Moxasars, 4to Towke A{— 3, —4), B(l, 4), C(0,2) nexar
Ha ofHoll mpamoil.
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16. Hauwt nse Touku L(4, 2) u M(6, — 2). Ha ocr Ox waiitu
Takyw Touky N, utolml naomaAb TpeyrosbHnka LMN  6uaa
paBHa 8 KBanpaTHBIM CRHHHIAM,

17. BuuucAuTh, IAOIAAL  YETHIPEXYIOJBHIKA € BeplLITHaMI
A(—3, 2), B3, 4), C@6, 1), D(5, —2).

18, HafttTn UEHTD TANKeCTH TPeYro/bHHKA ¢ BePIIITHAMI
A(l, —2), B{a, 1), C(7, —2).

19, Ha oct Oy HalTH Touky, OAHHaKoBo YAaleHHYIO OT Hauana
KOOPAMHAT H OT ToukH M (4, 5).

20. Ha KOOPAMHATHLIX OCAX HaliTH TOYKH, yiafeHHble OT TOYKH
M4, 3) na b epuuupn.

Orpetna

2 N(=1—5), L(1, 5 R(1,—5), P(5,—1), Q(—51). ¥Yrasanue
Cw. mpruep 1. 8. N(a, —b), L{—a, B), R{—a, —b), P(b, ay Q (—b—a)
4.1) A(0,0), B(0,2), C(6,2), D, 0). B gauecte RONOMATELHONG Hanpag-

SieHRd ocl O BSATO Rampasaenue o1 A & D, DA(3 —1) B%— 3, 1), C@.I),
D@3, —1). 5. 12 7. Tynoit yron npa Bepuinsie P, B, N (8, g 9 A(—4. 3,
B2 7, C06,—1). 10, L;(—7,~8), Lg (—8,—7), Ly(—5, — ), Ly (— 4,—5),
£(12, 11).

2 3 4
Yrasatne I,=%-, lsz—é-, !s—_—T. Iy =4, 15=-—T.

11, K:(—%» —13-1-), Ko(13, —3) ¥Yrassaue AC=10, BC=35, h=

BC 1 1 4 -
A= h=— 12 N(T, 1). 13. %5 ks en M h=2VF

Yeasaune, Buurcantm naomass S m pawny AC. 15, Ygazaune,
YGezuteea B ToM, uTO Spapc=0 18 Ny(1, 0) N, 9 0. 17. 26 go. e
18. N(4, —1). Ykasanne LieHTp TAMECTH TpeyroJsHAR: COBMafdeT ¢ TOW-
Ko mepeceuenns meppad, 19. N (0; 4,1). 20. M, (0, 0), M, (0, 6), M, (8, 0).

Y

§ 1. 2. Ypasnenwe aunun B npsaMoyroasnsix NeHapTORNMX
KOOpmHATAX

JlunnA Ha NiocKocTY sagaeTea Kak HEKOTOpOe reoMeTpHYeCKoe
MECTO TOHeK, T. €. COBOKYNHOCTb TO4eK, O6Mapaomux HEKOTOPbIM
CBOfICTBOM, HCK/IOYHTENBHO MM TPHCYIHM.

Y pasrenuesm aunuy Ha MAOCKOCTH HasHBaeTCs ypaBHeHne ovno-
CHTEJILHO NMEPeMEHHBIX ¥ W Y, KOTOPOMY ¥NOBJETBOPSIOT KOOpAH-
Hathl moGoft TOYKH NAHHOH AHHUM W TOARKO OHH.

B obmewm Bugte ypassenue susuu na niaocxocmy e nPAMOY2040-
HbLX OeKapmoeuix KOOPOUHAMAX 3aNHCHEBACTCA TAK:

Fix, ) = 0. (1.5)
Ms onpenenenns ypasuenus nuHum BwTeRaer, Wro ecau npr
TIOJCTaHOBKe KOOPIHMHAT TOMKH B JNAHHO® YpPaBHEHME MOAYYaeM

TOMAECTBO, TO TOUKA JIEXHT Ha COOTBETCTBYOWeR JHHAH; eciu
TOWJECTBO HE NONYYAGTCH, TO TOYKA HE JIEKMT Ha STofl JNHiy.
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Uro6b! cocTasHTh ypaBHeHNe MHEAM, Kak HEKOTOPOro reoMe-
TPHYECKOTO MeCTa TOueK, HeoGXONHMO:

1) Basre npoussonkuyio TOUKY JIMHHM C TEKYIHMH KOODAHHA-
TAMH X, 4

2) samucath ofumieeé CBOHCTBO TOuek AaHHOTO TeOMETPHULCKOro
MeCTa B BHIE paBeHcTBa,

3) BHipasnTL BXOZAmME B 5TO PaBEHCTBO BEJIHYYMHH ¢ MOMOIMBIO
KOOPIHHAT.

Touku nepeceuenius pByx numuil Fi(x, ) =0 u Fy(x, g) =0
HAXONAT H3 CHCTEMM YpaBHEHNI:

Fi(r, ) = o;} '

(1.6)
F 2 (x, y) = 0-

Ecan cicrema (1.6) umeer pefictaurennHoe petieHye, To JEHHM

hepecekaiorc. ucno Touex nepeceuenus paso UHCAY  peieHi

cacreMtl. Ecnm zeficrBuremunix petiennft ver, To suaun obuiix
TOUEK He HMEIOT.

Mpamepts

1. Cocraeuti ypabnenwe reoMerpmieckoro Mecra Touex, paBHo-
YRAMCHHLIX OT ABYX LAHHHX TOYer M, {(— 2, 4), My(6, 8).

Iyers M(x, y)— npoussosnkas Touka AAHHOTO TeoMeTpHYe-
cxkoro mecra. [lo yenosuio

MM = MM, ()

C apyrofi croponn, no bopMyne paccromnms MEXAY ABYMs
TOYKAMH TIOAYYaeMm:

MM =VE+FFG—D% MM =Y F—6F F 7—8F

Moncraensn srn Buipakenus s paBeHcTBO (A), HaxoamM ypas-
NCHHE RAHHOIO TreOMeTPHYECKOro MecTa:

VE+ P+l —4 =V x—6F - G—9F.

Y IpoCTHM TONyYeHHOe ypaBHenue. Boseoas B xsampaT ofe macty

YPABHEHHA W DACKPLBAA CKOOKH B MOXKOpeHHMX BBIPEMKCUKAX,
HAXOIHM

Bt A A P — By 16 = 2 — 12% 4 36 + y® — 16y - 64.
Tleperocst Bee wnenw B JICBYI0 HACTD, MPHBOAA MOAOGHBIC [ COKpA-
Wasn Ha 8, noayunm ypaswmenue

2x+4+y—10=0. B)

Taxunm o6pasom, KoOpAnHaTHl /060 TOUKH Hammoro recMeTpilge-
CKOr0 Mecra YAOBMETBOPMIOT YPABHEHHIO B).

loxaxkem teneps, uro ecaw mouxa me MPHHALNEKUT HateMy
FEOMETDHTECKOMY MeCTY, TO ¢e KOODAMHATH He GYAYT yAOBJAeTsO-
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pate ypasnenmo (B). B camom peie, mycte N (x, p)-—- rakan
Touka, Torja BLINMOZHAETCA OAHO HS }BYX HEPABEHCTE:
MN < MN; MN > MN

HAH B KOOPAHHATAX:

VE+2P+ = <V (E—6F + [y — 87

VE+2P--— 49>V —6F + (y— 8.
TlepBoe M3 STHX HEDABEHCTB MPIBOJHTCA K BILY

2x +y— 10 <0,

a BTOpOE K BiHAY
2¢+y—10>0, .

Caepoparensno, Koopanmarsl Touku N ypaBReHino (B) ne ynosne-

TBOpAIOT,

Hrax, ypasHcHile JawHONO reoMerpiyeckoro Mecra TOYeK ecThb

24 y—10 =0,

D70 ypasHeHHe SBASETCR YpaBHEHHEM NPHMON JHHNHM {2 snemen-

TAPHOM TCOMETPHH HSBECTHO, YTO TEOMETPHUECKHM MECTOM TOUeK,

YKasaHHLIX B YCAOBMH 3ajaud, OYACT NpaAMas, NepreBpAHKYnapHan

K orpeary MM, ¢ mpoxoaamas wepes ero cepepuny).

Bamewaume. Ecm rtowka N(x', y') we Jexnr ua npavol 2x -
“+y—10=0, To npr nozcraHoBKe ee KOODAKHAT B AaHHOe YDARHeHHE ROJY-
naeM JHGo 2¢" + ¢ — 10 <0, anfio 2x' - ' — 10> 0.

2. Hanucatb ypabhenne okpYKHOCTH pajuyca R =4 ¢ nenr-
pOM B Ha€ale KOOpAHEAT.- Jlexar sam Ha 5TOfl OKPYKHOCTH TOUK:l
A4, 0), B(2, 3), Ci4, 3), DB, — V7D, E(l, 2, FO, 5

Nyers M (x, y)— nponssosbhas ToYKa mannoff OKPYKHOCTH
(reoMeTpHYECKOTO MeCTA TOUEK, YNAJCHHBIX OT HaYafa Koo AHEAT
Ha 4 epmmum). Tlo ompegefeHumio okpyskHOCTH nMeem OM = 4.

Hnura otpeska OM mo opmyne (1.1) pasna

OM =V x* + 2

CaepnosaTenbHO, YpaBHeEHE OKPYIKHOCTH HMEST BHA

Via+ =4
Boseoan B Keampar cle 4acTi 5TOro ypasHenis, TI0AY YHM
x4 g2 = 16,

BuificHuM, N1eXaT a1 Ha RABNON OKPYXHOCTH YKasaHHbie TOYXH,
HopctaBaast koopaumatst 70wk 'A B ypaBerue OKPYHHOCTH,
noAyyaeM TOMKIECTBO

42 4 02 =16,
Takum ofpasom, Touka A MeXHT Ha OKPYIKHOCTIL
Has Tourn B nonyyaercs nepasenctso
2% - 32 < 16,
NO3TOMY TOWKA B OKPYKHOCTH He NpuHaglexur. (3aMernM, 4To
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TOYKa B JEKHT BHYTpH Kpyra paxuyca R =4, 6o ee paccTos-
HHE 80 Hauasa Koopaumar OB =) 2773 = /T3 < 4))
Honcranoeka B ypaerenne koopauHat roukn C(4, 3) mpusogur
K HepaBeHCTBY
£+ 3> 186,
CJIeAOBATeNbHO, TOUKAa C Takme HE NeXHT Ha OKDYKHOCTH. (3a-
MeTHM, 470 TOuKa (' JeKuT BHe Kpyra pamnyca R =4, Tax Kak
ee pacctoamiie o Hauana KoopatHar OC = V&1 3% = 5> 4.)
AHTOTHYNE  06pasoM PRAAEMTA, 4T0 Touka D jexuT na
OKpy®HOCTH, @ TOURH E u F el He mpunaptowmar.

3amevannme . Fom R =a, rie a — noJomnresnos UHCTIO, TO Ypas-
HEHHE OKPYMEOCTH paguyca R =g ¢ LEHTHOM B HAYAle KOOpANMAT 3amummeTes
Tak:

2l =g
SBauevanne 2 Koopammate moSoft Tours, Jedaitell BRYTPH Kkpyra
Pamnyca R =g, yn0BACTBOPHIOT WepaBetcTBY

Ll o R A
A ROOPOABAT Moo TouKM, aexameld sle sToro EpYyra, BHOO.IHEETCH Hepa-
BEHCTBO

LBt B at,

3. Touka M ppikeres Tak, 4o B Mo657 MowenT BPCMeHH ee
paccTosinne fo toukn A(6, 0) Brpoe Gosbuwe paccrosuin  xo

Touku B (—i-, 0). Hatiri ypasnerite Tpaekropiu nsuskenus Touxn M.

Texyuine xoopaunarel Tourn M oBosHawiy qepes X, oy, T e
M{x. p). Tlo yenosiio sagaus MA = 3MBA.
BoipasuM paccroamma MA u MB Yepes KOOPAHHATH TOYEK:

MA=VE—6F +G—0F MB= V(x——%)”+ v —Op.

Mopcrasaas sTi Bupakenus B TPEALIAYIEE PABEHCTBO, NOMY-
YHM YpABHEHHE TPASKTOPHH MNBIDKeHUA TOUKH M:

IR
VG—6 = 3]/(4:—7) + 4
YRpowas 5T0 ypaBHEHHE, HAXOAHM
B4 yr=y,
TTosyuero ypaBHeHHe OKpYRHOCTH Panuyca R =2 ¢ peurpom
B Hagaie KOOpAIHAT (cM. 3amewanne | K mpumepy 2).

4. Haiitu reoMerpuyeckoe MecTo TOYEK, A5 KOTOPHX PasHOCTE
KBAZDATOB DACCTOAHHH 4O ABYX JABNBIX TOYCK ecTh BeAHYMHA
NOCTOAHHAR,

Ilyers Fy u F,— fgBe panHele Touki {puc. 1.4). Paccrosuise
MEKAY HHMH OGO3HAUMM uepes 24, rAe @ — HeKOTOPOE HHCIO.

Havwano koopaumar nomecriy s cepeanHe orpeska FuF,; B xaue-
CTBE NMOJIOKHTEIBHOO HAMpaB/AeHNS ocH OFY BoshMeMm Hanpasnenue
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or Toukd Fy K touke F3, 82 ocb Oy npumem npamyio, HepeHIH-
KynapHyilo K oTpesky FiF; M mpoxopsuryio qepes e€ro Cepejuny.
Ipu rakom BHGOpe cHCTEMBl KOOpAHHAT ToukH Fy u F, 6yayr
HMETb KOODAHHATHE
Y=—a, =0, H=a =01 e Fi(—a, 0), Fy(a, 0).
Coraacro ycaomuio, nomyyaem

MF} — MF?! = 4,
FAe uepes 4c 06O3HAYCHA NAHHAA MOCTOSHHAS BEJTHYNHA,

Y
AM
o’, l\
] kY
/,’ \‘
L B .
Pue 1.4

TloacraBass B 5T0 paBeHCTBO Bupamenns
MF =+ + @y —0F MFI=(x—a)+ (y—0p,
HomyuuM
(x+af + g —[(x—a)* + ") = d¢, dax =4,

e [
T, & XK= — WM x= b, rge b= —5~ — NOCTOSHHAS.

Sameuanne VYpasnenme ¥ =08, rze b — nocromunas, smasercs ypar-
HenueM npaMoR. napandemsHoRt ocH Of u oTceralomed Ha oce Ox OTPE30K, pau-
Hufi b, B camom nese. ecu Touka M Jemur Ha sToh npamofi, To ee koopnn-
Hata x = b. C apyrofi CTOPOHH, ecnH X ==h, T0 TOUKa MEHH? Ba YEasaHHO
npanoft, .

5. CocTaButs ypapHeHue TCOMETPHYECKOTO MECTAa TOYEK, Mpo-
HSBe/CHHEe PACCTOAHHA KOTOPHIX A0 HBYX AAHHBIX TOUEK Fyu F,
€CTh BCJAHYRHA MOCTOAHHAA, paBHAA @°, e @ — NooBUHA paccron-
BUA MEXAY TOukamu Fy u Fy. (31a nuHuA HaspiBaeTes demuucika-
mod Bepuyanu.)

Hawano koopaumar BEIGepem B cepegune otpeska FyF,, anumna
KoToporo oGosHauena yepes 2a. Och Ox HanmpasuM Baosb FyF,,
Kooprunatet Towek F, n F, NpH yKasaHHOM BhiGOpe KOOpAHHAT-
HOH CHCTeMBl GYAYT COOTBETCTBEHHO PaBHL: Xy =—ga, 4y =,
X =a, =0, 1. e. Fi(~a, 0), Fy(a, 0). Fem M (%, y)~- npo-
HSBOILHAA TOUKA FEOMETPHUECKOTO MECTA, TO NO YCAOBMIO

FlM'FaM':»a’o
16 . - ot

Honcrapnsia B 310 pasencTso BrIpamenns

FM =V (x4 af +(y—0) FoM =V (x —a) -£ (y— Op,
noJayYuM HCKOMODE ¥YpaeHeHNe AaHHOIO mOMeTqueCKOFO MeCTa

VeE+af+ 9 Vi—aP + i =2 :
Janpuefitune BHKAAIKH HMEIOT LEMBIO NOAYIUTH ypaBHeHHe fieM-
HHCKATH Bepuyanau B Gosee npoctoM Bize. BosBogs B Kpajpar
©0e 4acTH YDaBHEHHA U TPYINHPYS WiCHEL, HAXOARM

162 4+ 4 + @% - 2ax] [(#® + 4 + 0% — 20x] = o,

OTCIOJa

(€ 4+ o) + o*P — da®s® = g,
IpeoGpasyn mocaeanee ypamueHue, noay4yaem

(£ 4 4 4 20° (4 + D) + o — date® = g,
(P + 2t —H =0

H/MI B OKOHUATEe/JbHOM Blje

(2 4 P —20% (£ — 45 = O,

0. Haiity Touku nepeceuenua sunuin
B4 =25 x4+ Ty—25=0.

PemmyM cucteMy ypaBHeBHH AaHEBIX AuNui. Onpegeaun x ns

NOC/IEHETO YpaBHEHHA

~ K= —Ty--25 (A)
I NOACTABHM €r0 B MEPBOS YpaRHEHYe:

49¢4* — 350y + 625 + ¢* = 25,
TTocne ynpowennii momyyum

Y¥—Ty+12=<0,

OTKYHA 4 =4, Yy = 3. [ToAcTaRAAs 5TU suAvenua B ypaBHeRHe (A),
Haflnem x; = —3, x; =4. CnepoBateNbeo, JuHHY HepeceKaoTen
B ABYX Toukax: M,(—3, 4), M;(4, 3).

7. Haltrn  Toukm nepecevenns  okpyxmocTH X4y =36
€ KOOPAHHATHHIMH OCSIMH.

Haa moboft Touku, nekamesi Ha ocu Ox, opamuata y paeua
HyMO (N0 ONpefeNeHHIO NPAMOYTOABHEX JEKAPTOBHX KOOpHHAT
TOYKH Ha_mnockocru). Q6patro, ecsint y =0, To TOUKA NeKUT Ha
ocd Ox. Chepoparemio, ook Of umeer YpaBHerHe y == 0, Awaso-
THYHG WMOXKHO MOKasaTh, 4TO ypagHeHue ocH Oy ecTs « = O.

Yrobul nomywHTh TOuKM nepeceuenus jamHoH OKPYKHOCTH
C ocbio Of, HOGXOAHMO DEHIHTE CHCTeMY YpaBHeHuIt:

X2 4 4 = 36;
y=0,

Tlogcrapnsns  suauenwe ¢ » neperoe BHEHHE,  NOMYUHM
=36, oTkyaa %, =6, x,=-~6, Tax"'l;gf o0pazoM, Jannan
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OKPYXHOCTE nepecekaer ochb OX B 1BYX TouKax: M, (6, 0),

My(—6, 0).
2%’emma )cuc'remy ypabgennit:
x5 -y = 36;
x=0, }

moAYuHM § =0, y,=—=6. Cnesorate sHO, TOUKN N, (0, 6),
N0, —6) smamorTes  ToWKaMH  mepecedenns OKPYKHOCTI
¢ oceio Oy,

8. Ha oxpyxknoctn x4 ¢ =925 wmafity TOMKH € OpAHHATON
Y =4 H TouRH ¢ aGemuccoli x == ¥,

Noncrannss snavenrie y = 4 B ypapnenue OKPYXKIOCTH, NOAYYHM

442 =925 pau s =9,

OTKYAA %3 =3, X3=—3. Takmm ofpasom, NEPBOMY  YCJI0BIO

Bajaud yjronneTBopaloT Ase Toukn M, (3, 4), My(— 3, 4).
Haftnem Toura pamiofi OKDYHHOCTH, AR KOTOPHX X = x,.

Ioxcrarnsa s10 sHavenme x p ypanHeilite OKPYXHOCTI, TOAYUHM

%3 + §* = 25, orkyaa ,
P=25—xl y=-=12% %,

Mz nocnesmero pawencrsa suamo, uto 4 npunuMaer peficren-
TeAbAble SiAUCHIA AlIb B CAydYae, KOTAZ HOAKOpeRHoe BHIpaXe-
HHE REOTDHUATE/LNIO, T. e Korfa 25— x5 >0 g x2 25, Sro
COOTHOILICHIIE BLITONKACTCE IPH Xo, JIA KOTOPHX — 5 . X< 5.
Caesopatensio, NpH  ycloeuH —5< %<5 cymeereyor pgpe

TOUKH.
Ny {x,, "’ 25— x3), Ny(r, — V25 — Xk
3anaan

1. Hafitn ypamuenne reovetpuueckoro mecta Touek, pagHo-
YAQJCHHHX OT Hadala KOOpJHHAT B of Touku M(2, 6), fpunaz-
AekaT JH STOMY reoMeTpHuecKoMy MecTy Touki A(7, 1), B(2, b),
C(l, 3), D(—2, 4p

2. Onpesienuts TpaekTopHio ABMMKeHMA Touxkn M KaxjaoM ns
CNeAylonnX Caydaes:

1) paccrosmie no ocn Oy PABHO 4 eguuuULAM:

2) paccronuue a0 ocH Ox pasHo & emimHumAM;

3) Y_ilccmamm A0 KOOPAHHATHBIX ocCell papibl Mexay coGofi,

3. Hanncars ypaesenne anuuu, no KOTOpO# BixeTCs ToYRa M,
CCTARAACH BTPOE Jasbilie OT OCH Of, 9eM OT ocH OX.

4. CoctaniiTh ypaBHeHHe TeOMETPHUECKOTO MeCTa Touek, yaa-
JCHABIX OT HaWajia xoopauHAT Ha 6 emnmu. Jlexar qu ma gannod

Jurun Touxu A6, 0), B(3, 4, C(7, 2), D(5, — Y TIp
8

5. Touka M pmikercas Tak, 4YTo ee pacCTONHIE OT TOUKR
A4, 0) eamoe wmemswie paccTosHus or Toukn B (16, 0). Hafitn
YpaBHeHHe TPAeKTODHH ABHKEHHA Toukm M,

6. OnpeaennTs TpaekTopio TOUKH M, KoTopas ABIKETCH TaK,
4To ee paccrosuue oT TCYKH A(8, 0) B uernipe pasa Goabiue pac-

CTosHNA oT TOWKH B(-3-, 0).

7. Hafitn Touxu nepecevenns aummnt 3x 4- 4y — 12 = 0 ¢ koop-
JHHATHEIMH OCHAMH.

8. CocrasuTh ypapHEHHE IeOMETPHYECKOrO MECTa TOUeK, PaBHO-
VAANeHHLIX OT TOYEK NepeceyeRHA JITHMH:

At y? =25, 4x—3y=0,

9. HafiTn ypamHerHe reoMeTPHUECKOro MeCTa TOUEK, OAHHAKOBO
yaanen#six of ocu Ox H or Touke F(0, 2). B kaxknx roukax sra
JIIHHAS NepeceKaeT KoopAHHATHGIE oCH?

10. Hana oxpyxuocth muamerpa OA = 2g ¥ xacaTesnpHast K Heft
B Touke A. Uepes Touky O nposeses ayy OC B HA HEM OTVIOKER
orpesok OM, paeublii orpeaxy BC, sak/MoueHHOMY MEXKAY OKpYK-
HOCTBIO # xacatensrofl. Eenn nyw OC Symer mpamathes oKodno
ToukR O, 10 Touka M ohmmeT KpuByio, Hasulpaemyio fuccoudott
Huoxaeca. Coctapnts ypaBHenHe 3TOR KpHBOR R NOCTPOHTL ee.

OreTnt
L x+3y~10=0 Toukn A, C u D npurapnesmar amamy. 2. 1) x=a,

% == — q (npaMue, rapaniebiwe ocH Oy) 2) y=10b, y = — b (dpasmie, napas-

Y
I
5A4°
M
(] A
[ X
U Pure 1.5

JeJbHEe ocH Ox); 3) g;ax {6uccexTpuca mepsoro M Tpereero H{OOpARHATHH X
yraoe), § = —x (GHCCEKTPHCA BTOPOTO H TETEPTOro KOODIHHATHNX YIJIOR).

3 ge= 4 3 &4 Oxpy®nocTs 22 - 2 == 36. Ha oxpymaoctd nexar roukn A

u D, 1ouka B — BRYTPH ORPYHOCTH, Touka C -—BHe ce, 6. x’-{-y"=ﬁ4.
6. Oexpymuocn =47 M@4 00 N© 3) 8 3x449=0 9 y=

= -1— + 1. M0, 1)~ TosKa nepecenesns ¢ ochio Oy Ocb OX Jupmio HE nepe-
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ceraer. 10 B =y?(2a—x) Veraszanme Hawano KxoOpIAAAT nNOMECTHTE
B Touxy O, och Ox manpasurh Bmoae OA (pue. 1.5), rorma OM =7V 28 I 43,

Y 2a
AC? = OC-BC, orkysa: BC =57 AC=2atgcp=2a—x-; OCnm-m

= 22VELE Noacrapaty eupaxenns OM m BC » papeiicreo OM == BC.
X

§ 1.3, Mpsmas amps Ha naocKoeTd

Tonoxenne npaMoll THHAH Ha MNOCKOCTH OTHOCHTE/BHO CHOTEME!
KOODIMHAT MOMKHO S3JaTh pasTHYHLIMH crocofamu. Hanpuwmep,
NpAMas OfHO3HAYHO ONpeenAeTCa ABYMA TOUKAMH, TOUKON M Ha-
NpaBlicHHeM, OTPE3KAMH, OTCEKABMBIMH Ha OCAX KOOPAHMHAT, ¥ T. A.
B sasucuMocti oT criocoGa 3ajamus npAMoil paccMmaTpHBaloT pas-
JIHYHBIE BHAM e YpaBHeHHd.

L 8. 1, ¥Ypessenne npanoit ¢ yraosum Kosdduusenrom.
OGuice ypanpenne npasofl, ¥Ypasnenns npamod » OTPe3KEX
Yenoeoim xosppunuermon mpamofl HA3GIBAETCH TAHIeHC yraa,
006pasoBaHKOr0 &0 ¢ MOMOKHTENbHLIM HalipasieHueM ocH Ox mps-
MoOYroibHoil JekaproBofi cicTemsl KoopaumaT. (IloNoXHTeNnbHbIR
YIABl OTCUMTBIBAIOTCA B HANpPABJAEHHH <IPOTHB Yacomoi CTpeAkus
oT OcE Ox Ao npaAmoil.)
Ypasrenue npamoii ¢ yerogeim Kospuyenmonm mveer BHI
y=kx + b, (1.7
rae k-—yraopodt wosdduument; b— oTpesok, oTceraeMul e wa
oce Oy.
Ypasnenne Buja .
Ax 4 By - C =0, {1.8)

rie A 4 B ofHoBpemeHHO B HyaAb He obpamaiotest (T. e A*4
- B« 0) HasbiBaeTCs oBUlM YPasHENIEM npamoil. Yacrhsie caydan
8TOTO YpABHeHHS:

1) Ax4- By =0 (C = 0)— npsimas, mpoxoasmas yepes Hadano
KOOpAHHAT;

2) Ax+C=0 unu x=a, rae a=-——% B=0, A+=0)—

NpsiMasA, napajuiencHad otH Oy,
3) Ax=0 um x=0 (B=0, C=0)—ocs Oy;

4 By+-C=0um y==4, rme b=-—-% (A=0, B+ 0)—
npAMas, fapaiienbHas ocH Ox;

8) By==0 unut y=0 (A=0, C=0)—och Ox.

¥pasnenue npamoid ¢ ompesxax:

X ¥ l
’

a b

The @, b AUHEH OTPE3KOB, OTCEKASMHX HA OCAX KOODAWMHAT,
B3THIE € COOTBETCTBYIOUMMH SHAakamu. Ecnu a wmH b oTpuua-
TEJIbHO, TO 9TO SHAUHT, YTO MPAMAR TIEPECEKAeT COOTBRTCTBYOMLYIO
OTPHUATENBLHYIO TOAYOCH,

Ecan npsvast we nmapannensma ocu Oy (1. e. B=+0), To ee
ofillee ypasHeHHe, Daspellas OTHOCHTENBHO ¥, MONKHO NDHBECTH
K YpaBHelHO ¢ YTVIOBRM Kod(dHIHeRTOM:

Yy=kx4b,

A
rie k=_T' b=—-?‘.
Ecau ppamas me npoxoauT wuepes Hauvaio KoOpiHHAT (T. e,
C +0) u He napannencua W ofHOA W3 KOOpAHHATHRIX ocefl, To ce
ofumiee ypapueHHe IyTeM JeneHus Ha — C MOXHO NPHBECTH K ypas-
HEHWIO B OTpesxax ,

Ax By x Y
Zte=L g +5=1
c ,_ ¢
rne a= A v=—75

Mpumepu .

1. Hanucarp ypasuemne npawmoii, napannensHoid Ouccexrpuce
NepBoro KOOPAHHATHOrO yraa M oTcekawomeil Ha ocH Oy oTpesok,
PaBHLIE YeThipeM eNNHHUAM.

HekoMas npamas, Kak u GHCCeKTpHCa TI¢PBOTO  KOOPAHHATHOrO
yrna, ofpasyer ¢ ocklo Ox yron o == 45°, NoITOMy R =1g45° = 1.
Iogctasnsa & ypasuenne y=—kx4-b 3navenun k=1 g b= 4,
MoJdY4HM HCKOMOE YpaBHeHUe y = x -l 4.

e

X .
M ’ /L*-‘ A

i
2y+5=0
% F Prc. 1.6

2. Tlocrpouts mpaMme:
1) y=3x42 2 3x—4y=0, 3)%_.-%:.1; 4) 2x—3 =
=0 6) 2y 4-5=0,
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Hns noctpoenus npamol goctatowHo BuGpath Zee ee npous-
BoAbHbe TOuKH, KoOpAHHATHI STHX TOWeK HAXOART i3 ypaBHeHNn
npamofi. Ogpoft H3 KoopauHar NPHNHCHLIBAIOT Mofoe sHaveHHe,
Torja Apyras OAHOSHAYHO OMDEACASETCA YpABHERHEM NpaMoil

Toctpoum npamyo- g = 3x 4 2. B ypassenun npavoft nososmm
x=0, toraa ¥ =3-02, y=2, Moaywusn Touky M(0, 2). Tlo-
narad x=1, nonymm y=>5. Bropaa Touxa N (1, 5). Crpoum
Touks M. N W depes Hux nposogum npaMylo (puc. 1.6).

Toctpony npavyio 3x — 4y = 0, Tak xax Koapbuiient C =0,
T0 mpAMas NPOXOAHT Hepes Haualo KOOPAMHAT. 3TO MOMHO Mony-
GHTE H HEMOCDPEACTBeHHO: Mosaras x =0, nonyuaem y= 0, [o-
AoHiIM ¥ =4, torga 3.4 —4y =0, oTkyaa ¥ =3; BTOpas Touka
L (4, 3). MNpamas, npoxoasuas Hepes TOUKY L W Hayaio Koopmumar,
AIBIAETCA HCKOMORH,

Ypasuenne - — £ = | momuo nepenncars s prige 5+ +5=
= 1. 310 ypasuenne npamoii B oTpeskax, npHYeM g =5, b= — 2,
Orknageibas 5TH oTpeskn, noayduM Touky P (5, 0), Q 0, —2).
Yepes touku P u Q mposogim npAMYIO.

¥pasrenie 2¢x — 3 =0 mnepenutieM Tak: x = -1;'- A1a npavan

napaanesbya ocH Oy M OTCeKaeT Ha ocH Ox OTPE8OK, pPABHBIf —3«
cnpasa oT ocu Oy,
Mpaman 2y -5 =0 wan y= —-}napa.'me.:ibﬂa octi Ox, otce-

KaeT Ha oct Oy OTpesoK, paBHEI —g-, KHHSY OT ocu O,

3amewzaune. Jins maxomaenns KOOPARHAT TOUeK H3 YpaBHeuns mpamch
MOXKHO pRlAeaTs NioOHE SHaYeHHs X WX ¢, a NOTOM W3 YPaBHCHAA onpefeanTs
y wnn x. (Hanpmwep, ecad ¥==—2, 10 Ans npauofi y = 3¢ - 2 ¥=—4, ecan
y=—1, 10 xw= — 1) leomerpraeckn s10 OGHATAET, NTO NpAMyic MoK Oo-
CTPOHTL MO ACHM AEYM 88 TOYKAM.

8. INoctpouts npsMyio 3r—4y—12=0, Tge aexar Touks,
AN KOTOPHX: 1) 3x—dy— 12> 0; 2) 3x— 4y — 12 < 07

HToGs NOCTPOMTB NpAMYIO, AGCTATOVHO ¢uxcuponats npe ee
nponssoibibie Toukd. Ilycts, Hanpumep, x, = 0, Torga

3-0—4y—12=0, —4y, —12 =0, H=—3.
Monyuwmt roaky M; (0, — 3). Monoxuu 4, =0, Torna
3 —4.0—12=0, 1, =4.
Bropas touka M, (4, 0). MocTpou Touky M, n M; 1 nposenem
uepes unx npamywo. [pamas MM, u Gyzer nexomoi {puc. 1.7).
Bostmen Tpi Toukn naockoeTn N, (xy, 0 Ns (o g2) M, (2, g0)s
H3 Kotophix Towka M, fexHT ha mpaMOl 3y —4y— 19 =0,

a TouykH Ny # N, 1o pasabie cToponl OT nee. Tak Kak Bce Tpit
TOUKH HMEIOT OAHY H TY Xe abCuicey, TO ol JeXar Ha npAMo,
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nepreHankyaapuod ocu  Ox. Ilyers anm onpegenenmocTd
Y1 <Y<Y T. & Ny nexur cmuMe» npavoll, a N, — «Buimes,
Tloncraenns KoopAMEATH STHX TOWEK B ypaBHeHHe NpAMoil HafijeM:

34— 4y, —12=0;

g — Ay, — 12> 0,

3)(0— 4yg— 12 < 1
Taxum ofpasom, ecan Towka N, Jemur soile npamoft 3y —
—4y—12=0, To NpH NOACTAHOBKE €& KOOPAMHAT B 3TO ypas-
HEHWE MoJydaeM OTPHUATENbHOE WHENO, A8 TouKH Ny, nexamedt

Y

’ 0
ol t 23 4 Ny

. -1t -.sz
-2T

}_’M} Pue 1.7

HIKe 3To#l mpamofl, — nookATenbHoe uucno. OGpaTHoe TaKiKe
BEPHO.

Cnenosaresbio, KT TOYeK opHOd NOAYIIOCKOCTH, oflpefense-
Mot npamolt 3x— 4y —12 =0, umeem 3x—d4y— 12> 0, s
TOReK BTopoll mosynaockocTd 3% — 4y - 12 < 0,

Bameuvanne [locneasee yrtsepxjenne sepHo Aan Juotod npamoit. [pa-
mag Ax + 8y €C=10 pennr nrockocTe Ha fABe 0o LIOCKOCTH, I8 TOuexk
onuolt w3 Wex Ax 48y - C> 0, gnm rowex ppyiok Ax -+ B 4-C<C Tlpn-
ueM, eca? B ypaoueHan apaMolt C<{0 u Ax 4 By, +-C < 0. To Touxa
M, (%, ;) B Hawago KOOpMNET NENKAT 0O OfIHY CTOPOHY OT MpAMOE; echd
C .:Jj’ H Axy < Byy +C >0, 10 Touxa My (%, ) » Havang KOOPIHHAT pacno-
JIOMKEHH MO pa3HBie CTOPOWH oT npaMofi Ax -+ By - C =0,

4. Onpepennts napameTpul & # & npambix: 2% -+ 5y — 10 = 0,
3y 7=0, 4x—9 =0,
Paspemus nepeoe ypaseule OTHOCHTENBHO g, NOAYINM

13 2
y= —%x+—5—~ Y §=——x42.
CpapnuBas 370 ypamHedNe ¢ YpaBHeHHeM y = kx 4 b, Haxomgnm
kl =—_ B b], =2.

Paspelsts /ABa Apyrux ypaBHes OTHOCHTENBHO ¥, NOAYTUM:
7

y=-—%-, OTKYHAZ Ry =0, b2=_T;

y=-;—x. OTKYAQ k,:--i, by =,



5. Hafitn orpesky, orceKaeMile Ha OCAX KOODAMHAT MpAMEIMH:
Ix+2—14=0; 2x—3y—6=0; 4x 4+ 5y} 8 =0,
Pasjeany nepsoe ypaBHenne Ha 14, Bropoe ma 6, Tpetse na — 8
¥ nepeneceM cBoGOAHHE UaeHs! B mpasue uacTd. CpaBuupas nony-
UCHHLIC YpaBHEHHA ¢ ypaBHeHWeM (1.9), HaxoguM cooTBeTeTBemHO:
THF =l a=2 =13 42 ~1,0,=38b=—2

8
:..f§+-‘_q8.=l, 03:—-2' b:’z—-—,

]
Jamevanue B nocrenues Ciydae nocae pedeHns uwa —8 ponyumd

A

% 5

Yrobs ofipefeanth @ ® b, A3HHOR YDABHEHHE HYKHO NDHBECTH K BHEY ypaBHe-
Hug (L.9), 1. e. mammcarh ero Tax, YTOGH B Dpaeofi wacTH OHR2 efAnuLa, nepnoe
claraemoe nepoli YacTH B YRCAHTEMe ComepxKano TOAbKD X, BTOPOR — B qHCTH-
Tele TONbLKO LS

6. Manst Toyku L{—6, 0) n N (0, 8). Hepes cepeniny orpeska
LN upopects npsamyio, OTCeKaiollylo Ha ocH OX 0TpesoK BTpoe
Gonbiumi, yem Ha ocn Oy,

Onpenenan KOOpAHHATHL CepefiMHE OTpesKa 1o dopmynam (1.3),
noayuuM toury M(—3, 4). Ypasuenne npaMoli Mmem B Bige

¥ ¥
Tt =1

o yenoemio a = 36, CreoBatensyo, ypaBHenue OPHMET BHA
X
w+g =1L

Has onpepenerus b nenonnayem YcAoBHe NPOXOXAeHHS HCKoMoilt
npaMofi uepes Touky M(—3, 4). Tak Kak Touka M JAeKHT Ha
HCKOMOH MpsMoii, TO ee KoOPAHEATHI VAOBJETBOPAIOT YPABHEHHIO
npamo#, T. e,

3 4
—wmts =1
oTkysa b =23, INoxctasasn 370 3mayemiie B paBeHCTBO @ = 36,

nonyuuM @ =9. Takum obpasoM, ypaBHeuue HCKOMOL npaMoi
3aNHIIeTCH TaK:

& +5 =1 nmx+3y—9 =0,

3anaun

i, Hamcats ypaBneHss npaMeix, napaniensHeix GuCceRTpRCe
BTOPOTO KOOPIMHATHOrO YIJa M OTCeKAoulnx la ocd Oy oTpesKil

b1=3,’ b-3='—4, b3="g—a
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2. CoctaBuTh YpaBHeHHs NPAMHX, OTCEKAOMINX HA OCH Oy
OTPesoK b ==2 M HaKNOHEHHhX K OCH OX COOTBETCTBEHHG MOJ
yraamu oy = 30° ay == 45° a3 =0, a, = 135°,

3. Hanucath ypaBHeHHA npsaMbiX, TpOXOARMHX gepes Hawano
KOODAHHAT H oOpasyiouwlix ¢ oceio OXx" COOTBETCTBERHO YInl
a = 300, Ay = 450' g = 600. dy= 1350.

4. YpaBHeHHS ANpPAMEIX:

M—y+2=0, 4x+02y-~—5 =0; 2+ Ty =0;
y —_— —_ L] .
NPHBECTH K BHAY ypaBHeHHA C YrJIOBEIMH KoadbHIMeHTamMIl,

6. Hailtu yran, ofpasyemule mpamsiMu:

X+y—2=0, x~y+5=0; 2y—3=0; dx+ 7 =0;
3x—2y =0
¢ oteio Ox,
6. Haiitu oTpeskH, oTcexaeMuie Ha ocax KOODIMHAT DIPAMBIMHS
x ¥ _ 1. i X __ 9.
3) 24 3y—6=0; 4) 3x—2y+ 12 =0

5) y=4x—2; 6) y=6—-—3x.
7. TlocTponTe NpAMBle, 33JAHHKE YDADHEHHAMM:
g=—2r45 L~ =1 2% —3y 46 =0

4x+ 5§ —20=0; 3x—Ty=0; 4x 5y =0,
bx+9=0; 3y +5=0.
8. Buuncants naoiags TPEYTONbHUKA, SaKOUCHHOrO MeX Iy
OCAMH KOODAMHAT H npamoll 2x 4 7y — 14 =0,
9, Iuaronans pomGa, pasHume 10 1 12 SIMHALAM, TIDHHATH 34
OCH xoo&nunaw. Haiitn ypaBueHun cTopoH pomGa.
10. Kagas fo/kHa 6HTH 2aBUCHMOCTD Mexay rospduuHeHTaMH

@ u b, urobul npimas = + £ =1 Guna waknomena k ocn Ox

nmojx yraoMm ¢ = 45°

1. Tlpn xkakux smavemuax C npsMas 2+ 3y+C=0 or
cekaer Ha ocu Oy orpessu b =4, b, = — 67

12. Hafitn suagenus B, npu xotopsix npaMag 2x 4+ By —6 = O
obpasyer ¢ ocsio Ox yriiul §; = 45°, ¢g = 135°

18, Tlpn  xakux smayenmusx A npamas Ax 4 5y—40 =10
OTCCKaeT HAa KOODAHHATHLIX OCHX DABHBIE OTPeSKHP

14. Onpenennts napaMmetp b, npu KoTopou npaAMan Y = 2x -
< & orcexkaer Ha ocH Ox OTpesok a = 3,

Oreern
3
. 2 y=V—3— x+2 y=

[en

Ly=wx48 y=—r—t y=—x+

L]

2B



=242 g=Q gy —e}2 3 3g.-y’§§=o, Y=t g=;/'5g_ gom 1.
4 y=3x42 =2+ V== xy9=—7 FPm——a 8 o=

3
= 135, Iy = 45°, tig W= 0 oy =+ a0°, oy = arctg _2-. 6 I) a= { b= 3

Na=—=2,b=5 Ha=3 b= 2 fla=—4 b=¢ 5)a=:—2'—,b-—2;.

X
a=2b=56.8 S=7 . ems.—5-+%-=;,_—5’_+_g.-;,_%._
X
— =L k=l Nam—b G =m12 o p B =
=—2 B=213 Aw5 M b=—§

3.2, ¥rom meskay Asyuq MOAMEIHH. YCAOBHE TAPANALILHOCTH M BepNeHAHKY2dp.
ROCYH wpammx, llepecevende anyx mpamsx

Tanrenc yraa memay Apyms NpAMEIMH?

Y =kx+ by (A)
Y=Rkx+ by ®)
onpegensercst dopmynofi
by —k
gy =~ Tz (1.10)
YenoBue napamniensHocTH npavux (A) u (B) umeer sug
kl == kz, (l -1 l)
& yCaoBUe MX NepneHAHKYASpHOCTH
!
kl T — -ﬁ;". (l . 12)
Ecnu npamue sagausr o6ummym Y paBHeHsIMi:
Ax+ By +C,=0; (C)
Aox + Byy 4 Cy =0, (D)
TO TaHreHC yraa MeXAy HIBMH BHHCASETCS N0 (opMyne
= LB — A8,
gy AAy - B B (1.13)
YenoBue napaafeabHOCTH NPAMbIX (C u (D)
A B
71—2 = "g:‘ ! (1.14)
Yenosie HX nepreHgMKYnsApHOCTH
AIAQ + B]_Bs = 0. (1-15)

I BaxoxaerHs ofuX Towex npameix (C) w (D) zeoBxoanmo
PEeliHTD CUCTEMY YpABHEHHIL:

Ax+By+C =0
Agx + Bay+cg=o,} (1.16)

IpHYEM NpH
Ay B 1.1
y oy (1.17
HMECTCA eHHCTBeHHAA TOUKA nepeceqeuﬂa, an
A_B G
LR T (1.18)

OpsMbie He HMEIOT oOmeli TOUKN (OKH Napamnensum), npu

A B G
Py nhak ox (1.19)

NpAMHE HMEIOT GECKOHEYHOE MHONECTBO OOULHX TONEK (OHH COB-
nagaior).

Mpuseprs
7. Hafitn yron mexay npsmeisic
2 3 2
y=—gx+3 y=— s+

Moacrapass B dopmyay (1.10) sHagenus hy=— %—, ky = -';-,

noayunm
$-(-4)
gy = 5373
1+(=-5)(3)
8. Hafitm yroa mexay npampimu:
6%+ 8y 4 5=x 0 2% — 4y me 3 =0,
Hoawsyemea ¢opuynodt (1.13), HMogcrasans B gee SHaveHHs

Ay=6, By=8, Ay=2, By~ —4, naxozum

6({—49—2.8 —24—16 40
Y= grrs—h ~ = = —w =2 ?=arclg?.

3emenasne knpumepan 7 n 8. Dopuym {1.10) a {L.19) onpene.
JIAIOY TAHNEHC ORHOTO H3 UBYX YTNOR MEXAY MDSMEIMH, CYMMA KOTOPMX paea
180% Mennn mymepaunrs npauix, DOTYYHM ETOPOE SHAYEHWE 118 THHTenca
yrzg, OTMHUAOMESCH OT MEPBOre TOABKO shakow, Eemm B mprMepe 7 cuuzaTe

= l. CP=4500

gl les

BTOpOR NpAMyI0 g = —-52- 23 Tarpa &y = %. by o= ——g—. Nle  dopuyae
(1.10) maxozm, 910 tgopme — 1, OTKYAa ¢ a= 135° (Caenafitc weprem.)

9. Yxasath, Kaxie W8 CIERYIOWMX MPAMbIX:

1) 3x— 154+ 16 =0; 2) 324+ 15y—8=0;

3) 6x—30y+ 13 =0; 4) 30x4+ 6y4+7=0
napaniencun u NepreHAHKY IAPHH,



. Tlepsas u TpeTes OpSMbe NapaiseNbHEL TAK KaK BHIIOARACTOR
yc.r[oa;Fe (1.14). B camom nene: A, =3; By = — 15 Ay = 6;

A 3 _ 1 B _~1B_ 1 24 B
By=—30; Jl=rf = B~y = o -ﬁ-n-t—j:-,
Tpetes u werBepTad npsvuie NEPUeRANKYAApHL, HO0 Buinog-
Haetcn yesosue (1.15), Iefictrutennno,
A]_Ag + B!Bs = 6'30 + (""'30)6 = 0.

Dlepsas u werBepras npaMsle TakKke NepreHAHKY. ISPHE,

Bamenasre 1. VYenopse (1.14) osmmamaer, wuro ECNA  ApAMEIe napas
NeabHM, YO ROSpPRUAEHTH HpH TeKYIIHX KOOPAKHATAX Omuoh ApAMOR MOWHO
DOAYUHTE B3 COOTBETCTBYOUIHK Kosdheunenton Ipyro (yTem yMmeOmew#as ax na
oo 3 7To e uAcao. Hanpuwmep, EoSthibulHenTH  fTepBoil OpaMoR  noayuemts

1
YMHONEHHeM Ha = kobsthhuAeHTOR TPETLER npsyok, ¢ apyrod CYOPOHY, ROMD-

dunAenTH 'Igerbeﬁ OpAMOE DOAYYeHM HA Kos(HUHEHTOB nepaoli npanol  ymeo-
WeHHeM HA

Baxevwanne 2 Ms yenosny (1.15) BuTekaer, aro ecay TpaMble mepres-
IBKYAHpHY, To KospRUACHTE UpH % B ¥ OnHoll H3 HHX DONYWAITCH 3 cooT-
BeTCIRyiomAL Rosfprnnestor mpyrof DepeMeHOR BX MeCT B RaMeHeHBeM Spaka
OnHOrC U3 Kosunuenron. Hanprwep, mpamue Ax 4By 4-C=0 By — Ay 4-
+Ci=0 epHeARHKyARDHH.

10, Burucants naoniags TPEYTONBRHEKA, CTOPOHH  KOTOPOTO
JIERAT HA DPAMHX, SAZAHHLIX ¥pasueHuamu;

X—3¢4+ 11 =0 5x 42— 13 =0; 9%+ 7y-=-3 =0,

Hckomyio nnomage swumennv no dopmyse (1.4), ana sgero
BHa%ane HailleM KOOPAHHATH BEPUINNH TpPeYroflbRUKA.
Pewan cucremy ypasaenuf:

=3y 411 =05 }
bx 42— 13 =0,

Baxopum sepumny P(1, 4),
Pewas cucremy

5% 4 2y e 13 = 0;
9% 4 Ty — 3=0,}

noAYyHlM BTOpyl BepwHHy Q (5, — 6).
Haxonen, us cueremu

x =3y - 11 =0;}
o+ 7g— 3=0

noayunM Tpeteio Bepummy R(—2, 3).

G nomomsio dopmyast (1.4) naxoams, wro S = 17 k. en,

11, Yepes touyry M(l, —2) npoBecTd npaMyio, napaanes-
28

¢ ey ——— g,

Byilo mpaMofi 4x+4-7y—~3=0, u npamywo, NePneRAHKY NAPHYIO
Jausofi npamofi,
¥Ypasuerue npaMoil, napannensroll zaruofl, wmieM B Buje
x4+ Ty +C =0,
rae C--noka HeusReCTHHI kosduunent (oM. 3amewappe 1
K npamepy 9). Tax kak wckoMas npamas NPOXOAHT Hepes TOuKY
M(l, —2), 10 KOOpAHHATHI noc/esiHe MOMKHEH YI0BAGTBOPATS
ypasnenmo npamoil. ITloacTasnaa koopauuaThi TOUKH B HCKoMOe
YpaBReHHe, NOAYUHM
ortryaa C = 10,
S/IOBATENSRO, YpaBHEHUE HCKOMON npsmoll WMeeT BHA
4x -7y 4+ 10=0,
Ypasnenne npsofl, NEPNEHIUKYIAPHOR JannoH, GyJeM WCKaTh
B BHIE
X dyg 4 C=0
(cM. saMemanwe 2 K mpumepy 9).

Onpenenur C s yenosus, uro npamas NPOXOAUT Yepes ToHRY
M(1l, —2). Tlopgcraensa ee KoopaHHATH B YPaBHCHHE, HOAYYUM
7l = 4( 2+ C=0,

oTKyfa € = — 15,
Takum ofpasoM, npamas, NEPNEHAHKYAAPRAA JanHof, uMeeT
ypaBHeHue
7x—4y—15 =0,

12, Hafftu pauust cropo Tpeyronsauka u ero BHYTpeHHHe
YOAB, €CIH U3BECTHO, 9YTO CTOPOHBI JICHKAT HA NPAMHX:

X—6y+5=0; 5x—2j—3 =0 Xx+y—9=0,

Urobm  BRIGUCAUTL AMMHBI CTOPOH TPeyrolsHHKA, HeOGXOAHMO
sHaTh ere  Bepwinukl, HafineM ux. Pemasn CHCTEMY YpaBRenuf
HepBHIX ASYX NpAMbIX

x—-—6y+5=0;}
5x—2y—3 =0,

_ moiyusM sepmeny A(l, 1),

Cucrema ypassenufi nepeofi n TpeTbelt npsamoift
x—b6y-+5=0, }
X4+ y—9=0
Onipezesut BTopyio Bepuny B(7, 2).



Us cncremut ypassenult Bropolt m Tpertsed npamol
Sy —2y—3 =0 }
X4 y—9=90

HaxoxnM septunny C (3, 6).
Ilo dopmyse (1.1) sbigucnneM ammum CTopoH;

AB=VI—1FF@—IF =V,
BC=V@B-TF 1 6—2F =35
AC=VEB—-TP+B6=1F=)%m,

Tak xak
AB® < BC? - AC,

rie AB — manGonbwan cropons, To Tpeyronmstuk  ABC  ocrpo-
yroabuel (em. npumep 2 § 1.1). ,

TakuM 0GpasoM, Hil OAHH 13 BHYTPEHHHX YIJIOB TPEYTOAbHIKS
HE ABAACTCA TYNLIM, 3 NOSTOMY HH ONHH H3 TAHICHCOB STHX YI/OB

HE MOKET OBITE OTPHIATEbHBIM (tg » < 0, ecan -3;— <P n).

Tlepexogs K Haxompmeuino YIVIOB TPEeYTOABHHKA, SAMETHM, YTO
PaCCMATPHBAA NPAMLE, HA KOTODHIX NEKAT €r0 CTOPOHH, M NOJ/ibe
syach ¢opuynamu (1.10) mru (1.18), mut TONY9acM TAHTCHC BHY-
TPEHRCrO HAiH BHEWIHETO Yria NPH JaHHOR BEDUINHE (CM. saMega-
Hie X npumepa 7 u 8 mactosmero naparpaga). UroGu Pa3nnuHTL
STH YUJIH, GYNEM pYKOBOACTBOBATHCA ClieAYIOMHME coobpasKeHnam,
Dopmyas (1.10) u (1.13) gomkus napatob AN TAHTEHCOB BHYTpEH-
HHX YriioB He GOJiee OANOTO OTPHLATENBHOrO 4HCAA (TaKk xag Tpe-
YIONLHAK He MOMET Copepxkars 6ojiee ORHOTO TYNOro BHYTPEHHEro
yraa). Ecau ranredc ogworo wa yriom okasasncs OTPHUATEIBHBIM,
HYXHO TIPOBEDHTDL ABJIAETCA JiH TPEYTOABHHK TYNOYIOMbHBIM (ana-
AHTHIECKH, C NOMOWbIO HepaBeHcTEa ¢® > g? 4 69),

Ilo gopmyae (1.13) onpegeasem Taurench Y08 TPeyroabuuKa
(BHYTPEHHHX HAM BHEWHNX nOKa Hel3pecTHo);

1{~9—5(—6 _ —2430 __ 28,

o= LS+ (~6)(—=2 5412 — 177
L= —6 146 7.
g, = I+ 1(~6 ~ T—6 _ 3¢

il

5.1—1(~2 5+2 7
129 = T5F1(—2) B—=3—3"

ByxBaMu 91, 9, H 7, o6osHAYCHEl BHYTPEHIE NAH BHEIIHIE YR
COOTBETCTBEHHO mpH Bepunuax A, B u C. Takum o6pasoMm, Tau.
FEHC OAHOTO HS YIJIOB OKasalcsi OTDHUATEALHEIM. DT oOsHavaer,
UTO HIH TDEYTONbHHK TYNOYTOMbHLIN, WA YrON 9, ABAACTCR BHeW-
HUM YrdoM npu peptunne B. IlockonnKy Bbime 6aiio 11OKA33HO,
110 TpEYyroNLueK ABC ocTpoyroabHeti, TO BepHO BTOpO& npeano-
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JoKeRrie. MeHAs HyMEpaWio NPAMbIX, MepecexalomuXea B Touke B
(neppoii  Gyaem cuntath mpaMyw x4 y—9=0, Brepod—
x—6y 1 5=0), no popuyne (1.13) nosysaen
(=f—1) _ —6~1 —7_ 7
g8= LI 1(=06) I—6 — —5  5°
Tak Kax g9 >0nigg;, >0, 10 9y = £ A, gy = £ C. Tanrencu
BHYTPCHHHX YITIOB OMPEASNEHH, BE/SIWIHH YIJIOB MOXKHO HAHTH NO

. TabaMOan, i
' 28 7
Otner AB=VT], BC=V:, AC=VH, tgA="7 tgB= 5
7
€3~

Bamenanne 1, [Ipa nymepsunm npavux, OPOTHEONONOK UC:) tpaHATOR
BAECH, MH DONYYHAH OH

28 7 T
Bo=—77 gp= g gg=——7
SYOT PeayLTAT Re YNORIETBODRET YCIOBRAM 9aAauA (SYX TYOLY REYTpeRNAK
yinios B Tpeyrospnuke CHTL He MOXeT)
Bameuaune 2. B uexoVOPHR 2HBAOIWTNMRX SANAUAX MOKET OKAATLCR
ger <O 129 <O, tgg, <O

Bror caynall mano orGpocars (Tpex Tymmx BHYTPEHHRAX YTJICB B TDEYTOMbIMING
61T He Momerh Hymwo Aamennts symepaiuno na TPOTHEONONGKHYIC B KaiKION
fape npsmuHs, .

Bamevasne 3 Ecm oxamercn

e >0 tgg, >0, tge, >0

TO HYX#HG [POBEPRTL eile, HET JW TYNOrO YI/A CPeAH BHYTDEHAHK Yrace Tpee
YronsHEKA, H Saxofi yron HMESTCR, HYREBO RIMEHATH Rymepadmid & Coope
BETCTEYIOIER nmape mpswmbX (OhpeneaROLIHZ Laukyio Bepiinpy).

3anaun
16. Hafltu yram mexay npambima:

2 . I RS
ply=gx=7 2)'_:; -r—3
gy=5x+9 x—4y +7=0;

3
= f -2 20— 4y +9=0;
yl¥y=—7+% 4 i
}{7x+3y+5=0; ){Gx—2y-3==0,
4t = 5y 42 =0, 6x—3y+5=0;
5){5x—|-4y--3=-0; 6){2x—6y—3=0;
Fotat
7)I b3 I}
-§—+-'l-'8—=lo

k]




16. CocTaBuTh YpaBHEHHs NMPAMHIX, TPOXOASUIMX Uepes Hasalo
KOOPARHAT, €C/]H HSBECTHO:

1) npaman napainenbha npsaMod 2x—3y+5=0

9) mepreHgHRYJMpHA Npamofi ¥ = 3% 4+ 5;

3) ofpaayer yroa 45° ¢ npsuoll y =2x—3.

17. Haittu BHYTpeHHHE YIVIB TPEYroMbHIKA, CTOPOHBL KOTOPOTO
JIEXKAT HA NPAMBIX:

4x—3y+3=0; 3x+4y+4=0, x—Ty+18=0.

18, Uepes Toaxy nepecedenms npambix 3x+-5y—8=0;
4x—Ty+ 3 =0 nposecTH nPAMYIO, RepUEHZWKYAAPHYIC NEpBOR
M3 HAX, M NPAMYIO, mapaesbHyio npavoft 2x - 6y-~2 =0,

19, Janet ape CTOPOHH NapajnenorpaMsa: X -—y -+ 1=0,
3% +2y— 12 =0 y To9ka E (6, 4) nepeceuenna ero guarosaneil.
HanucaTe ypaBreHHS XBYX APYraX CTOPOH Napaue/orpamma.

20, Hafirm gnusst ¢TODOE H BHYTpeHHHE YTAH TPEYFOJAbHUKA,
CTOPOHB! KOTOPOFO JieKaT Ha MPAMBIX:

45 -3y +7=0;, 3x+2—16=0; x—5y 4 6=0.
OGraeru

1: ™ ™ ] 3
B¢y =gy $2=0, ge=37 =3 =T =g " P

| 1
=g 16 ) mByml; ) gm— g % D ym—3p p=g £ 1790

45° 45°. 18 5% —3y~2=0, 2+ 6y=8m0 19 X y-DBm0 3x4
ey d0==0, YE2I2HBE eNHTH TOUKY Nepecevendan ADYX JAHHHX
CTOpOH, SRAMOMYIOCR oAmof B3 BepmuW napanienorpasma, Bropas sepulina
HAXOIATSR B3 YC/A0BEA, 9TO TOWKA E -~ cepejma orpeska. Uepes $TY BepluRHy
upoRecTH GpAMHe, Napasneitive farauM. 20 AB=5, BC=V13 AC=s

_— 17 17 17
=V, tgAde= g5 tgB=—7" tgC=—-
133, ¥ nparofl, Apoxo # uepes maAuyw TOUKY B ARRNKOM ASNpABAS-

-] geped ABE AAHHLIO TOUKH,

HAN. Dyuox ppsymy. YREEehKe Npanof, MPOXOA

Vpapnenue npsmolt, npoxonmiledl  depes
My (%1, Y1) B N2HHOM HaNpaBiIeHHH,
y—y; = k{x—x) (1.20)
rae k=1ga (a— yron, obpasyeMpdl 3Tofi MpAMOH € OCBIO 0x).
Ecnu p ypasreunn (1.20) caurats, uto 2 NpHHHMaeT BCe neit-

CTRHTEALHBIE SHAUGHHA, TO 5TO ypamHeHMe Oyaer ypapHeHieM
Ny4Ka NpAMbIX, T. €. COBOKYMHOCTH NPsAMEIX, NPOXORALMX Uepes

BAHHYKY TOUKY (llEHTP MYUKa).
Ypaprerne nydka npavbx, NPOXORMIEX dYepes TOYKY MNepece-

ueHHA ABYX MPAMHX
Ax+By4C=0;
Ax+ By Ci= 0,

AAHHYK  TOYKY

nMeeT BHA

a(Ax+ By + C)+ B(Ax + By + C) =0, (1.20)
Tae a W } NpHHHMAIOT BCEBOSMOIKHLIE JEACTBHTENbLHHE 3IHAYCHHA.
Ypaprense npsmofi, npoxomsuwed gepes ape TouKH M, (x5, ¥

H My (s ),
gom—th _ ¥~

X
b= xg-—x‘, (x2 # %1, Y3 7 th)e (1.22)
Yraopoli koapdunment sTofi npsMoll onpenenserca dopmynof
b 2TH (ry# £ (1.23)

Bamevanme. Ypasmenme (1.20) we momeT BHpamaTh OpAMyIO 1YUK3,
napanneasryly oca Oy.

Mpumepst

13. Hanucarb ypasHernie npsaMofl, npoxoAdmuleli depes ToOUKy
AM{(—2, 3) n napamneaptioll OLCCEKTPHCE BTOpPOro KOOPAHHATHOrD
yraa.

Vickomas npAMad, Kak H GHCCeKTpHCA BTOPOTO KOODANHATHOIO
yria, obpasyer ¢ NOACKHTENLHHIM HampabfendeM ocn Ox yroa
¢ = 135°, nostomy k==1{g135°=—1. Tak Kag Touka M paHa,
T =—2 =3

¥paseenne (1.20) npp k=—1, %y =—2, y, =3 npHHHMaeT
Bilk

g—3=—1[xwe(-=2)], =3 = = x-m2
1T
X+y—1=0

14, Cocrasuth yganﬂenne Ny4Ka NpPAMEX, NPOXOASIHX Yepes
1ouky M (4, —O5). Cpean myuxa npamux suibpath npaMyio, mapas-
.ne:zbuygo npaMoll 2x—-3y -+ 6 =0, u npamyio, NEPHEHAHKYAAD-
sy ed.

Tak XaK RoOpIMHATHL TOYKH A H3BECTHH, T. & Xy =4, yy =
= — b, TO ypaBHeHHe

y+5="Fk{x—~4),

rie & MOMeT npuHNMaTE Ji00bie  AeHCTBHTENBHBIE SHAYCHNH,
ABMETCR YDABHEHHEM NYUKA NpsivMbiX, NPoXogAulux depe3 Touky M.

[pu KaxxoM OHECHPOBAHHOM SHAYCHUH £ NoMydaeM BROJINE
ONpeACNEHKYI0 fpAMYI0. Cpefii 5TOFO MHOKECTBA NpPAMBIX BhIfC-
pesl Ty, KoTopasa napainenbHa npsamolt 2x — 3y 4- 6 = 0. Paspe-
HAB TOCJC/HEE YDABHeHHE OTHOCHTENLHO §, NONYHUM

yn-_i";‘_x—'_Q! L4
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OTKYIA k-—-—-g-. rae k— yrnosoRl KospduuneHT panHoR mpsivofl,

Hckomas mpsmasi GyseT Takke IMeTb Yrvosoli Kosdibumuent
2
k=3

TlopcrapnAa sTo smauemie & B ypaBHeHU® HyYXa, BAXOZHM
YpaBHeHHe HCRoMofi mpamoi:

Y45= 2 (x—ay 3y 4 15=2¢—8
0l OKOHMATeAbHO
2% 3y —23 =0,
IlpaMas, neprenukynapras npavoli 2x - 3y 46 =0, noay-

3 ;
94€1Cs1 M3 YPABHEHHA My4YKa npu k =—— (370 sHavenne £ mHaf-

ASHO H3 YCAOBHR NePHeHAMKYJADHOCTH kb, = —-é). Caeaosa-

TeqLlo, ETOpan HCKOMast mnpaMas onpanenaercs YpaBHeitHeM
3
yhSm—e—g)

HAH
8% 429 ~2 =0,

(Petrentite sagauil 110 OTHICKAHMIO NPAMBIX, NAPANNEAbHHX HAH
l'lepHEIiUlI.HKYJ]HpHBIX MaRHON npamofi, CpaBHHTE C pemeniem mpi-
mepa 1) -

15. CoctaBuTb ypapueHHA NpPAMBIX, NPOXOIAUKUX qyepes cepes
Al CTOPOH Tpeyroabailka ¢ Bepunmmamu A (3, 4), 8 (3, 2),
C(—12

Cepezunnl_ cropor AB, BC, CA obosmamid  cooTBeTCTReHHO
aepes D, E, F. o dopmynav (1.3) uaxomnm, wro D (3, 3) E(1, 2),
F(l, 3).

Hoacraeasn B ypaskenue (1.22) KoOpAuHATH Touek D n F,
T. € SHAUCHHA Xy =3, i =3, %=1, y; =2, noayuuu ypasue-
BHe npsmoll DE:

y—38 _x—3 y—3 x-—3
2-3" T—% =T = =2

H
X=244 3 =0,
IHoncranoBka koopAurat Touek £ u F B ypasnemue (1.22) mpa-
BOANT K COOTHOILCHHIO
=2 xl

—2T=1

-2

R L o

o e pfe— —xt-m.ﬂ-m -

E ] ——. .

" JMIIEHHOMY CMBICNA, TAK KAK SHAMCHaTelDb npasofi gacTH oGpatnnca
B Hyab. Ho B JanHoM caydae ypaeuenne npavoll, npoxoxsmeft
yepes ToUkH E W F MoXHO Nonyanrs u Henocpenctpenno. Tag
KaK abcumccsl ToweK £ W F pasenl egumune, To otpesok EF
Oyner mapaanened och Gy U pacnonomen Clpapa oT ocH Oy na
paccrorrn d =1 or nee. ¥pasuenne upamoit EF kax npsMofi,
napansiefnholt ocu Oy W oTcexkamowefi Ha ocu Ox orpesok d =1,
HMeer BHA

x=1 wwm x—1=0,

BTo ypaBilende GopMANBHO MOXKHO MNOAYYHTS B ¢ TTOMOMLBIO
dopmynst (1.22), -ecnu cynrars, yro COOTBETCTBYIOWMA 9uCIHTEND
TaKike paBeH HY&o, T. €. x—1 =0,

Tlockoneky opansatst Tovek D m F paenw TPEM, TO OTPE3OK
DF Gyner mapannened ocsi Ox H OTCTOATb OT Hee na PACCTOAHNH
d = 3. CnefloBarensno, ypasHerne mpamoii DF, kax napaiiens ol
ocH Ox M orcekaioweil na ocu Oy otpesok b == 3, rakceo:

g=3 nm y—3 =0,

MNonssysres ypaprenuem (1.22) nmonyuaeM TOT e pesyaeTar.
B camoM fene, noacraenis B Hero KOODAHHATH 10Yek D o F,
HaxonuM *

x—3 y—3
i-3-3=3"
oTKYa
y—3 =0,

3amezanne Eenn mpy nopcranoske KOOPARHAT TOUEK B Ypapneide
(1.22) omwn B3 smamenateaef ofpaimaercs B HYJlb, TO HCKOMOE BlR;t@
HOAYHAeTCA NpHpaBRHBZHHEM HYJIO COOTBETCTRYIAro HHCAHTRNA, (03623 3Have-
HATEAR ONHOBpeMeHHO B ayib OOPATHTHCH na MOTYT, Tait E3K ITO O3HMaYATO Obl,
NTO X; == Xy, Uy =y T. €. 4TO TOUKH M; 8 M, cosnapaior, a HX, @CTecTReiio,
CUHTAOT DAITHYHREIMA.)

18. Hanucats ypasaenus CTOPOH H BHICOT TPEYTOABHH:

. #a C Bep‘

wHHaMH P (4, 3), Q(2, 5), R (6, —2).

Hanuimem ypagrenue CTOpoHBl PQ. Jlast sToro nopcrasuw
B ypaBheane (1.22) caepyiomue anavenus: H=—4, y=3 x=
=2, ya = 5. TTonygaem

¥F—=3_ x44
§—3~ 2+1

HIR
- _ % 13
R X

Hs sroro YPaBHEHHA BBITEKAeT, qTo kpg == 1 T3¢ depes kpg 06o-

3 L]
SHAYCH yrnoBoft Kos(pdumuent npavoli PQ,

r 3



Yrobel noay4YnTh ypapHenue npamofi QR, Beo6xoANMO NoACTA-
Buto 8 ypaBHeHHe (1.22) smawenns: xy,=2, y, =5, x,=86,
s = —2. Torpa moayunM

y—=5 x—2
—2<576=2
i8]
7 17
y=—x+ =5
OTKYRa yraioBoil Koaddulnent npavolt kog = — _}
Ananoryuusiy o6pasoM HaligeM ypaeHeHne npsvoit PR. HneeM
¥y—3 x44 1
T3~ gre ¥=—=7¥+1L
OTKYAA
1
kp R

Beicota, onymenras u3 Toukl R (6, —2) ma cropouy PQ,
onpezensercs yparhenuem (1.20). B pannom caydae: x; =6, gy, =

= —2, k= — 3|snauckue k NONyUeHO H3 YC/IOBUA NEPHEHANKYAp-

HOCTH JABYX TpPAMBIX: B — — %3 ky = kpg = %) ToacTaBaan

3TH 3Hauehnf B ypaBHehne (1.20), noayuum
y+2=-—3(x—6) wm 3x 4+ y—16 =0,
YpaBHenue BHCOTH, omymenHol n3 sepmunsi @ (2, 5), onpe-
IenAercs CACAYIOLUIMA JaHHHME: X3, =2, 3 =D, R =2 {TaR Kax

krp= —-;—) TlofcTaBnM noayueHHble 3HaYCHHA B  YpaBHEHHe

(1.20), Torza
§—0=2(x—2), 2x—y+1=0,

ANaioruyHO HalieM YpaBHEHIC Tperbeil BHICOTHL

§—38=-(x+4), 4x—Ty + 37 =0.

Sanevanne, Ilpa cocrasienun ypssuemua npamol, npoxopmmeit wepes
ABe JN2HUHE TOYKH, JHOOYIO M3 HHX MOMHO CYNT2Tk DepBOil (T. & uMeiouefs
KOOPAWHATH Xy, th). YGeIATCCH B TOM, 9TO ypaBkewma npamux PQ, QR, PR
OCTaBYTCA MPEXCIME B AN HHOM Wywepaltim Tovek. Hampuvep, npH cocTapae-
HHH YpaeHenuA npamcd PQ cumtafire, uTo Xy =2, =205, 3 =—4, ga= 3,

17. Hanucats ypaenerne npamoil, mpoxoasiueii uepes Touky M
nepecedqeHis npaMbix Sx—y 4 10=0, 8x 44y +9=0, u na-
pasnensoil npaMoi x 4 3y =0 (He Haxoas ToukH M),

36

0%~ 3y 15 g,

YpasHenrHe nydka NpaMbx, n{:oxo.ummx qepes Touxy M,
B CoOTBeTCTBHE C ypabBHernHem (1.21), mmeer pug
adx—y+10)+BBx+4y+9 =0
HAR
(5 + 88) ¥ + (48 — @)y + (105 4 99) = 0. )
SannChiBan YCNOBHE NapanesibHocTH (hopmyaa (1.14)) ana zauuoro
cnydasd, TOSYTHM

52483 _ 43—z
r — "3

oTCIOAa
162 = — 203,

MoxHo ssath @ = — 5, B =4, Ypastenne (A) NpPH 5STHX 3Ha-
YeHHAX TPHMET BUJ

Tx4+2ly—14=0 pau x4 3y—2 =0,

3aaan

21. CropoHHl ‘TpeyroNbHHKA 3afaHbl YPaBHeHHSME: T4 — 6
+9=0; 5x+2—25=0; 35+ 10y 4 29 = 0. Hatru Koogni
HaTH BEPINHH H YPaBHEHHS BHCOT TPEYrOAbHHKA,

22, [Dan TpeyrombHHEK ¢  BepUIHHAMH P(—4,0), Q(,4,
R(2, 2). Hanncars ypasuenus ero Memah.

28. Jlanst Bepumnt tpeyroasnuka: P (8, 0), Q(0, 6), R(—4, 4).
Cocrasirs ypaBuenus cropon TPEYTO/IbHHKE, BEPUIMHAMH KOTOPOro
amglfrcg ;:[:renuuu CTOPOH AAHHOTO TPEYTOJbHHKA.

« HanTH TOUKY mepecedeHHs Meghan TOMBHHKA ¢ BopumI-
s P, 1), QO, 7, Rl b —Tp T P

25. Hanmcats ypasuenne NpAMOH, MpoXoAAwlell wepes Havano
KOOpAUHAT H TOUKy NMepecedeHHS MEARAH TpeyrosbHuka, CTOPOHH
KOTOpOro nexaT Ha NpAMLIX, 3ajaHHMX YpaBHeHHAMH: ¥ = 4x 1 4:
y=2;.¥.l+ﬁ§;l dy=x+1.

. Ha TOUKY, DABHOYMANECHHYIO OT TpeX AaHHBIX TOUCK:
L, 1 B N]()g’ 5 y TPeX AaHHBIX TOUCK
27. Ha npamofi x— 2y 4+ 2 = 0 pafirn TOYRY, PaBHOYHANCHHYIO

0T Tonex M,(—2, 3), M,(2, — 1),

28. Hafitu rouxky,
upmiol +g—-3lz Oc.:rmuerpuquyio Touke M (5, 5) ornocuTenbHO

29. Hafre npoekmmo rouks M (5, 4) Ba npamyio x—y—5 =0,
Oreery

B P(=38 —2003 5), R, —5) 6247y —7=0, 2¢e—5p—4=0,
22 3t —5+12=0, 3¢~y 4=0, §=25f 2. x —
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2 7 ,
2yt 8w, x}y -3 2x-Ey—21=0 24 N(—--g, 7 & bx—

—2yex 26 N(4, 4). 27. N(0, 1) 28 N{—2, —2). 20. N (2, = 3).

1.3.4. HopMaabRO® melleuue apamoll. Pacerosune
OT TOUKH B0 DPIMO

Hopuanvnoe ypasuerue npamod umeer sug
xcosa 4 ysina —p =0, (1.29)
Fa¢ p— BJAVHA HEPNEHAHKYJIAPA, ONMYUIEHHOTO H3 HAalia KOOpAM-
LaT HA JAHHYIO NPAMYIO, «-— Yrod, ofpasyeMbif STHM HepleHAN-
KyJapoM ¢ ockio Ox.

Paccmosnuem OT TOUKH A0 NPAMON HASLIBAETCHA AMHHA IieprieH-
ANKYAAPa, ONYHICHHOTO M3 3TOA TOUKH HA NAHHYIO NpPAMYO.

Paccrosnue ot Touku My (x,, #) Ao npamoly (1.24) suuncnserca-

nc dopuyne
d=|xjcosa+ g sina—pl (1.25)
Ofinee ypaBHeHue npamoif
Ax+By+C=0 (1.26)
YMHOIKEHHEM Ha HODMHPYIOIOHE MHOMHTENH
W=t lf_A;}"ﬁ? (1.27)

3HaK KOTODOIO NMPOTHBONOAOKEH 3uaky C, NMpuBOANTEA K HOPMasib-
HOMY BHAY
Ax 4 By +C =0
tYV LB ’ )
Paccrosune or toukm M, (xy, y) 2o npanoil (1.26) onpege-
anercs $opMynoi

(1.28)

_ | A% 4By 4-C
=\ Vare | .29

N umeput

18. Hanncarb ypaeheHne mpsiMol, echy H3BecTHO, 9TO paccrog-

HHe €¢ OT HadYajla KoopaMHar pasHo V' 2 m uro NepneHAuKyasp,
ONyIUEHHLIH Ha Hee u3 HAuaNa KOODAHHAT, COCTABMNET ¢ OCbio Ox
yroa ¢ == 45°, _

lo yenosmo samaun p=V'2, «=45, nostoMy cosx =

=sine =—5—. Ilogerasnan 94 sHauenun B ypashenue (1.24),
AOAYUHM

s L)

OTKYyAA
rx+y—2=0,
19. Onpeaennts AMHHY nepneHanxyaspa, ONYIMEHHOrD M3 HAYA1a
KOOpPAMHAT HA mpAMy®0 r—y -3 =0, n yrod, obpasyeMmulit 9tuM

HepHeHAUKYIAPOM ¢ ochio Ox.

Ypabrehne npamoli npusefem K HODMa/IbHOMY BHAY, AAS Yero
HaliieM HOPMUpYIOWHIT MHOXKHTEN,, U YpaBHeHHA OpaMof caexyer,
ur0 A=1, B=—1. o dopmyse (1.27) watigem

b ] 1
~YEHET VY
YuHOMAA ypaBHeHue npaMofi Ha HODMHPYIOUIMA  MHOXKuTeM,

2 — ———, NOAYYHM
Ve

1 ! 3
BTSN L aave

=,

] ) .1 3
a = ——, 8IN1 = —, = —
OTKYAa €OS2 V3 3 V3 4 V3 CaepoBarenmio,

a=135°, p== V—"iﬁ—
20, JaH TpeyroMbHHK ¢ BepUIMHAMH PO, 5), @(—3, 1,
R(—1, —2). Ha#try aauny suicors, ONYWEHHOA U Toukn R,
3ajjaua CBOAMTCA K OMpefleNicHHIO PacCToaHHA of Touku R a0
npamoft PQ. Hanmmewm ypasuenune stof npavoit. Ha ocuosamny
ypasHeHua (1.22) umeem

g—5 x—0 X _ g—>5
=5 = 30 =3 ="—3

4x—3y+15=0.

Paccrosmme Touku R(l, —2) no ol npawoit BHY,
dopuyne (1.29) P HEITIM 110

41 =3(— 415
d= ——— = =
] Y #8L(—38 5.

Cnezoaammgo, AJMHA SBLICOTH pasHa 5. °

3auegagne, 21y samaty momHO Omao G pemdTh B MH ¢nocoda-
M8, Han ARBHY HRCKOMOR BHICOTI MOKHO BBITRCJNTS, s:fagt%auanb Tpe-
YroAnmuiy B 2muy ogtosarus PQ, Dra e 1auMa onpefensercs kak pac-
CTORNHE MCHAY ABYMA TOuKame R & M, rze M-—ocuosaune EBICOTH, ORyIeHHDA
B3 TORKH R H3 ocHomamme PQ gB CBOI 0'{;5&15 KOOPAHHATH TOIKA
BalTH, pewan ' cacremy ypasHesst cTopount B BRicotel RAM, (Pemgute 3agay
YER3HULME cnocofamMe o CPaBHRTe ¢ AAHHLIM PeUToHReM.) Aty
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21, Hamicatb ypaBHeHHsI GHCCEKTPHC YIVIOB, 06pasyeMbiX ABYMs
NepeceKaloIMMHCS PAMBIMH:
Awx+ By +Cy = 0; Ayx + By + Cy =0,
IMycte Mo (%o, Yo) — PUKCHPOBAHHAA TOUKA GHCCEKTpHCHL Pac-
crosune d, 3T0f TOUKH AC mepmoli NpaMoil onpenetiTes dopMynoit
dy = A B+ G
VAt
paccTosiHie dy a0 BTOpod HpaMoft — dopaynofi
dy = Agxo 4 Botto -+ G .
V4t
Tak xak TouXa M, OpnAKOBO YAalella OT CTOPOH yria, To
Aixy - Bis + €, Asko + Boyy - G .
V &4+ B Vit B
D10 paBeHCTBO HMeeT MeCTO aad Jgmoboil touku M(x, y) Gue-
CEKTPHChI, NO3TOMY

Ax+ By G _ [ Asx+ By ']"_Cs .
V 47+ 8 V &+ B
HOCJTe}IHee PaBseHCTBO MOKHO 3anicaTh TaK:
Ax+ Byt G =:A=x-l:_ﬂg+cg. (1.30)
Vit V &+ 5

Tonyuennnie ypasHeHus ABAAIOTCA HCKOMBLIMH.
22. Haiitu Touky M nepecedenna OSuccexrpic BHYTPEHHIX
yrfaiop Tpeyrosbhuka PQR, CTOpoHH KOTOPOTO 3ajaHHl ypabHe-

HIAMU:
3x+-4y+ 12=0 (PQ),
4x+3y—12=0 (QR);
3x--4y—12=0 (PR).
Ha ocuosanuu copuyaut (1.30) ypaeuesiis GilccerTpHC YIJIOB,
o06pasyeMuXx cropoHaMyi PQ u QR, sanMumiyTtes tak

4x -} 3y — 12 o x4yt 12

VEF3E ~ —  VEIE
ILIE
4% + 3y — 12 = @x + 4y + 12),

oTCIORA:

4+ 3y —12—Bx+ 4y +12) =0;

4c+3y—124-(Bx+ 4y - 12) =0,

Taxum oGpasoM, ypaBHeHHS GHCCEKTpHC CIEAYIOmHe:
x—y—24=0
X+ y=0,

Onto us atux ypasuennit 6yzer YPaBHeHHeM GHCCEKTPUCH! BIYTpeH-
HEro yrita @ Tpeyronbhnka PQR, BTOPOE — YpaBHEHHeM GHCCEKTPIICH
BHemwHero yraa. Tak Kak sepummnnl Py R siexkaT no OBHY CTOPOHY
0T GHCCEKTPUCH BHewHero yraa Q, To NpH TOACTAHOBKE HX KOOp-
AHHAT B YpaBHeHHe 3TOM GHCCOKTPHCH MOJYTHM qHC/ia OAHOrO 3HaKa
(oo mpinep 3). Bepmmner P u R PacnoJIOKEHB! 10 pasHnle CTo-
POHbI OT BHCCEKTPHCH BHYTpEHHEro yria Q, NMO3TOMY NOACTAHOBKa
KOOpBHHAT ToueK P M R B ypaBHenme arofl OHCCeKTpUCH maeT
qHCIa pasHLIX 3nakos. Ilpa mocefHNX yTeepaaeHua A@ioT cnocob
OTJIHYHTL GHCCEKTPICY BHYTDEHHEro yria or GHCCERTPHCH BHEIY-
HETO yTJla TPEeyroJbHIIKa.
.Haiigem pepmmnbl Tpeyrompuitka PQR. Hs ypasseHui
3x+4y+12=0;
3x—4y—12=0 }
noaysaeM P(0, —3).

Pewas cicremy ypasnemiii
3x+4y+12=0; }
4x+3y—12=0,

naxomnM @(12, —12).

AHastorHYHEIM OGpasoM ofpefennM TOuKy R(3.36; —0,48).

Tloactasnsa xoopauHath Towek P (0, —3) u R(3,36; —0,48)
B YpaBHEHHe X — Y -—24 =0, Haxogum:

04+3—2¢4<0;
3,36 - 0,48 —24 < 0.

IMonyyenn wncaa ofHoro sHaka, CNEAOBATENILHO,  YpaBHenHe
X—y—24=0 sBasgercs ypaBHeHHeM GHCCEKTPHCH  BHeluNero
yraa Q. Tloacrasmgs KoopguHaThl 3THX e Touek B YpasHeHne
x4y =0, monyuum:

0+ (—3) <0
3,36 + (—0,48) > 0,
CrenoBaTebHO, ypasierite GHCCEKTPHOH BHYTPEHHETO Yraa Q Tpe-
yrosmenuka PQR nMeer Bup
x-y=0
AnanornuHeM 06pasom Hafinem ypasHeHtie GHCCeKTPHCH! BHYTpeH-

Hero yraa R. Ha ocHoBaHHH dopmysnbt (1.30) ypasuenus GuccexTpic
YTROB, O0PasoBaHHLIX mpsaMbiMH PR u QR, 6yayr

4x+3y—l2=+3x-4y—l2

VE+E = y¥Fra®
oTCiona
4+ 3y —~12=+8x—4y~19)
Hyn

x—y—24=0, x—7y =0,
4



TojcTaBnas B Nepsoé M3 STHX ypaBHeHRH KOOpAMHATH ABYX Bep-
wyH P(0, —3), Q(12, — 12), moayyum:
7.0 - (—3)—24 <0
712 —(—12)—24 >0,
TaxuM ofpasoM, ypasHeH!e
TX—y—24=0
6yaeT ypaBHeHHeM OHCCeKTpHCH BHYTpeHHero yraa R.

+ Tlpamsie PR n PQ, nepacekaomuecs B Touxe P, oGpasyior
ABa YrAa, GHCCEKTPHCH KOTOPHIX HMEKT YpasueHHs

3x -+ 4y + 12= e 0Ny =12

VELE Ty FEL =
HIH
y “}_ 3 —_ 0, X = 0-

[loncrapiAn B TepBOe 13 STHX ypaBHeHmfi KOOpAMHATHl TOYEK
Q(12, —12), R(3,36; — 0,48), moayunm;
—-124+3<0;
—0,484-3> 0,
ChepoBaTensHo,
¥+3=0
ABJIAETCA YPAaBHeHHeM OHCCEKTPHCH! BHYTpeHHero yraa P.

Yro6r onpegeauts Touky M mepecewenna GlcceKTpHC BHYTpaH-
HHX YiJI0B Tpeyrofbuika POR, Koctatouno HaflTH TOUKY nepece-
QeHAS ABYX W3 HalnednbiX Opnccextpuc. Bosbmen, HamnpuMep, Guc-
cexTpuckl QM m RM, ypasileHns KoTophix

$+y=0 Tx—y—24 =0,
Pemas cucreMy H3 ABYX MOCHELHHX YpaBHeHHR, HaugeM, wuro
TouKa M nepecedeHrs GUCCEKTDHC HMEST KOOPAHHATH: X == 3,
¥ =—3. 3agaua peuwena. (CaenaiiTe ueprex.)

Sagaun
30. daunt ypaBHeHus HPAMHIX:
1
1) bx4-7y—9 =0 2 gr+y—3=0

12 5 .
2

Kagne u3 stHX ypaeseHnit amagorea YpaBHeHHAME B HOPMaJjhHOM
BHje?
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31. Ilpumectu K HOpMANLHOMY BHRY YpaBHEHNHS CJlefyIOHIHX

TpAMBIX:
1) 5x+12y—26 <0, 2) Ix—4y 410 =0;
3) 2424 7=0; 4) y=3xv4-5;
8) y = kx4 b2 8 s+L=1

32. Hanncate ypaspenue Ipsofi, mapasneasnofi AanHof nps.
MOH 4x -+ 3y— 15 =0 1 orcTosmed or Hee Ha paccrosmim d = 2,
33. Haiite paccroshne MEXKAY NAPAISABHLIMH TIPAMBIMIL
S5x—12y—26 = 0; 5y — 12y — 65 = 0.
34. Hanm ypasuemis ocHosamuil Tpanetn:
3xr—4y—15=0; 3v—4y—356=0.
Butuueants ammmy ee ricorst.
35. Hamicats ypagneime MpaMofi, MpoXxopsmel yepes TOUKY
M (3, 5) na paccrommim matH CIHHIWL OT HAYaTa KOOpAMHAT.
36. Hamicars ypasrewna Giiccexrpric  yraos, 00pazoBanyLx
DIPAMBIMIL
4x—3y—10=0; 9% —12y—7 =0,

37. Cocraents YpaBHeHite GHCCeRTpPICLE BIYTPZHIEIO yryia B 1pe-
yroabunka ¢ sepuminami: A(3, 2), B(— I, —1), C( —7,7).

38. Hairt Touky, PABHOYLA/IGHHYI0O OT TOueR M (~— 3, D,
N(5,d7) g OTCTORUYI0 OT IpsiMoft 3x — 4y + 38 = 0 3a paceros-
mm d =25,

39, Haunt uentp kBazpata N (4, 3) u ypasHenme CTOPOHBI
*¥—y—5=0. Hanneat, ypasHenua octansuix TPEX CTOPOH,

40. Jlano ypaezenwe ogHoil i3 CTOPOH yraa 4x—3y +9=9
H YpaBlCRHe €ro GHCCeKTPHCH X —7¢ + 21 = 0. Hanucars ypae-
HeHHe ADYToil CropoHbl yroa,

M
5 12 3 4
30. Ypasrensn 4), 5). 81. 1)—13-x+-13-y-—2m0. 2)—-5—x+gy—-
—2= O Y _ T =0 4 3 x—{——l-- -5——0;
Y3 Vi 2yZ " Vo " Ty Ty T
a
VERL VBT Ty R O et e
Vm=0. 32 dxt3y-—25=0, 444-3y—~5=0, VYrasauge,

thbﬂeaue Vatb B BHAe 4% 4 8y 4 C = 0. Bocnoasaoeatscs (opmynoti (1,20,

d=3 ¥Yxasaume Onpegeants o, # p,, BT mx pg:%c;;h B('mp2g}ﬁ
€ROCoG. Bsate apouseosiyio TONRY Ha ofioll npawoi B onpejeauts ce pac-
VOAEKE 0 BTOpOR mpamoll. 84, 4 = 4, 85, 54120 ~65=0, g—5=0
Yxasan ke ¥Ypasyenne OpAMO HCKATE B BHge Y=gy =k(x—x). Onpege-

™ %k u3 ycaceww, uro OpAMan OTCTOMT OT HAYANA KOOPAMHAT Ma d = 5,
%, 8x4-3y =23 — ¢, x—219—37=0 87, Ts—y+6=0. 88 N(1,4),
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M(—b5 12 8. *—yg4-3=0 x4-y—3=0 x4+y—11=0 40. 3x 4
+4y—12=0

§ 1.4. Jlmun BTOpOro HoOpAIKa

Jinhua HaswiBaetcA aunued (Kpugsol) emopozo nopadka, ecan
OHa onpefeasieTcsl ypaBHeHHeM BTOPOM CTeNeHH OTHOCHTEABHO TEKY-
DX KOOPARHAT X H Y, T. €. YDABHCHHEM BHAa

A+ Byt + Cxy +Dx+ Ey+ F=0. {1.31)

T[Ipu COOTBETCTBYIONEM BHIGOPE CHCTEMBI KOODAHHAT YpaBHeHHe

JIHHHA BTOPOTO TOPAAKE MOXKHO NMPHBECTH K NpPOCTEHIeMY BHAY.

1.4,1. OKpyKHOCTE
YpaBHeHne oKpyXHOCTH pagtyca R ¢ ueHTpod B Touke N (a, b)

HMeeT BHJ,
(t—aP -+ {y—b=R: (1.32)

¥ paBHeHHe
AP+ AP 4 Dx+Ey-+F=10 (1.33)
nyTeM FOMOMIEHHA MO TOMNEIX KB2ADATOB MOXKHO MPHBECTH K BHAY
t—a+(y—0t=c (1.34)

[Ipr ¢ > 0 ypaeuenune (1.34) onpegenser OxpyKHOCTH paauyca
R=V ¢, npu ¢ = 0 ypapiicHmO yAOBNETBOPAIOT KOOPAHHATH €iiH=
cTeennofi toukd N(a, &), npu ¢ < 0 ypaBHeHmo He yAOBAETBOPMOT
KOODAHHATH HU OAHOH TOMKH NIOCKOCTH,

Npumepn

1. Hankcars ypaBHeHHe OKPYKHOCTH paguyca R ==6 ¢ LeHTpOM
B Touke N (2, — 3). ,
Tlocse MopCTAHOBKH SHadennit @ =2, b=-—3, R=6 B ypag«
Hente (1.32) nmonyuaem
(x—2*+ (y 4+ 3* = 36.
2. Haittn RoopA#HATBI LEHTP2 H PanMyC OXpPYRHOCTH
X+ —6x 10y —15=0,
B jaHHOM ypaBHeHMW BHIZendM MOJHMIE KBajpaThi, npubapnsd
H BHIYHTAA cooTBeTCTBYIOMMe YHesa. [Nonywaem
(*—06x+9)+ (1 -+ 10y +25) — 9 — 25 — 15 == 0,
(x—3P -+ + 5P =49,
Cpaeunsas 10 ypasuente ¢ ypasuenueM (1.32), Haxomum
a=3, b=—D5, R=1.
3. Haittn XOOpAMHATH LEHTPA M PAAHYC OKPYXHOCTH
33yt dx + 9y 4 =0,

Paspemum ofe wacrst YpaBHeHna ua 3:
PrP—grtsy+Eo.
Honoausa no nmoaneix ksanpatos, HaXOLEM

2 4 3 9 4
(.r”——2-—3-x+-§) +(+22y to)—d_2 1
Homt
2\? 3\?
(=3 +(s+ 3~
CpaBHiB2a moaywentoe ypaeweitte ¢ ypaercruen (1.32), saxmio-
qaeM, Yro
_ 2 . 3 7
a=7, b—-—-—2—, R=—,
4. Kakoe reoMetpuueckoe aecto Touwex OTpeesAeTes  ypasiie-
HHeM
4x® 4 44" + 8x — 129 & 13 =0
Paszens oe wactu yparuenns ma 4, H2XOTIM

Pd P20 —3y + —133— =0,
Homosnaa ge monswx KB2APATOB, HOJYYHM

@t 422y s o1-2 8,
na '
P 3)?
e+ 17+ (g~ 2) =0,
SToMy ypaBHeHMIO YzO0BAETBOPSIOT Koopau
v Y Ypasi p PAHHATHL JMWEL OxHOL
X=—1, y= —g—.
5. Hanucarb ypasuenns xacareibinix g OKPYKHOCTH
Py Har—8y 20,
NPOXOAAIMKX Yepes HAYA/0 KOOPAHHAT. .
YpaeHenHe KacaTesbHOR hmeM B BHI® y =Ry (b=0, Tar kax
npAMad NPOXOAHT 9epes Hauaso KOOPAHHAT),

Kacareabuas k okpywuocrn umeer o
Hef oauy ofityio Tou
(aBe ToukH mepecevenus cupaloTCH B onny). Yrobet uatiti TO'I:(?;

fiepeceqelna npsaMoli u OKpyxHOCTH, Heo0XoauMo PemyTh cilcTeny

Ypapueuni:

bt ax—8y 20,
¥ =k }

Hozerasnan BTOpOe ypapHeHHe B meppoe, Hoayuzem

(A +B) % (4 —8)x 42 =0,
45



1o YpaBREHHE HMEET HBa paBHHX KOpHﬂ. KOorja JIHCKPHMHH&HT
€ro pastH HYJ, T. €.
(A—8r2—8(1 + 49 =0
HIH

ThE—8t1+1=0,
oTKYAa =1, &y = -—;— CrenoBarenbHo, YpaBHeNts HCKOMBLX Kaca-

1
TENbABIX SAMUIYTCH B BHAC: Y =X, Y = = X,

3azaun

1. Hanncars ypapHenue okpymHoCTH, npoxozamedt yepes Toy-
Ky N(7, —2). nentp xoTopofi HaxoguTca B TouKe S (3, —8).

2. Jlaubi nee toukn M (4, 2) n N(12, 8). Cocraputh ypagHeiHe
CrPYMHOCTH, JUAMETPOM KOTOPOH CAYKHT OTpeaok AN,

3. Halitii KoopAuRaTh LEATPA H PAaiLyC OKPYIKHOCTH:

D+t —4x+8/—16=0;
2) s+ 3y*—6x+'8y—--‘“§~m0;

3
3) L+t Tx=0;
4) 55+ 544 9y =0,
4, Haniicath ypasirenne OKpYRHOCTY, Kacaiomicliea ocel Koop-
AUHAT K TpOXOAsuuell gepes Touxky N (8, 9).
6. Hafitit ypapHenne OKpYKHOCTH, ERTP KOTOPOH HaxopHTCA
B TOYke N (2, — 3) ¥ KoTOpas Kacaercss npsMok 4x + 3y — 19 = 0,
6. Hamucars ypasacmie oxpyxuocTts, npoxoasmied yepea TpH
roukr L (2, 1), M(6, 3), N9, 2).
7. OnpepenuTs Yroa MeXAY PARHYCAMH OKPYKHOCTH ¥ebyt—

— 10x— 6y 4 16 =0, npoBeJeHHLIMH B TOUKH nepeceueHus ee

¢ oceio Ox.

8. Hanucats ypapmenme npsMofl, npoxogamell uwepes LEHTPH
ABYX OKpYIKHOCTEH:

PP —a8 4 8y—16=0, s y* 4+ 8¢ + 12 — 14 = Q,

9. Haiitu ypapsenne ofmefi xopist oKpymsHoCTEl:

Py —20—6y+6=0, 424 y*—6x— 10§y 4-30=0.

10. Cocraputs ypasHeHHE OKDYKHOCTH, Kacaiowefica ocu O
H mpoXoammed vepes touxku L (0, 8), M(7, 1).

OvBeThl

A (x—3}’+(ti+5}==25. 2 (=8 (—5P=25 % 1)CE —4
R=6 2)0( . -'-g), R=V63 C(—--Q'. 0). R=3 4§ C@© -09).
R=08 4 (x~=5p-L{y—35)0=25, (=294t @W—290=84l Yrasa
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HHEe. VYpaBueuwe HCKaTk B bafe (x—aflt(y-—aP =p2 5 (gy— 2

+L3%=16 ¥xasanue Pagnyc ncxouof(ty oxpy);moc'm pasegr pacc):oi

I1;»:14:; Ma;mﬁumqgno ,mo+npmogh % (= 6)3 (g -r|- MW=25. 7 ¢m=90
X - —— = . X — = 10. — 4 — ’= M —

i A i ] (&= 4 +-(y—5P=25; (x=—120 L

14.2. S3anoe

Sasuncos HasmBaetcs TEOMETDHYECKO® MECTO TOweK, cyMma
PACCTOAHNM KOTOPHIX MO ABYX JAHHBIX TOUEK (goxycos) ectv Benu-
WHHA NIOCTOAHHAA (T4 NOCTOSRHAA GOubiLe paccroauna  Memay
dorycamn).

' Kasonnueckoe ypapuerie samumca:
LTI
THE=, (1.35)
rpe @ == OA — 6osbiuag; b = OB — wanas fonyocs (pue. 1.8). Koo
Aunatel Pokycos: Fy(~ ¢, 0), F,(c, 0), rge >

c=Va=F. (1.36)

Pue, 1.8

SKCUeNmpucumemos SINCA HAKBAETCS OTHOWEHHE ¢oxycHoro
paccroanaa 2¢ K Goabwoit ocir 2a:

e=—:- (¢ <], 18K Kak ¢ < q). (1.379)

Paccrostns toukn M(x, ) sammnea jo dbokycos (doxarsume
paduycs) onpepensiores dopuyaamy:
rn=a4a r,=a—ex. (1.38)
Aupexmpucamy sanunca nasmpaores npaMBble, YpPaBHEHHA KOTO-
Pux r==Z, gie e— aKCHEHTPHCHTET.

Mpawept:

6. Hafmn noayocn, ¢okycw u SKCHEHTPHCHTET S/MMNICA
4x* - 9y® == 186.



Pas,ue.lﬁm Ha 16 ofe 4acTH YPABHEHHA, NONYUHM

X3 t
Tt =1
B -
F 4 ]
TtE=1
Kl
CpaHHBas 9TO YpasHeRHe ¢ ypaBuennem (1.35), Haxonpm:

16 4 16 20
a3=4’ b2=Ts a=2: b=?, Cz=ﬂz—bs=4———9—-=«§«,
_2V3 c_ V3
C=—g ==

Takuym ofpasoMm, Imseem:
4 2 2
7. HanucaTh npocrefimee ypasHenwe s/unca, CHMMETPIIHATO
OTHOCHTE/IEHO KOOPRMHATHHIX OCell M NpOXOAsUIEro yepes TOYKM
L3V'2 2V2), N(6, 0)
[Tpocrefimee ypasHenHe YKasaHHOrG S//MACA IMECT Bl
x? ot
FtE=1
Onpepeauv a* W 6° H3 YCnoBHS NPHHALIEKHOCTH HVHICY
rouek L u N. Iloacrasnas KoopauHATEI 9THX TOWeK B jaHHoe
YpaBueHHe, MOAYUHM:
18 8 36 0
w=twE=L m+m=L

Hz Broporo ypaBHenna HaxofuM, uto a® = 36. [logcrasnan Hafl.
AeHHoe 3HaYeH{e a® B nmepBOe ypaBHeRME, MOMywaeM

18 8
wtFE=1
OTKY Ja b2 == 16,
Takum o6pasom, uckoMoe ypasmenue Gyjer .
P HS l
wte=1

8. Ha saannce 1642 J- 2542 = 400 wuafirn TOUKY, PaccTOAHMe
KOTOpO# OT mpasoro Qokyca B 4YeThpe pasa MeHblle paccToAHa
or Jesoro ¢oKyca.

Paspesns obe wactd ypastenns ma 400, maxomum

X% i
wtw=h
otkyaa
aa=25, b’=16, a= 5, b=4, 02=25___16=9'
]
&= 3, 3-_*"5_.
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B cuny qopuyn (1.38) paccrostuus a0 toxycoB BripassaTes Tak:
3 3
n= 5—|-—5-x; ry=5—¢x.
Ilo yeaoBuio 7y = 4r; CleA0BaTeNbHO,
5 %x = 4(5— % x).
oTkyAa x =5. [loAcrasnas sTo sHauenwe B YDABReHHE 9JIIHMCA,
nonyuny y =0, Hcxoman Toura M (5, 0).

9. Hokasats, 9To oTHollenne paccTosruit Mobofl ToTKy sJHANCA

B0 (OKYCa H COOTBETCTBYIOIICH AHPEKTPHCHI €CTh BETHUHHA MOCTOSH-
Had, paBHas e,

Pac, L9

Tlyers M(x, y)— npoussonsias Touka sanunca (puc. 1.9), Pac.
crofue dy= MN Toukm M £O AmpekTpHCH X = . BupasiTes
¢dopmy.aoii

dg —_ ‘%‘ -_X.
Io Bropo#t us gopuya (1.38) Iy = a -~ ¢, MOITOMY
i O —cx
dy =

ey

=&,

4TO H TpeboBasioch AOKA3aTh,
10, Halitn skcuenTpHCHTET M AupeKTpHCH! saimnca

X4 3y =6.
Hanumem ypasuenne snnunca e suge

® ¢

Ty =1

Cpaemmsas nosyuentoe ypasRenme ¢ KaHOWMyeCKHM YpaBhe-
HieM (1.35), 3akmogaem, uro g% =6, b®= 2. CaretoBatesnio,
P Ny I Sy

OTKYHS ¢ =2, s=3"=?—9-§.



Ypasreuus AHpeKTPHC B O6MEM BHAE:
+ 8 _ o2
x= —— s T — C .
Topcrasum cioga smavenus a® u o, ODOJMYIHM X = =k
Ypapnenun RHPEKTPHC: X =3, ¥ = — 3.

Janayn

11. CocrapuTh mpoctefumie ypasHenns SIJINCOB, 3HAA, 4TO:

1) monyocu ssammnca cooTEeTCTRERHO paBHel 7 u 6;

2) paccrosnme MeXay dokycamn pasHo 24 u Goanian och 26;

3) Goininan moayoch paBua 5 u paccTosHHe MeXay dokycamy 8,

12. Hafitn kamounweckue ypasHemus samncos ho CACAYIOUIHM
BAHHBIM;

1) Gonbuan Nonyock pasHa 10 @ skcuenrpucurer paser 0,8;

2) mazan monyoth pasHa 12 u SKCUSHTPHCHTET. PaBeH 1—53-;

3) skcuenTpucuter pasex 0,6, paccrosiniie Mexmay ¢okycamu 6;

4) l%ymma nojyoceit pasma 18 u paccronume MeX2y coky-
camu 12.

13. Onpeaenuts panEn oced, KOOpAMHATE (OKYCOB H SKCUEHTpI-
CHTETH JIVHNCOB, BANAHHHX YpPaBHCHHAMH:

1) 9x% + 25¢® = 225, 2) 9x? + 4* = 36.

4. [lan sgcuentpucnter samnca e Hafity orHowenne ero
noayocei. Kak sesmausa sxcuentprcHtera XapakTepHsyeT Qopmy
aJMnCa?

15. Masecro, wto npamas ¥ — 3y — 12 = 0 kacaeres 3JIUTICA

ai;- 4 —i”% = 1. Hafitu Touky kacamms.

=t3.

»| o

16. Cro/mKo KacaTeab#wX MOXHO mposecTH K aHnCy -,% +
45 =1 ns Touex L(L, 2), M(O, 4), N5, 3p

, . 2t ¥
17. Hamicars ypasmenns BHPEKTPIIC S/LTHIICA o5 + 1w = I,

3
18. Hafttu pouny muamerpa smunca f_z + -%—’- = ], Hanparnen-

HOFO MO GIICCeKTPICE BTOPOTO KOOPAMHATHOTO Yria, (Muamerpom
SJNHIICA HASHIBAETCA XODAA, NpPOXOAAMAA Uepes UEHTP — TOUKY
nepecedenyn ero ocefl.)

19. Hafitu ypasuemye saqunca, paccToaHue MeXAY ¢orycamu
xo*rogoro paBhfAercA 8 W paccToAsHe MeXAy AHpEKTPHCAMH — 24,

20. [am samne x2+4- 2% = 8, Yepes Touky M (1, 1) OPOBECTH
XOpRY, ReJAYIOCA B 5TOH TOYKE NONOJaM.

21. Orpesok NOCTOAHHON AAWHE CKOJL3HT CBOMMH KOHLAMH [0
CTOpoHAM npAMOro yrya. Onpepesnts KPUBYIO, ONMCHBaeMYio MoGoH
TouKOH M, newatiell na srom orpesxe.

80

W,

A

i

o

OrtBersl

2 3 e 48 3 e
L0+t =t g+ Gt 2 iy

2 x’ ys xﬁ y’ x. 2 .
+=h B jmtig=l dg+fay Y oy + 6 = 1
13. ]) a=2>5, b=3 c=4 e =08, F]_(-—4, 0’, Fs(‘lv, 0),' 2)0-—-.2, b=6,
c=4V'2 Fi (0, —4YV'?), F,(0. 4V ). ¥Yxasanne Ecmg a<lh, 1o do-

KYCH HAXOAATCR HA ocl Oy, npit sToM ¢ =V B9 — g, e = -%— 14 —z =F1—3:%

b
Ecin s =0, 10 = =L b=a (3a1amc npespamaerea s OKpY®EHOCcTs), Ecnu e
GiH3KO K HYI6, TO b HeSHAUHTEALHO OfaRUAeTCH of g (anaunc eoiTaR) T).
Eear ¢ Gamsko K eammmtie, 70 b Mano no CPaDECHHI0 € @ (SANHNC CxaT),
15. M3, —3) 16 Ms 109k M wmomuo nposecrs OARY- RacaTeLHYK M2
Touke N — ape, 3 TOSKE L — HB oxmofl. YKasanme, Buackums, rae Jiewar
ToukR L, M, N o otdowenmIo K samuncy. 17 =25, tar — 95 18 o = 4V75
>

a
19.%+%=I. 20, x4-29—83=0 ¥xasanue Ypasuenne npavofi

HCKATb 8 BRIE §f -— 1 =k (x — 1). Kospduunenr & ONpellesnTs #3 YCAOBRH, YrQ
Touka M(l, 1) aeaserca cepenumoit orpesga LA, tie L a ¥ — Touyxn nepece-
YeHRrA STCH npAvoRt ¢ aasmncon. 21. Jaamnc, Yxasamne 3a ocm KOOPRHAAT
NpHHATE CTOPONH NPAMOrO yria, Beecta B paccMOTpeREE YroM ¢, Ofpasyemuil
"MAHHLIM OTPe3KoM € otbio Og. Hexaounts TAPaNETP ¢ HI TONYYSHHBIX Bbiparkes
HHE 209 X H Y,

143, I'anepGona

Tunep6osoll BasHiBALTCA TEOMETPHEECKOE MecTo TOYCK, PA3HOCTH
paccTosHHA KOTOPLIX NO ABYX JAHHEIX TOUEK (dokrycor) ects mesp-

Pre, 1.10

' 9MHA NOCTORHHAA (YKazaHHAA PASHOCTS GepeTca no a6comoTHOMY

SH3YeHIO; TPEOYeTCH TakKe, 4TOOM oHa Gkla MeHbine paccroanus
MeXAY GOKycaMM H OTJIHUHA OT Hys15). .
Kanounueckoe (mpocreiiutee) ypasrenne runepGons

: ]
R e (1.39)
Tae @ = 04, = 04, — peficTBurensuas; b — Mumman NoJYOCh.
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Pokyjcot TUNSPOOTEI: .
Fi{—c¢, 0), Fy(c, 0),

rae
c=Vat+ i (1.40)
Sncuyenmpucumemon runepbonu (1.39) HasiBaeTca orHomeHHe
a:z-g- (e> 1, 713K Kak ¢>a). (1.41)

Acumnmome: TunepGonst (1.39):
y=mly, (1.42)

Paccroanus touxu M(x, y) runepGonul (pue. 1.10) ao ee ¢oky-
COB OMpeJenAtoTCA OpMynamu:

n=|ex4al ry=|ex—al (1.43)
[paneie
a
X = t? (1.44)
HA3EIBAIOTCA Qupexmpucami THIEPGOEL,
T'unepGoaer
2 _g

v

| I
: Fom=L—mti=1
HA3HBAIOTCH CONPANCEHNOLMLL,
T'unepGona ¢ paBHBIMH TOJyOCHMH (0 = b) HasuiBaetcs paswo-
CIMOponHeli, ee ypaBHeHHe
A2 y? = 0, (1.29)

Tipamepnt

11, Halitu noayocn, koopauhatsl ¢hoKycos, 9KCLUEHTPHCHTET,

YPaBHEHHA aCHMIITOT H JUPEKTPHC THMEPGO/B!
942 — 164 = 144.

Ilpusegem Rammoe ypasHenue K KaHOHHUECKOMY BHAY, AJY Hero
HEOGXOAUMO Pasge/Ts Oe yacTH ero Ha 144. Bolmoawsia Jenetye,
FOAYYHM

x& y?
BT g T

CpaBHiBast 9T0 ypaBHeHHE ¢ ypaBHeHilem (1.39), saxmouae,
y1o @ =16, 5* =9, Taxkum o0paaoM, a =4 ecTeh JelicTBUTEABHAN
noavoch, b =3 —wmummaa momyock. [lanee, c¢= ) @ F * =
=V 164+9=35, goxycs: Fy(—5, 0), F,(5, 0). 3xcuentpucurer

[4

¢ = - =5 Ilopcrasnas anavenna a u & 8 popmyay (1.42), nony-

QUM YPaBUEHHR ACHMITOT:
y==

w| o

X

Gt
i

B cooreetcrsur ¢ dopmynoft (1.44) HaxopuM ypasnenus nH-
PeKTplic:

16
= =+ 17
x _—— 5 *

12, CoctaButh npocrefce YPaBLEHIE TUNeEPOOE, CHMMETPHY-
HOMl OTHOCHTENLHO KOOPAMHATHRIX oOcei:, nepecexaonied oce Oy
¥ npoxopsmueli uepes Ape Toukw: M (24, 51'F), N (0, 5). Hatiru
¢oKYcHl 9TOf THNEPGOAH.

YpasHenue runepSoas HmeM B Bije

ya x2
—b-:’——- ?& =3 1.

Tak xak Touku M w N nexar ma runepGofte, T0 uX Koopau-
HATH YJOBJACTBOPAIOT YPABHEHHIO THNEPSOMILL

ITopctaBnss KOODAMHATH JAHHHIX TOWEK B 3To YpasHetiie,
OV IHM

125 24 25
e =L F=L
Peman nosyuennyo cuctemy, Haiiem:
O0® =25, a® = 144.
Taxum o6pasom,
22
b 77 M

CCTh HCKOMOE ypaBHeHHe,

Onpeaesum ¢ mo dopmyse (1.40). Uneem ¢ = V13425 = 13,
¢>0Kycri1 AaHHOH TrUNeplOAH JIeJKAT Ha  ocH Oy: F1 (0, —13),
Fy (0, 13).

: 13. Hoxasats, uro Tpon3BeleHite paccTosHI MoGofl Touku
TUNEP6O/E! JO ACHMATOT €CTh BEJIMIHA MOCTOSIHHASL,
YpaBHenHs acHMNTOT runepGos!
L i 2,9 _ 2.9 __ oo
o — =1 nan B — a%? — %
HMEIOT BHA

y=i-§x it by *ay = 0, {A)

[lycts M (x, y) — nponssoanHas Touka ranepGontl. Ee paceros-

'HuA fo acuMnror (A) no dopuyse (1.29) erpassres Tax:

bx—ay I do == bx - ay
+ g =

SR 77~ J Vafe |
OTKYZa
y b33 — g2 a%?
== —| = S5

.8T0 4 TpeGOBANOChH JOKA3ATh.



3anaum

22, CocTaBHTh mpocTefine ypaBueHHa TunepGoiM, SHas, gTo:

1) paccrosnue mexay doxycamn paswo 10, a PaccTostHe MexRY
pepuIiHaMn S

2) peAcTBUTENbHAR Moayoch pasHa 5 u aKcKenTpheHTer 2,6,

23. Hanucare xanonnueckue YPaBHEHHA runepbo., ecsd HapecT-
HO, 4TO:

1) paccrosmue wMexay dorycam pasio 10 u skenentpuct-
TeT 47

2} nefiCTBUTE/NBHAY NOAYOCh PaBHA V20 u runepGona npoxoair
gepes Touky N (— 10, 4).

24. Haltrn anumsl ocel, koopaumathi doxrycor u skeuenrpi-

CHTeTH THAEpGOA, SaNAHHBLIX YPARHEHHsIMU:
1) 1445 — 2543 = 3?00; 2;) 9y® — 1642 = 144,

25. Ha runepfoune %——-% = | B3aTa TOUKa, abcusicea KoTopoil
paexa 3. Bumucaurs (ona.ms;me pafulych SToil TOUKH.
26, Han samine -’1‘—5-+16-= 1. Haitrit ypamenue runepGoss,

BEPIIKHE! KOTOPOHl HaxogsaTes B oxycaX, a oxych — B Bepmnax
JAHHOrO SaMHNCa.

27, Haiitn sasucumocts MEXKAY SKCUCHTPUCHTETOM TRIeplesiil
I yraoM MEKAy ce acumnroTaMd. Kak Beauuuua IKCHEHTPHCHTETA
BAMSET Ha (opMmy runepGonut?

28. CoctaBute ypasHemie rHmepGoant, sHas, 4TO PacCTOMHME
MEkAy ¢ AMPSKTpHCaMi paBHO 4, a paccTosHIie MexLy Goky-
cami 16.

29. Hafitn skcuentpucnter TRnepBoaLl, ecam IsBecTHO, uTo
PACCTOSHHE MEKAY ee NWDeKTPHCAMH B UYeThIpe pasa MeHbme pac-
CTORHHR MCHKAY (poKycami,

30. okasare, 9T0 OTHOWEHUE paccTonanua modofl Toukn THIIep-
Gosbl 1o PoKyca K paccTosuio €8 A0 COOTBETCTBYIOIE!T AUPCKTPHCH
€CTb BeHUNHA NOCTORHHAA, PABHAS SKCUEHTPICHTETY.

Orgetin
Pl y! , x? yﬂ x2 yg x3
2Z0E—9=LdF—ig="1 B hyg—Tg=1 95—
-—%=I- 2 Na=5 b=12 c=13 F(—13 0), F (I3, 0), s=—'5?-.
3 Tl x& :]
B.n=2 =8 26.%——-%—= .o, s—cw%-:l, 2&-1—6-....%—8—=L

2. e=2 30. Yxasaune Cu 142 npiep 8,
1.4.4. TlapaGoxa -

flapaGosod naswiBaeTes reoMeTputeckoe MecTo TOUEK, OAHHAKOBO
YAANCHHLIX OT pauHOA ToukH (boKyca) M ZanHoh npsmoit  (au-
PEKTPHCH), :

b2}

3

¥Ypasnenite mapaGonw, CHMMETPUYHOA OTHOCHTENBHO OCH Oy
M Npoxojsuledl uepes HAuaNo KOOPAMHAT (DHC. L.11), umeer mun

Yt = 2px. (1.45)
Ypasrenue dupexmpticot

X — L (1.46)

Y M
Z
Pl
7 YT, e
GAF X
Prc. L11

NapaGona (1.45) umeer ghoxyc F(g—. 0). Dokareno  paduye
roukH M (%, y) napaGossl BuipawaeTes dopMyaof

r=x+42. (1.47)

Pue, 112

Tapa6ona, cuMMerpuunas oTHocHTeNbHO OCH Oy H npoxopsuias
qépes Hauano KOOPAHHAT (pie, 1.12), umeer yparHenwe

¥pasuenne dupexmpuce: srolt napaboast:
y=—%. (1.49)
Porycon napabonut (1.48) smngerca Touka F(O, %)
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Poxassroitd paduyc Tourn M (x, y) mapaGonsr (1.48)
r=y+4. (1.50)

Mpumepra

14, Hafitit koopayratet dokyca n ypasuerne JBPEKTPHCH Mapa-
Goau y* = 12x. Onpegennite paccrosmme Touku M (3, 6) zo dokyca.

Cpaprubas ypasuene y° = 12x ¢ ypasuenuem (1.45), ToMyqaem
2p=12, orkyia p==6, -g- = 3. CaepopatenbHo, ypaBherHne gIu-
pexTpHcH k== —3, diokyc naxopures B Touke F (3, 0). Touka
M (3, 6) nexur va napaGose y°= 12x, TaK Kak ee KOOPJAHHATL]
YAOBJIETBOPAIOT ypaBHeHuio napaboil. Paccrosmme touxn M (3, 6)
Ao ¢okyca onpepenserca no Qopmyse (1.47). TloacTasmss B ITY
¢opMyay sHawerMa x =3 H p= 6, noayuaeM r =34 3 =86,

15, Haitte koopaunaTsl doKyca H ypaBHEHHE AHPEKTPICHI napa-
Goma x* = 8y, OnpeAesyTs PACCTOSHHE TOUKH N{4, 2) no doxyca.

Ys ypapuenna (1.48) u x* == 8y sakmovuaem, uto 2p = 8, p=4,

—g» = 2. TakuM 06pasoM, ypaBHEHHE JHPEKTpHCHI SalHIIETCH B BHAe

Yy =—2, dokycor seasercs Touxka F (0, 2). PokaneHHl pajuyc
Touku N (4, 2) paBen r = 2 - 2 == 4,

16. CocTaBITh ypaBreRHE TEOMETPHWECKOTO MECTA TOHEK, OfH-
HaKOBO YXaNeHHbX OT Toukn F (0, 3) u mpamofi y = —5. Ompe-
AC/HTE TOYKH MeCpecedeHus STON KPHBOl ¢ OCAMH KOOPAHHAT.

HlckombiM reomerpuueckuym MectoM Gyger mapabona. Hammuewm
ee ypaphenne. Ilyers M (x, y)-— nponssosbHag Touyka TeoMeTpu-
yeckoro Mectra. Ilo yenaoemo MF = MN, rze N — ocHoBakue

IepNeHIHKY/APa, ONYIIEHHOro H3 ToukH M Ha npsaMyo y= — 5,
Tak kak
MF=V¥+{G—3F u MN=V—(=5),
T0
V3 G—3F=V{+575
OTKYAA

1+ — 6y - 9 = 2 - 10y - 25.
TIpuBogst MoAOGILIC WIeHs!, NOAYWM YpaBlieHHe napaGoel
xt = 16y 1 16.
Han onpenesenns touek nepecezema & ocbio OX HeoGXOIHMO
PelllHTh CHCTeMY YPaBHEHHIT:
X2 =16y 1 186;
Y =0 (ypaprerue ocH Ox). }
HmeeM x; = —4, x; = 4. Takum oGpasom, M, (~ 4, 0), M, (4, 0) =~
FBe TOUKH mepecedenus ¢ ockio O. Ilonarag B ypasmenun napa-
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Gomi x =0 (ypasmemue ocn Oy), noaywuMm g=—1, IapaGona
nepecekaer ock Oy B Touke M3(0, — 1),

17. Hanucarb ypaeienue napaGonst, CHMMETPHYHOI OTHOCHTEMEHO
ocu Oy H mpoXoasiuell 4epes TOUKH nepecedeHHs npamolt x +y =10
H OKpYxHOCTH x24 42+ 8y = 0.

Halinem Touku mepeceuennn mpasoli m OKpYKHOCTH, 1 wero
pellEM CuCTeMYy ypaBHeHui

xty=0 }
242 4-8y=0.
Onpenema X H3 NEPBOrg YpaBHEHHA H NOACTABAAA erc BO BTOpOC,
NONY4HM
(=949 +8y=0
HIH
2+ 8y=0, 29(y+- 49 =0,
OTKYZa
=0, 4 =—4.
Tak Kak x=—y, T0 X%, =10, x,=4. ChaepoBatesasto, 0 (0, ),

M ({4, —4) — HCKOMBIC TOYKH Mepecedenna,
¥Ypapenn¢ napaGonH, CHMMRTPHYHOH OTHOCHTENBHO oOCH Oy
H NPOXOAAIIEH Yepes HA¥AJO KOOPAUHAT, HMeET BH
x? = 2py,
OnpegenuM wapaverp p U3 ycaoBHA, 370 napaGoaa NPOXOAUT
yepes TOUKY M({4, —4). Tloacraenas xoopammarn stoff Touky
B ypabBHeHHe NapafoJiH, YOJYYHM

4*=2p(—4),
OTKYJa
2p =—4,
CiienoBatebHO, HCKOMOE YPaBHEHHE NapaGOH MMeer pujy
X =—4y

18, Jlana mnapaBosa y* = 6x. Uepes Touxy N (4, 1) nposecty
TAaKYI0 XODIY, KOTOpan jenunach G B 97Ol TOWKE nomosan.
¥YpaBherne HCKOMOI XOpAHI 3amiliieM B Buje

g—l=Rk{x—4) mm y= Bx—4)+ 1,
Jna maxomperus touex NEPECEYCHEA XOpAkl ¢ NapaGoaoll ueo-
XOIMO PellTh CHCTEMY
Y= 6x;
y=k(x—4)+ 1. }
TopcTasing BTOpOE ypaBHEHHE B MeEpEOe, noayynM
B2 (x?—8x 4 16) -+ 2k (x ~4) + 1 < 6%
HJH
Rex®— 2(4RP—E + 3)x - 16k — 8% +1=0,
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370 ypaBHEHHE MOXHO Hepenucath TakK:
24kt — & + 3 164% — 84 4- 1
x’ _— ( &E + ) X + 3 + = 0.
Ilo Teopeme Buera nna kopmelt x, u x, sroro ypasHeHuA
HaxoIHM

;-
X+ Xy = 2(4k k+3).

Tak xax N {4, 1) — cepennna xopam, To
.f.l_‘;‘.& =4

CnepoBatensno,
44—k 43
—m =4
OTKYAd
k=3

Taxum 00pa3od, MOTyyaeM CJaeAywIIce YpaBHeHife uHCKoMmoll
XOpAK
gy—1=3(x—14)
BIH
Mg—y—11=0.
19. Hanucath ypaBilenue Kacartenphoil K napaGone y® = 4x,
npoBeAeHHofl gepes Touky N{—3, 2).
YpaBrenHe KacaTellbHOl AmEM B BHie

y—2==~k(x+3)
HJIH
Toukn mepecezenust mocneaned npaMofi ¢ mapaGoioff mafimen
H3 CHCTeMBL
¥ = 4x; }
y=k(x+ 342

Ina xacatensHofi TOUKH DepecedeHHA CANBAIOTCA B ofny,
Mo3TOMY X ONpeJessieTcsi M3 YC/OBHA, YTO CHCTEMA HMEET eiH.
CTBEHHOE pEIleHHE, .

Tlogcrasiad BTOpOe YpaBHEHHE CHCTeMb B MepBoe, NOAYYHM

B2 4-6x+9) +4k{x+3)+4=4x
HIH
B - (64— ) -9 - 12k - 4 =0,

1o ypaBHeHHe HMeeT JBa pPAaBHHIX KOpHA, KOTAA e€ro AHCKDH-

MHHAHT paBeH HYMO, T. e.

(642 - 4k~ 4)° — 415 (92 + 126 4 4) = O,
68

IpeoGpasys nocnefsiee ypashenue (pacKpbisasi ckoGKm, npous-
BOAR YMHOXKeHHE H NPHBOAA NOXOGHLIE U.1eHLI), MOVIYYHM

— 48k — 32k 4 16 = 0

HIH
324+ 2k—1=0,
OTKYZA

k1=—;, k==_lc

Taknm ofpasoM, YpaBHCHHA KACATe/bHEIX GYIyT
g—2=—1{x+43)

1
y—2=73(x+3)
HM
x4+y+1=0
Sanaun

31. Hanncarn ypaBHenme napaGosts, sHas, 4To:

. 1) napa6ona CHMMETPHUNA OTHOCHTENbHO OCH Ox, npoxomur
» gepes Touky N(—3, 6) n Hauano KoopaHHAT
% 2) napa6ona CHMMeTpHYNZ OTHOCHTENBHO OCH Oy, mpoxonur
d gepes TouKy N (6, 3) u Havano KoopauHarT.
% 32, CocraBiiTh ypaBHenue napaGoanl, spas, g1o:
1} doryc maxogutes B Touke F (5, 0), AupexTpuca GYIET OChio
ODAMHAT H OChb CHMMETPHH — OChI0 A6CHHCC:
2) diokyc naxonures B 1ouke £ {0, 5), aupextpHca CAYIKHT OChIO

GCOHCC U OCh CHMMETPIH — OChIO OPJAHHAT,
.. 33. Hadlvh xooppunati ¢okycoB u YPaBHEeRHE RMpPeKTpHCLE
napaGoil, 3a2aHHOA YpaBHEHHEM:

1) 42 = 6x; 2) 4* = —6x;
3) 1% =4y, 4) 2= —4y.

84. Ha napabose y* = 16x mafith Touxy, Goranbuuili paguye
L’KoTopoll pasen 5.

35. Hanucato ypamHerue napaGonw, smas, 4ro BEPIIMHA ce
CHHUT B Haua/ne KOOPAHHAT, HANPABJICHHE OCH CHMMETPHH COB[Ia-
€T C OTPHUATEILHLIM HallpaBsienneM ocH Oy, a napamerp p paben
CCTOAHUIO OT GoKYCoB runepGosint 9x% « 4% — 36 = 0 go acumnTor,

86. Nlara napaGona x* = 16y, Hepes touky N (2. -g—) 1poBecTH

OpLY, REnAMIYIOCH B Hell nomosa.
37. Hafiru kacarenbmpie K napaboie i = 4y, npoxopsmHe
epes touky N (0, — I).




38, Hana napaSoma x®=4y. Onpegenurs AAMHY €e XOpAH,
npoxopated gepea Touky N{(2, 3) u napanaeassofi npsamoli
x—2+5=0.

3%9.’ Ocepoe cedeHHe 3epKaja npoxekropa Hmeer dopMy napa-
Gonul. Onpenenuts NONOMEHME QoKyca, eciH AHAMETP 3epkaia
80 cs, a rry6mHa ero 40 cm.

40. Hafitu ypaeHeHHe napaGofit! M ee AMPEKTPHCH, €CaAH Rapa-
Gojia NPOXORHT Uepe3 TOYKHM mnepeceyeHHs NPAMOH g -x =0
B OKpyXHOCTH X2+ y®} 8x=0 u ciMMerpHdHa OTHOCHTEALHO
ocu Ox. .

Otecrn
3L l)3y’= — 12%; 2)3x’=- 12y, 33?. 1) y? = 103x-—25; 2) &%= 10y — 25,
33 1)F(T,0, x=wg3 2 Fle3, 0). x=73 3 FO 1) y==1.

$4 M1, 4), N(I, —=4). 35 3= 6. 35. £ dy+8=0 37 x4g+1=0;
x—g—1=0 38 d=3)5. 3% 10 cx or sepwunu. 40. y? = - 4%

§ LS. Ipeobpasosanna apamMoyrofsHWX KOOPAHHAT

Koopankatsl {x, 4) Touxku M B npasoyroibHO#R JeKapToBOH CH-
creme koopausar Oxy-(cTapofi) # ee koopaumats (X, Y) B mpyroi
npaMoyroisoll cucreMe O,XY (HoBofi) cBmsaHel GoOPMYNAMEL

g 4
i
yil
[|.sr
o
. X
L]
P X Puc, 1,13

npu napaasessrosm neperoce (puc. 1.13)

x==X4a, X=x—a,
il
y=Y+b } Py =y—s, } (1.5
rae (@, b)-—KoOpguHATH HoBOro Hauala O, B crapoll cucreme

KOOpZHHAT;
npu nosopome ocett BOKPYr HaYajda KOODAHHAT Ha yroa a

{prc. 1.14)
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x= Xcosz—Ysina,
y=Xsina+Yc03a.} (-52)
¥pasnenue

y=Ax*}-Bx4C (1.53)

BLIAGJICHIIEM MOMHOTO KBAAPATA NPHBOZHTCHA K YPABHEHHIO
y=A{x—a) -5, (1.59)
KOTOpoe ¢ nomoillbio nNpeofpasobanns (1.51) moxkao sanueats Tak:
Y = AX3 (1.54%

Tochegnee ypasuenne siBnsieTess ypaBHeHmeM napaGoan! ¢ Bep-
OIHHON B Havane HOBOIl CHCTEMH KOOPAMHAT H OCBIO CLUIMMRTPRIL,
coBnajaomedl ¢ oceio OY,

AHanoryunnM ofpasoM YpaBHeRue

x=A*4+ By+C (1.55)
npecOpasyercs K BHAY

X = AY?, (1.55")
YpaBuenns »

— xR —_—)8

(x asx + (y bgyﬂ) =l (1.56)
]

(x —x,}* ¥ — go)*

asxg—_ ( bt‘g)— =1 (!.57)
-4
\4

= Pac. 1.14
0
-
¢ Homowse Gopmya (1.51) npuno,ua{‘ca COOTBEICTBEHHO K ypaBne-
' X,y
FrmF=nL (1.56)
X2 ¥
- =L (1.57%)

o Cregoratensiio, ypasnenne (1.56) ompezenser samune, ocH Ko-
POr0  nmapasneabHHl KCOPHMEATHBIM OCHM H LUEHTP HAXOAHTCH
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8 Touke Oy (Xp Mo}, & ypasuenue (1.57)—runepGony {c TeMu Xe
OCOGEHHOCTAMH DACTIONONKEHHS OTHOCHTEABHO CHCTEMbI KoopAuHar).
. ¥paBHeHHe PaBROCTOpOHHER rmnepSons
. e =g? .
€ noamomple npeoSpasosannz  (1.52) npr  « = 45° OpHBOZHTCS
K Buay

XY =¢. (1.58)
¥pasuenne
xy+Bx4Ay4-C=0 (159
¢ nomotsio dopmya (1.51) npueogates K ypasuenmo (1.58), rae
X=x+A Y=y+B c=AB-C, (1.60)

H, CJACAOBATEJNLHO, ONPEAENSieT THNCPSOTY, ACHMITTOTH KoTtopcit
SBAMOTC]  KOOPAHHATHBLIME OCAMH  HOBGH  CHCTEMEI KoOpAnnar
¢ Haya1oM B TOUKE Oy (— A, — B).

Mpumepst

I. Ypassenne kpisofi y = x? <+ 4% -+ 5 npusecT# X RanoHIye-
ckoMy suay. Iloctponts sty kpusyio.
Ipeotpasyen mpasyio wacTs YPaBHEHNA, BHIZLIAR NOIHHA KBad-
par:

g=0t44x4-H+1, g=+2P 31,
Tocnepguee ypaBHeRHe MOMKHO SamycaTh Tax:
y—1=_(x+27
Ilonaras
y—1=Y, x+2=14%,

NOAYHiIM
Y = X2,

310 ypasHenwe ompefeaser napaboay ¢ BCpIUNEOAT B Hamase
HOBO# CIICTeMB KOOPAMHAT H OCBHIO CHMMETPHH, coBnanamulell
¢ ocsio OY.

Hafinem Kooppusatst noBOoro Hagama B ctapofi cncreme. Tax
KaKk HOBHE KOOPAMHATH HOBOFO HA¥afNa PABHH HYJO, T. €.

X=0, Y=0,
70 B3 QopMyn MpeoSpasopanua (X =x+ 2, ¥V =y—1) nonyuaeym
X42=0, y—~1=0,

OTKYAa x=—2, y=1, Takuu obpasom onpeaeneHa Touka
O (=2, 1)

CrporM c72pyIo u HOBYIO CHCTEMH KOOPZMHAT M KPUBYIO 0T
HOCHTENBHO HOBOA CHCTEMH N0 ¢e KaHOHUUECKOMY YpaBsHeHitio
Y = X® (puc. 1.15). Tem cammim Kpusas FIOCTPOCHA M O OTHOILe-
HWlO K CTapodl CHCTeMe KOOpZuHAT,
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2. ¥npocTuTh YpaBHeHHe Kpusofi y = 2x% +4 8x 4 12, ofipese-

AHTE €¢ BHA H pAcnONoXehHe H3 NAOCKOCTH.

[Tpeobpasyed npasylo 9acTh ypaBHeHHS, BHASAAS Nonmud

KBajpar:

Y=2(x24- 4x 4 6) = 2{(x® +}- dx + 4) 4 2] = 2[(x 4 2)? -4 ],
y=2(x+2PF+4, yg—=-4=2(x+27

Y g
s
4
3
2 X
f
Q_z_,, 0 z‘“ Prc. 1.1

D10 ypaBHCHHE MOXIHO samucaTh B Bage ¥ =2X2 rpe ¥ =
=y-—4, X=x+2 Ono onpeaenser napaSony, CHMMETPHYH Y.
orHocurensto ocH OY, ¢ pepmmmHof B Hauane HOBOR CHCTEMEE Ko-

Yi y
4
G 3 X
2
1
21 |0 2 " Pue L18

opAnHAT. Hafigem c-ragse KOOpIHHATH BepwuHn. Ilomerasnas ee
HOBiie Koopapnarw -(0, 0) B opuym NpeoGpasOBaHHT, ¥ = y —
:_._if;-x-i-z fonydaeM O=y-4, O=x+ 2, OTKYL2 X ==

onaw;mo, AABHA® KpuBas aBaseTcs napaGonol, BepLIKHA
ROTOpo#i maxopures B Toyke —2,4), aeeotb ¢ .
paLnemna ocu Oy (pue, 1.16).1( » TPl o
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3. Vpapuenue Kpupofi ¥ = — 4y®-+6y—3 npueecta K mpoc-
geiineMy BHEY.
[peoGpasya npasyio YaCTb ypaBHEHUS, nonydaeM
3
x=—dp by —3=—afp— 2yt L)
3 9 9 3
= “4[(9’—2°79+ "l'(i_)--i't?'!'_é'] ==
3y¥, 3 3y 2
——4ly—5) + )=l -+
3y 3 3 3\t
x""“‘(y'T) I "+T’=_4(9“T)‘
lNocaenmee ypaBHeHUE NepellillieM Tak:

X = — 4Y2,
e X=x+ —%—. Y= y-—-—i—-. Ono onpejgager napaGony C Bep-

" wasolt B TOUKE Oy (— -g-, -%—) W OCBIO CHMMETpHH, NapasieabHOl

ocn Ox (puc. 1.17).

y vi
2
4 i X
%'
) Pue. 117
FHF0z

4, YnpoCTHTB ypaBHeHHe KpPHEBOH

(x = 2 {y+ 8
w -t =1

H OHpefieNuTL 8¢ TmapaMeTph,
Beoas nosbie xoopapmaTH 1o gopmynam X =x—2, Yay 4
< 3, noayYasM ypasHeHHe JIHICA

XB yﬂ
'_+'1?=1
¢ noayocaMn o =05, b= 4,

s dopmyn npeobpasosamna X = x-—2, Y =y 4 3 Haxogum
KKOOpAMHATH LEHTPa slaunca: x =2, y =-—3 {puc. 1.18).
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5. Onpegennts BuJ KPHBOA A €e pacmo/iomeHHe HA MACCKOCTH
0 YPaBHEHHIO

9x% 4+ 442 —B54r — 32y 4 109 = 0.
Beigenss noannle KBajpaTH, HpeoGpasyeM Jesylo 4acTh ypas-
HEHHS
9(x®=6x+9) + 4(y* —8y + 16)—81 —64 + 109 =0,
S(x—3)* 4+ 4(y—4P —36 = 0.

N I 4
AT

i / grizs \ X
. 2
3 -
[
[~ : Pnc. 1,18

Pasaenim ofe wacTH ypasHewus Ha 36
— g —
(x 43) + ) 94)a =1,
Beopa noebie KoopauHaTel no QopuyaaM X = x—3, ¥ =y —4,
sanuilieM YpaBHeHHe B BHEE
o, n_,
s to=1L
ITo ypasHeHHe S/NHNCA ¢ NOAYOCAMH @ = 2, ho
5 rouke O, (3, 4) 3 H ¢ ueHTpoM
6. OnpeenuTh BHA W PACHONOMEHHE HA TJIOCKOCTH JHHHH
4x* — 9y® — 8y — 36y — 68 = 0,
[peoGpasyeM nesyio 2acTh ypasHeHHS, BHAeASs NOJIHBE KBaj-
paThl
40 —=2x4+-1)—9(P + 4y + 4) — 4 + 36 —68 =0,
4x—1P—9(@y+2F—36=0.
PasgesnaM o6e vacTa ypasHenus Ha 36:
(ac—gl)a UL ot W
4 L]

Beogim noBsie xoopAHHATH RO (opMytaM X =y —~1, Y =y + 2,
YpaBHenne nupuMer BUJ

a_r_.

9T T



Ono onpepeaser rune ¢ neHrpoM 8 Toure O;(1, —~2) 1 no-
AyoCTME 4 < 8, b= 3 (pujc. 1.19).Tp° 2 )
7. OnpeaeauTh BHA H PACBOAOKEHHE AWHHH
xy—2x—y+6=0
IMpumenns TOXpECTRO
W+ A8x+By+C=(x+ By+ A—AB+C,

QJY

AN e 7.
npecOpasyem JeBYi0 YacTh ypaBHeHHA
W—=2x—y4+b6=(x—1)(y—2)—216.

CaepoaTenbHo, YpaBHCHHE MOKHO BEpenucaTs Tak:
xr—NDly—2)=—4.

_ y/nr
A
/

Beozs HoBhe KoopnusaThi no popMysaM xr— | = X, y—2=Y,
nonysaeM ypasnenne XY = —4. 310 ypapHeHHe sBnfieTcs ypas-
HCHNeM FURepOO/ib, ACHMITOTH KOTOPOH CAYKAT OCAMM HOBOM

CHCTEMBH KRoopzuHat (puc, 1.20). llentp runeplosn Haxozutes
B Toure Oy(1, 2).
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Puae, 1,19

-1

- [Fotaerin

Puc, 1.20

R I

8. OnpezenuTte BHZ W PACHONOWKEHHE JIUHHH
9—x
y=3=3
Danroe ypaBHeHle nepenuuicM B BHAe
Yx—3=9—x
K

[peoGpasyss sesyio 4acTh ypasHeHus, nOnyqaeM
=3+ r—9=x—3NY+ DH=(~3-N—-9 =
=(x—3{y+1)—6.
CrepoBatebto, YPABHCHHE AHHIHM MOXKHO 3allHCATH Tak:
x—3)g+1)=06

- XY =8,
rae X=x—38 Yey+1,

HA#

Y pasHesue onpepenseT runepbony ¢ ueHTpoM B Touxe O, (3, — 1),
ACHMOTOTH €€ CAYXKAT OCAMH HOBOH CHCTEMbl KOOPJAMUHAT.

dsxaum
¥Ypapuenue MHUAK HPHBECTH K KaHOHHUECKOMY BHRY, DOCTPOHTH

B TN

’0 y-x’_5x+7o
3. g == — 82 + Bx 5,
5. x = 5% — 10y 4 6.

2. y=45" 4 8x + 1.
4 x=p"+3y+4
6 x=—2 +8y—3,

(x—2¢ g9 _ x4+ 12 g.—3 .
7. 5 +_25 =1. 3.____.w__._|..___§5_.=.|.
x—=3 =2 _ {x 4 5° W+ _
9. 5 6 Lo = T =1L

1. 92° + 4 — 18x — 8y — 23 = 0.

12. 42 4 95® + 16x + 18y — 11 =0,

13, A —4y 4654 16— 11 =0,

14. 9 — 448 + 18¢ 4 8y — 31 =0.

15. xy—3y +4x—20=0. 16. xy 42y —x +2 =0.

I?.y=i—:ﬁ]”-. 18, y=2+7

Oractu

Lr-xao,(.g.. %) 2 Y=1X3 O(=1 B 3 7 =~ 3K2
0. -2 4 X=n g .;_-_g.) 5 X=58Y, O, h 6 X=
- ) Xy

21"-0.(&2)7.—13-+3=1.o,(z-4; &§+%=L0t(—l.3i
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X y? X
o3 —g=1062 0l oy oes —n u Xy
e X0y X s
+-9-==1, o]_(], l).( 12 ‘_9'+T=I, 01(--2. —l). 13. _4"—"‘1'-’ l.
X’ 3
0-3.9 M-t oLy 1 xv=s 0@ —4b

16 XY =—4, O;(—2 1)} 12 X¥=20,(, =3 18 XV =1, 0,(—42

§ 1.6. loasphnie KoopaunaTw

Hosaprom Koopdunamamu Toukw M Ha MIOCKOCTH HA3GL
BAIOTCA noAApHbIL paduyc p = OM u noaspuoil yeos @ = £ POM,
OTCHHTHIBAEMLA OT NoasipHoli ocu OP x orpesky OM (puc. 1.21)
NPOTHB JBHKEHHA WACOBOH CTPEIKH,

-

Pre. 1.21

IpaMoyTonbHble NeKapToBE H NOJAPHHIE KOOPAUHATH! TOMKH M
NpH COOTBETCTBYIOMIEM BHIGOPE KOOPIMHATHHIX CHCTeM (puc. 1.21)
ceAsankl dopMynaMu:

x=pcosq; g =psing; (1.61)
p=VIETF: tgo=-L. (1.62)
YpaBHeHHe MHAM HZ DJIOCKOCTH B O0JApHLIX KOOpAHMHATAX
Caeayoulee:
Flp, ¢y =0. (1.63)
Tiprmepa

1. Haftru ypasuesne OKpyXHOCTH, UpOXOAAWER wepes momoc,
CHTP OKPYXCHOCTH JI€XKHT HA NOJAPHOA OCH, & pajHyc paeed q.

CoepnriM  otpeskamu npsmol Touky M ¢ MoMwCOM H ¢ Ko-
Henod  Toukofi D puaMerpa, mpoXoAAWEro uepes nomoc O
(puc. 1.22).

&8

— o — o o

Koopauxaramu Touke M GyayT yroa ¢ ¢ zauna p otpeska OM.
s npamoyronbHoro Tpeyromsiuka OMD nonyuaeM mckoMoe ypas-
HeHHe

p=2acose,

2. Touka M passoMepso jiBuxKeTCR no npsMoit ON, pasHoMepHo
spamtaomedica Bokpyr ToukH Q. TpaeKtopus rToukn M HasuBaeTca

Pue 1, 22

crupassto Apxumeda. Coctasute ypasHemue cnmpanu ApxuMmema
H NOCTPOHTL ee.

[pumem 70urRY O (puc. 1.23) 33 noMioc CHCTEMH, HauabLHOS
nonoxedne OP npsamoit ON — 3a nonsapaywo ock, Ilyere B Hawamb-

Pue I 23

Helll MOMEHT ABreHus touxa M maxomuTesl 8 mowoce. Paccros
Hee OM = p, apoitzennoe Touxot M Bro/e npamoft ON, u nonsp-
Halt yront ¢ Bospacraor B cuty PABHOMEPHOCTH JIBHIKEHHS Mpo-
TOPUHOHANLHO BpeMenn. ClieOBATENbHO, OHH HPONOPUHOHAILHEL
ApPYr Apyry, T1.e.

p==ag, (A)
TA¢ @ — Koaddunmenr nponopuroHaNbHOCTH,
69



¥pasuenue (A) ¥ spnseTcA ypabHeHMeM cnupanH ApXumesa.
B ackapropofi cHcTeMe KOOpAMHAT:

V @+ =aarctg L,

(Tlocaepliee ypaBHEHHe TOMYueHO M3 ypaBHeHus (A) c NOMOLIBIO

dopmya (1.62).)
Tlocponm KpuBylo no ee ypasxenuio (A). [lpapaBas snauenmus ¢
H Onpeneias COOTBETCTBYIOUIHE SHAUECHHS p, COCTABHM Tabauuy:

O | S| = (28 08 115 14 |3 |7

¢ 643213“4“6”4“3"2'“4“2""’
2 5 b 4 7

¢l 0 %a %a%a-;—ag m,g na-ﬁ-ra‘mLTl mal3 mal5 ez wal 258 ..

Hoctpous coorBercTByIOmMe TouKy, NONYYHM HCKOMYIO KpH-
BYIO (eM. puc. 1.23)

3. Orpesok AB nocrosAuHoll Aaunti 2 cBOHMHE KOHIAMH CEOJTb-
SIT N0 OCAM JEKAPTOBEIX KOOpAMHAT. M3 nawana Koopaumar ma AB
onyiied nepnenpukyasp OM. Feomerpuueckoe Mec70 Touek M
HasHIRaCTCs “embipexaenecmuxoeoli posol, Hanucare ee YpaBHeHHe,
NOCTPOHTL KPHBYIO.

U3 rpeyrombanka OMA (puc. 1.24) onpepennm

p=0M=0Acosq.

0 A

>f

Prc. 1.24

Hs Tpeyronburka ABO nonyuaem
0A = ABsing = 2asin ¢,
nosTOMY
p = 2asin pcosq.
TaknM oGpasoM, HcKoOMOe ypasHeHHe MMeeT Buf
P = asin2q.
Kpupan nsoGpaxena ma puc. 1.25,
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-4. Vs toukn O Ha OKpyRHOCTH pagHyca a npoBoAHTeH Ayd OK

(puc. 1.28), or Touxu L nepeceuenus ero c OKPYHRHOCTBIO OTKAA-

AniBaeTcs 0Tpesok LM =2a no manpasnenmo syua OK. JInaus,
ONIHCHIBACMAN TouKOA M npu Bpamiemmws nyua, paswipaercs Kapouo-
udod. CocTaBnTe ypaBHEHHE KADAWOHMHL,

Pue, 1.25
Bude NOMAPHYI0 CHCTEMY KOOPAHHAT, KAK MOKAa3aHO Ha
puc. 1.26, Hgnocpencraenuo HS depTexa .noxydaeM
p=0L 4+ IM.

. Tax xak
LM =2a, OL =0Bcos@ =2acosyp,
T0
P=2a(l 4 cos gl

Tlonyuennoe ypasuenwe u ssaseres HCKOMBIM. Korza ¢ npoGeraer
NPOMEKYTOK (— =, &), KAPAMONNA OMUCHBASTCH NONHOCTBIO,

Pue 1.26

5. Ha oxpyxuocru paguyca a dukcnposana touka 0. Jlya Ox
Bpamaercs okoso Touke O, npH STom o MepeceKaeT OKPYKHOCTDH
B HeKoTOpoli Touke N. Ha npamoit ON or 7ouxu N B Hanpasme-
HHH Jlyga Ox ominagmsaetes otpesok NM =b. Koraa sys Ox
COBEPUIHT NosumAt obopor, Touka M onmuer KPHBYIO, HaskBaeMyi0
yaumeod fackass. Cocrasire Ypasuenue 310 Kpupoii # nocTponTe

7
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ee. Tloxasats, wto npu b = 2a nonywaeTcss KapAHOMNA (cM. npH-
Mep 4).
epl‘lp)nueu TouKy O Sa HOMIOC, a NOMIPHYIO OCh COBMECTHM
¢ auametpoM OA (puc. 1.27). HenocpencTsenuo us weprema Haxo-
Al .
p=0M=0N 4 NM.

2
Puc 1.27

%

Iloncraensan 8 9710 papeHcTBO BBIpaKeHHs
ON =2acosg, NM =5,
nonyunM ypasHenue yaurku flackana B noaspHuX KooppuHatax
p=2acosp- b,
Hexonst us onpepenerus kpusofi, jerxo NOCTPOMTE PRI €€ TOueK,
®opua KpHBOH SaBUCHT OT COOTHOMIEHHS MEXIY NOCTOAHHEIMH 2¢

u'b. Ecan b < 2a, xpuBast umeer Buj, H306paXKeHHNH Ha puc, 1.27,
Ha puc. 1.28 nsofpamena wpusas aas caysas b > 2a.

M

Pure 1.28

Ecna b = 2a, 10 ypaBuenue ynutku Iackans ApAMET BHA
p=2a(l 4+ cosqg).
IT0 ypaBHEHHE Kag,qnounu, paccMoTpennoit B npeabiAymem mpu-
Mepe (cM. pue. 1.26).

B RexapToBHX NpAMOYroMbHHIX KOOPAHHATAX YPaBHCHHE YAHTKH
INackana rakoso:

(® 4 4 — 2axP — B2 (x® + y%) = 0.
CrefoatentHo, yautka [ackaas seaseTcs anreGpangeckofi Kpusol
YeTBEPTONG NOPAAKa.
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Mpumeuanne B ob1acTy Texumxn yaurka Flackans Haxommr, B yaer-
BOCTH, MPHMEHEHHE B KYJAAUKOBHX MeXaHusMax. OHa HCNOJL3yeTed KAK JHANNA
AN BHUEPNHBAHRA NPOQU/IA SKCIEHTPHKA, ecad  TpebyercH, 4TOGH! CKOABIAMM
RO OpOQHMO CTEPEEHL COBEpWIAN rapMOHHYeCKoe Kodebaupe, B camom Acne, no-
CTymaTexbHOe fiepememenne S Toukn M (pue. 1.29) onpenenwren no dopuyne

S-p=2acosw£+b=2asiu(w£+ %)-I—b,
rfie « — YIJ0Ban CEOPOCTh SKCLEeHTpHEA, '

Pre, 1.29

Onna 13 cocTaBHKIX uacTel B MeXanuame Ana NOANSTHY B ONYCKAHKA ceMa-
fopa ovepuena no yautke [lackana,
meefnof Mawmre GopMy E2pAHOHAH HMEST KYJayoK, TOA bosAeficTSHeM
KOTOPOrO KoNelreTca ToAKarens, NOASIOIUN HHTKY HA MIYALKY.

6. Hanucarb ypasuenne nemmuckarn Bepnyanm B noaspHuix
KOOPAHHATAX H BOCTPOHTL €e.

E npumepe 5 § 1.2 Guilo NoNyYeHO ypaBHeHWe NEMHHCKATH
Beprynnu B npAMOYroNbHEX AeKapTOBHIX KOOPRUHATAX:

(" + ¢ =20 (2 — ¢,

Tak KaK X H y BXOZAT B 970 YDABHEHHE TONBKO B WETHHX CTene-
HAX, TO JEMHHCKATA CHMMETPUYHA OTHOCHTENBHO KOOPAHHATHEIX
ocell (ecan ToUKAa M (X, y) NPHHARNEKHT JNEMHHCKATE, TO TOUKH
Miy—x, y), Ma(x, —y), My(—x, — ¥) TaKKe el npHHAjNexKaT
(cM. sameqadue X npumepy 1 § 1.1)).

Tlockoabky

x=pcosy, y=psing, x*+4yi=pl
TO ypaBHEHHE NEMHHCKATH B NOAADHHIX KOOPNHHATAX NPHMeT BuA
p* = 2a%*(cos® ¢ — sin® p)
uan
p® = 2a% cos 2+,
s storo ypasenus suano, 410 p=a /2" mpt ¢=0, Ecan ¢
yBennuupaerca or ¢ =0 210 9 =—-, T0 p YMeHBmaeTCA OT p =

=aV2 pop=0. Ecm 4 <?<-, T0 p NpHHHMAET MHIMbe
SHAYCHMSA, T.e. Ha JeMHHCKATE HET TOREK, RIS KOTOPHX ¢ Me-
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HAECTCA B YKasaHHuIX npegenaX. CrejoBaTenbHO, MM MOKeM MO-
CTPOATS> YaCTh JIEMHHCKATH, DAacllOfIOKEHHYI0 B Mepsofi YeTBepTH

(Jmn quog-:—), H TOTOM B CH/IY CHMMETPHH KPHBOH BCIO JH-

HHIO.
TlocTpoenye JIeMHHCKATH MO TOYKAM MOXHO TaKKe OCYUECT-
BHTh Clefyiomuu ofpasod. IlepennchiBast ypabHeHHe JeMHHCKATH

B BHJE
¢ =c*2cas’ e — 1),

rae ¢® = 2a% sakmouaeM, 4To MOAAPHHE paguyc ee APOH3BOABLHON

TOUKH ABAACTCH KATETOM APSMOYTOALHOTO TPEYTOJbHYKA, THIOTEHY3a

Kkoroporo pasta ¢ |/ 2 cos ¢, a apyroit kater paser ¢. Ha ocu ateusice
OT To4KH O oToKHM OTPeskH OA =04’ =c (puc. 1.30), na ocu

Pre. 130

OpAHHAT — OTpe3ok OB =c¢, paguycodu AB=c¢ /2 onucuBaen
OKPYXKHOCTb C LEHTPOM B Haua/ie koopamnuatr. Uepes touky O mpoeo-

RiM IPAMYIO NOX YEAOM ¢ (q: < -:— K OCH O, Hepecexalomyio oKpy:x-

HOCTe B Toukax N ¥ N'. Vs rtouku N omycruu NepnesauKynsp
ND na ocb Ox, us toukn A paguycoM, pasHuM OD, sacekaew Ha
OB roury C. Torpa

OC? == AC® — 0A® = OD* — OA® = (ON cos 9)* — OA® =

= (¢ V2 cos §)> — c?,
OTKYyAa ¥ cienyer, 4T0 Kater OC Ompefensier mIMHY ROAAPHOrO
PAAHYCA TOUKH JIEMHHCKATHI, coorBeTcTBylOmed yray ¢. Ha aps-
Mol NN’ us toukn O paguycom OC sacekaeM ape TOUKH M u 1{31’,
npuHaAnekamue smemunckare. llosropss ykasawmoe mocrpoenve
UPH ZPYTHX SHAYCHHAX @, MOJAYUYM BTOPYIO MAPY TOMEK H T. A

Npumenanne B rexnuke semnnckara TIPHMEHNETCA, B YaCTHOCTH, B Ka-
HECTBC NEPEXORHOA KPHEOH HA SAKPYrIEHMAX MBAOFO paznyca, Kak 1o HMmeer
MECTO Ha IKeJIGIHOMOPOKHLIX JIHHHAX B TOPHOR MECTHOCTH H Ha TDAMBAREBIX
OyTax. .
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. ¥pachenne NeMHHCKATH BCTPRYaeTCA BOR B MaTeMaThyecKolt amHTepar
B .:m'i: L Bepuyann, oumnxgzannoﬁ B ‘ﬁ eruditorums » 1694 r, s
7. HamucaTh ypaBHeHNE KOHHUECKOrO CeYeHHA B AOJAPHLIX
xoopauuatax. (Ceuenuem MOGOro Kpyrforo KoHyca MAOCKOCTEIO,
He MpOXORAUEH Yepes ero BepluuHY, OUPERENSIETCS KPHBAA, KOTO-
MOXKET GHITh JIMINE S/UTHNCOM, rumepbosoii WK napaGofoit.)
. Tlyers ABC (pue. 1.31)— nyra Komnveckoro ceuenus (sa1nmca,
runepbo/it: Win napadoats), B — pepmuna, F — doxye, DN — coor-
BeTCcTBYlOmIas AupexTpuca. llpumem Touky F 3a nomoc, npsMylo
BFP sa noaspuyio ockb, BHOPas HA Eeil HaNpaB/eHue or’ pokyca F
B CTOPOHY, NPOTHBOMONONKHYIO gupexTpuce. ITyers M, — Touxa
ayrn BC KoHH4eCKOro cevueHss, JeKaman Ha NepneHAHKyJspe
K MOJAPHOA OCH, mpoXopAmeM uYepes pomoc F. Hasopem doranb-
HuM TapaMeTpoM p = FM,.

X ¢
N M(pe)
N |
efl/¢ |
K o
D A Pae 1.31

Ilyets M(p, ¢)— npousBoaesas Touka kpusoit. Halfinem sapu-
- CHMOCTb MEXKJY NOAPHBIMH KOODPRHHATAMH p, © M JAHHLIMH wiic-
JaMKi p B & TAe ¢ — SKCLUeHTpHCHTeT. [lo ofmeMy cgofictay scex
TOYEK KOHHYECKOTO Cedenys (CM. ompexesienue napaGonk, npumMep 9
H sanay 30 § 1.4) umeem

M
My =* )
Hanee,
) FM=p, MN =N,M,+ pcoso.
Tak gag
FM,
m‘i— =& FMy=p,
TO
« NoMy =2,
- Crenosarent o,
MN =-E tocosp. - ®)

7%




Papenctao (A) ¢ yuerom (B) nmepennmem 8 BHpxe
.;. —1 s’

-%-1-9008?

OTKYAa
i ©

P =T e "

Ypasrenue (C) Oyaer onpegenste saamnc, ecau e << 1, napa-
Gony npu e =1, runepGoay, Koraa = > 1.

B ypasuenus (C) BeauuuwHa p ana napabons uMeeT mpexKHee
sHavenue (T. €, TO XKe, YTO B YPaBHEHMH y? = 2px), TaK Kak p =
= FM, = MyN, ecTb paccTosHme OT (JOKyCA [0 AMPEKTPUCH. Bhi-
pasuM p Ans sanunca u ranepGoanl. IoAcrasnaa koopAMEATH TOMKH
My(—c¢, p) a3aaunca B ypastenue

X y?
=1
nosydaem
& b
. w@hE=l
OTKYA4
il a8 — ¢t bt _ b b2
T T @ = e &

TlopcraBnas KoOpAUHATE! TOYKH ruOep6oAn M,(c, p) b ee ypas-
HeHHe, HaXOAHM

i ps pﬂ _ Py, | _ bt
g =l ==
OTKYAA
hi
P=3

Taxum oGpasoM, ypasHeRMA sanunca, TunepGoAH # NapaGovE
B TIOJMIDHHIX KOOPAHHATAX (NMpH YKa3aHHOM BHOOpe MOAIOC2 # Mo-
JIADHOH OCH) HMEIOT OAMHAKOBHIA BHA:
U
b= l —ceosg ?
bt
The p = —— AAS SAAHNCA M TANEPOOLL

8. IlpaMan x = a nepecekaeT ocb Ox B Touke A U NPOHSBOMB-
Hbiii iya OB B Touke B. Ha ayue or Tmouks B no ofe cToponn
oraoxentl otpeskn BM, n BM,, pasunte AB. Hamucats ypasHemue
FEOMETPHYECKOTO MecTa Touek My u M, B noaspamx ¥ npamo-
YroAbHHX JNeKapToBHX KoopauHataX. (KpHBas 5Ta Hasmpaercs
cmpogoudod.)

U3 ueprexa (puc. 1.32) noayuaem

p =0B=:=AB,

Tak kar
a
0B = s ! AB:atg?’
TO
_. a(l +sing)
p= cos ‘
Y
B
A,
g X
Pue. 1.32

B Zexaproenix koopaMHatax 570 ypasHenwe mpumer Bug

L X{x—a3
P=g—

Japaun

1. B noaspHofi cHCTeMe KoopAMHAT (o 9) nocrpouTL TOUKM:
ae 0, B3, -j;—), c(l, ) D@ m, E(2, ¥), F=2,0),
G(— 3, —}), K(l,,—-g-), L4, —n), M(- 2, ...{_),

2. Hanncate B mosApHHX KOOpAMHATAX YpaBHeHHS JMHmk:
2) xcosa 4 ysina—p=0;
4) x* 4 4t = 2ay.

1) xy =
B y—2x=0
3. Hocrpours aunum:

De=R  Yo=gi 8p=rir
4) p=a{l —cosg), 5) p=2(1 + 2cos9).

4. Hanucars B peraprosuix KOOpAMHATAX ypaBHeHHd JAHHHI
B MOCTPOMTEL AMHMH:

1y psing =4; 2) p®cos2p = g% 3) p=acosq.



6. IMoerporTs NRHHM:

1) p=¢® (norapumugeckas cnuapans);
2) pn% (ranepGonuyeckas Cnupann),
3) p =asin3¢ (TpexnenectkoBas posa);
1) p = a si® -

6. Hamicate KatoHWuCCKWe YpaBHeHHR KpHBHX BTOPOIO noO-
pRAKa:
16 16 5

De= 3-——31:05:9" He= 3—5cosy 3) E’=l----<:¢:scp’
7. Yepes touxy E(a, -;—) NpoBeficHa fpaMas, nNapaineibiasd

nonapeaol ocw. TMpoussomwamii gyu OK nepecexaer sty npmayio
B Touke K. Ha nyge mo ofe cropout or Toukm K OTAONKEHH OT-
pesku KM, = KM = I. Teomerphueckoe MecTo ToueR M u M, na-
sbiBaeTca Konxoudoli Huwomeda. CoCTaBHTb YpaBHemHe KOHXOHAL
H TOCTPOHTE ee,

8. Hanwcarh ypanReHHe reOMeTpHYECKOTO MECTA TOUEK, MPOH3-
BEACHHE PACCTORHHA KOTOPHIX A0 fABYX ARHHABIX Touek Fy(—-b, 0),
Fo(b, 0) ecte Benwuuna nocrosmHas, pasHas a®. IlocTpouts KpH-
BYIO (06aa Kaccuru; npu b = a nonydaem JeMHUCKATY HYJLIH).

Oreetd

L ¥Yxasaune Orpruatensime Yriu ¢ OTCUATHBAIOTCA 00 Sacopch
CTPR/IRE, OTPHUATENLHEE SHATEHER (¢ OTKAAIMBAIOTCE He HA JyTe, HAKAOHEHHOM
K NOIARHOA OCH MO YIIOM @, 4 Ha €ro NpOROAMeHAH 33 NoMmoc (T.'e. HA yue,
ofpasylomen ¢ moaspHol OCHI0 Yroa ¢ --#). 3 1) ORpYKHOCTH pagpyca R

A K ‘/5 Az
Puc 1.33

OpstMad, TPOXORAINan 2EPe3 HAYAA0 EOOPARHAT TR YIAOM ¢ = 60° K ocn Ox;
J) npaman x = a; 4) xapzuoupa; 5) ysmtka Hackany 4‘: D=4 P—ytm

=a% 8) A4 y=ar. 5. Cu opunomenne. 6. 1) %5"+W=1; 9 5 -

%

a
——!{;-ml; 3 = 0 7'P=si_ﬁ"$+“ Cu nprnowenre. 8 pam

=b cos2p & VCOS’ 20 (%:__ 1) t B ACKAPTOBHY  KOOpAHHATAX.
{xP -} gN? - 25T {a% — ) o= gh — P,
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-

Yeasanua 1. M  ycnomma  uweew MFy « MFy = a% oruyna
Y402+ V{x— 60 F o= a2 2, Mocrpoenne omasos Kaceunm momHo
OCYMECTBRTH CAeLYlomEM o0pazoM. 3nan DapaMetpel g B b, HaxoasM novoxe-
nEe QoxycoB Fy B F, m Bepman A, v A, {puc 1.33). Iporopumt u3 Tourw Ay
AY9 KOTODHH fNepeceder OKPYKHOCTS, ONUCAMHYIO A3 Hawaig KOODEHHAT pagny-
coM, papHuM b, 8 Toukax N, r N, Ecau reneps mo foxyco F, u Fy omucatn
OKPYIRHOCTR DAgHYCaMB, DaBHuMB AN, n AN, 10 Toura M nx eceuensa
OyAeT RpRBARfeRaTE o8&y eficTBuTennbHO, }ﬁF,-MF,= AN, - AsNy = const
P CHAY H3BeCTHoft O NPORIBEJEHHH CeKYUled HA ee BHEHIHIOW TACTD.

Meana nanpapnenne nyss AN,N,, moxuo MOCTRORTE /0G0 YHCA0 TOWEK OBada
Kaccnun,

§ 1.7. Napamerpuueckne ypaBHeHus AuHHH

MTapasempuneckumu ypasrenusmus ARG HI NAOCKOCHE HASH-
BAIOTCA YPaBHEHHA BHA2

x =g () }
1.64
g =00 (.64
rae ¢1(?), 93{) — dyaruun nepemennol /.

Tipumepst ‘

1. Hanucats napamerpuueckue ypasnenus-oxpymaocTs pagnyca
R ¢ neHTpoM B Havane KOOpEHHAT. _

Ilyets M (x, y) — npoussoabHan Touka OKRPYKHOCTH (pHe. 1.34).

7N |

M

R /i

1y

i
ol X X

Pre. 1.34
Torga
X = Rcost;
4y = Rsint. }

Tonyuenaue ypapresus m SyAyT HckoMmMH. Hckmogas napa-
MeTp / H3 9THX ypaBHeHHN (A2 Wero HyXHO BOSBECTH B KBagpar
06a ypasHeHus u nouneHHo COKUTS), NORYIUM ypaBHeHHE OKPYK-
HOCTH B NPAMOYTOJILHEIX KOODAMHATAX:

P+ =R



2, OKpYXHOCTE pagHyca ¢ KaTatea mo ocu abeumce. Hafirn
napameTpnqecxue ypanﬂeunﬂ JNHHEH, OfHCHBaeMOil pH YKasaHHOM
ABHIKeHHH TOH TOUKOH OKPYXKHOCTH, KOTOpas INIDH HAYaJbHOM 110
JIOMKEHHH OKPYMHOCTH HAXOARAACH B Havane koopauuar, (Onuce-
BAEMAs AWHHA HasulBaeTcA yuKAoudod.)

. Tycte M (%, y)-— npoM3BONIbHAA TOYKA WukJoups (pme. 1.35)
orga

%= 0P = 0Q — PQ = MQ— PQ = at —asint = a (t —sind),

¥

(M
N
olP g

X Pre. 1.3

rae { = ZMCQ— yron noBopoTa OKPYKHOCTH,
Yy=PM=QN =QC —NC = a—acost = a(l — cosf).
Hrak, nonydeHs napaMeTpHuecKue YpaBHEHHS LUMKAOHAL:
x=al(f—sinf)
y=a(l —cosf). ]
3. [IpsMoyroabHBK, ABE CTOPOHH! KOTOPOrO COBNAAAIOT C OCAMH
KOODAHHAT, H3MeHACTCA TaK, YTO €r0 JHATOHANL COXpAHAET MOCTOAH-

HYIO BeJIHUUHY a. JIHHHA, ONHCHBAaeMas OCHOB2HHEM NEplieHAHKY-
Asipa, ONMYILEHHOTO U3 BepIIHHbI IPAMOYTONBHHKA, NPOTHEONONOKHOR

Pue. 1.38

HAUany KOOPAWHAT, Ha €ro AWArOHANb, HA3HBAETCA acmpoudold.
Hafitn ee ypasneune.

IMycts OLAN —oaue H3 npAMOYrOALHHKOB, AN KOTOPHIX
LN =a (pnc. 1.36). Beegem B paccMortpenne yroa ¢ = Z ALN,
Toraa ZMAN =¢, L MNP =, ,

&)

I’

¥ -

TMo onpepe/feHHio KOOPIHHAT HMeEEM:
x=0P=QM, y=MP.

[NoxcrapnsAs B 3TH paBeHCTBA Bugameuna s QM u MP, no-
JAygaemuie W3 Tpeyroabhukos LQM, LMA n LAN, naxommm:
x=0QM =LMcost = (LAcos?) cost = LAcos =
= (LN cos?) cos¥ = acos¥;
y = MP = MN sint = (AN sinf) sinf = AN sin®¥} =
= (LN sin?) sin® = asin¥,
ChegoBaTenbHo, NOAYYCHW NapaMeTpuiecKHe YpaBHeHHA acT-
pOHAH
X = g cos¥; }

y = asin®,

Hcexkmowass napamerp ¢ (and Hero HymHO H3BJEYb CHAZANA KO-
peHb KyOuueckuii U3 OGeHX duacreft ypapsenmufl, a NOTOM BOSBeCTH
HX B KBajpar), NONYUHM YpaBHEHHE aCTPOMAH B NPAMOYTOMBHLIX
ACKapTOBHIX KOOpZHHATAX \ . \

Ly =d.

4. Tlo okpymuocTH x® -4 4% ==g® nepememaerca npaMas, Ha-
HaJbHOE MOJIOKEHHE KOTOPOH x=da. Onpegeautb TPaeKTOPHIO
TOUKH NepeMelaomelics npaqofl, npuAMMad 3a HauaNbHOE ee [o-
nox;em;e Toury A(a, 0). (Kprpas wasuisaerca paseepmuod oxpymc-
HOCmU, .

Bossmem npoussoisRyto Touky N parsoft okpyssocts (puc. 1.37).
Baepem yron t = ZAON. B cuay yenoBus sagaum pamna AyTH

Pue 1.37

NA papma ganme orpeska NM, rae M — touka mexomoft TpaekTo-
PHH, HadanbHOe MOJOMKEHHE KOTOPOH COBMagaio ¢ Touxolt A. Koop-

AMHATH TOYKH M uepes yront ¢ u C
0GpasoM; y pafuyC a BHpasarcs CAeAYIOWEM

81



x=0P=0K+ KP = 0K 4 QM = acost - NMsin¥ =
: = qacos!{ + afsint;
Yy=MP=QK =NK—NQ=asint — MN cost =
= asinf — af coss,

Tagum ofpasom, nonyuerw caeayioitue napaMeTpHIecKue ypas-
HEHUS PASBEPTKU OKPYHHOCTH:

X = a(cos? 4 ¢sint); }
y=a(sinf—tcoss).

5. Oxpyxnocts l!:Iamly'ca f KaTHTCA 0es CKOMLIKEHHA 110 OKpYX-
HOCTH papuyca R. Hanwmcars napamerphueckue ypasusenus KpHBO#,
ONHCaHHOH UKCHPOBARHOK TOYKOR KaTameiics oKpyxkdocTH. (dTa
KPIBAA Ha3LIBARTCs dod, pH r = R snumuxnouma o6pa-
IACTCA B KAPAHOMAY, CM. npuMep 4 § 1.6.)

Homecru Hauano xoopimuar s NeHTp HeROABHKHON OKpPYX-
HOCTH., CdMTaeM, 4T0 B HCXOAHOM NOMOKCHMH BHIYepu#BAIOAA
TOGKa coBnajaer ¢ Todkok A, B Koropoll nponssoAsmAs OKpYX-
HOCTb K4acaercs HENOABHKHON, H oCb aGeuuce HanpaBuM gepes
To3ky A (puc. 1.38).

Y
N M

ml

Qﬁp ! )
Pue. 1.38

¥Yroa MON wmexay paguycamy, NPOBeACHHLIMUY B BLIGEPYHBAIO-
O1yi0 TOUKY NpoHSBOASUNeH OKpPY:KHOCTH H B TOUKY KacaHus ee
C HeNOJBHIKHOW OKPYKHOCTBIO, 0G0OSHAYHM qepes f. PaccMorpnm
OTHOWEHHE PAAHYCOB OKPYKHOCTeH m = r: R, KOTOpoe HasniBaerch
HX MoayneM. Tak Kak KageHwe npousBopsmedt OKPYHOCTH mpef-

HONAraeTCs COBEPUIAUIMCE Ges CKOAbKERUS, T0 AN = MN wiu
R-ZNOA= 11, orkyna
LNOA = 4t =mt,
Hs ueprexa monysaem:
%=OP=0D+ DP = 0D + EM = (R + r)cos mt -
+r sinZ MOrE; .
y=MP=0,D—0.F = (R + r)sinmi —r cos £ MO,E,
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Tar kax
sin ZMOE = sin (¢ — £00,D) = sin [t - (—;i- - mt)] =
= — €os {¢ - mi);
. co$ £ MO, E = sin (¢ 4 my)

H, RpOME TOTO, r = MK, TO NAPAMETPHUECKHE YpPABHEHHA SIHILMK-
JAOHALL SapHWIYTCH TAK:
x = (R + mR)cosmt — mR cos (¢ + mi), }

4= (R + mR)sinntt ~ mR sin { 4 my).

Jamaun
1. TocTpouts Kpusyio
x=1£ y=23L.
2, HNausl napameTprYecKHe YPaBHENHS AMHHK
. x=acost, y=bsint.
Hanncatt ypasHeRHe NWHHH B OPAMOYTOABHHX KOOPIMHATAX.

y
¢ £
& 8 M
—
0 /:c X Pac. 1.39

3. Jluaua sajana napaMerpauecKHMH YpaBHEHHSAM:

s=g (v 5k v=2(—L).

CocrapHrs ee ypaBueHHE B APAMOYTOALHEX AeKAPTOBHX KOODAH-
HaTax.

4. Nekaprosmm sucroM nasmpaercs Kpusas, napaMeTpHuecKue
YpaBHeHuA KoTopolt HMel0T BHA:

3at . 3at®
*=rre Y=
Hanucars ypaeneame kpHEOk B mpaMoyronbHEX KOOpAHHATAX.
. OKpYXHOCTb pajyca r KaTHTCA 6e3 CKONbKeHHs Ho OKpYX-
hoctn pammyca R r sryrpu ee. Cocramuth napametpHueckue
YDaBHeHHN KpHBOi (eunoyuxaouds:), onmcauuoll TogKok M Kars-

&3




siefica OKPYXKHOCTH (APH R = 47 rumouuknonga ofpaiaercs B acr-
2 2 2

ponay x° +y° =a®, cm. npamep 3).

6. Hana okpyxnocTs AnaMerpa OC = g u xacatensHaa B Touxe C,
Dpouseoabnwii nyy OF mnepecekaer B T0%Kax D u E OKPYKHOCTh
H KacarenbHYio. Yepes STH TOUKI NMpoBesieHH NpAMEie, napafinefb.
HHE COOTBETCTReHHO ocH Ox u ocu Oy ;o nepeceyeHns B Toyke M,
F'eomeTpuueckoe MeCTO Towek M HaseiBaeresl soxomom Anse,
CocrasnTh napametpuueckue ypaBHeHUs KpHBO# H MOCTPOMTL €e.

Oreera

xﬂ 2 xS 2
L= 2 2pd g 8-l 4 otptoya

=0 5 t={R- cos M |- MR cos (f = = (R —mR) sin mt —
— mRsin{l — mf). 6. ?Qactgt;+y=asinﬂ; g':{ltx);-}-a%-—-a‘.((ﬁ.' pe. 1. 89}

Inasa 2. Onpegesntenn u cHCTeMb MAHEHLIX aarebpau-
YeCKHX ypaBHEHHil

§ 2.1. Onpenesmresn BTOpOro M Tpernero nopsaxa, HX ceoficTea
glycrh Sajland KBajpaTtRad TaliHUA U8 SeTeipex WHCEN ay, gy
1+ Vi
a by
(2

ay by

Uneno a by — a,b, nassiBaercs onpedeaumeaesm 8mopoeo nopsdxa,
coorsercTBylomum  Tabmune (A). 31oT onpemeautens oGosuauaercs

M 9
cumponioM | .- |. TakuM ofpasom,
s Oy

b
Z b, | = @be— asbu @.1)

Uncna ay, a5, by, b, HasuBawores saemenmamy ofpegenHTeNs
(2.1). B onpegennrene pasmuuaor mepBuit cmosbey g;. BTOpO#

cTonGen g:» a TAKIKE NEpBYI0 Cmpoky ay by U BTOPYIO CTpOKY a, by,

Napa uncen a, b, ofpasyer esasuyto Auazonars, napa g by
BTODYIO ZHAroHanb. .

3HaKH nepep NPOUSBEACHHAMH, CTOAUINME B npasoit wactH Gop-
uynsl (2.1), paccraasiores no cxeMe, yKasawroh na puc. 2.1,

4

Tlyets nama xBagpatsas TaGnmua o JEBATH WHCRN a;, dp, d,
bl’ bS' ba. €1, Cp Cy
@ by ¢

az by ¢ | (B)
\as by ¢

%

Onpedesumenem mpembezo ROPAOKA, COOTBETCTBYIOMINM Tabnuue
(B) naswmaerca wmcno, Haxogumoe no dopmysne
a by

@y by €y | = aybecy + byceas + QobeCy — C1Dyty — byacy —

as b; 3
— @1Ceby 2.2)
Uncna ay, a5, as, by, by, by, €1, € €3 HASHBAOTCH SAEMEHTAMH
onpejenurens. B onpegenutene TpeThero HOpAxa pasMHuAaloOT THH
croibia U TPH CTPOKH.
Uncna ay, by, c3 06pasyioT TAaBHYIO JUATOHANE, YACHA 1, by a3 —
BTOPYIO AHAroHANb,

TOOK SaNOMHHTb, Kakue NPOUIBEASHHS B npasofi yactr ¢op-
Myt (2.2) 6paTh CO SHAaKOM - H KaKie CO SHAKOM —, TOJE3HO
chelyiomee ApaBUAo,

Onun Hs Tpex uwNeHOB ONpefeHTeAs, BXONAMEX B ero BbIpa-
Xenue (2.2) CO 9HAKOM -+, ABAZETCH NPOH3BENCHHEM SEMEHTOB

37 [

TIaBHOR AWaroHafM, ABa JApYrux 9/ieHa — NMPOR3BeJeHNeM  S/eMeH-
TOB, CTOAIIHX Ha Rapannensix ¥ rAasHoft AHaroHaNMH, H aMemeHTa
H3 TPOTHBOMONOIKHOr® yria. HUneHbl, BXOAAmHe €O SHakoM —,
CTPOATCHA TaKHM Xe 06pasoM, HO OTHOCHTENBHO BTOpOll JHAroHamH,
CxemaTueckn mpashsio H3oGpaxeno Ha puc. 2.2,

Puc. 2.1

Pue, 2.2
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Munopos waxoro-nu6o snementa Haswpaercs OnpeAeuTe b, NO-
JydaeMuil}l B3 JaHHOTO OBpefe/HTens BHMEPKHBARHEM TOM CTPOKH
B TOTO CTORGHA, HA NEPECeYeHHH KOTOPHX CTOMT NAHHBIA SJeMENT,

Bamevaune B onpenennrene BTOPOTO DOpAAKa ' : :’ MHHOPOM 3@
4

MEHTR @) MBJTETCA BJEMEHT by, €10 MOKHO CYHTATH SONPEACIRTENEN AEPLOTO
Hopaakas. DaemenT by noayuasercs us ONPEACANTEN BTOPOIC DOPAAKR BLINEPKRe-
BaukeM rmepeoit CTPOKE R Nepsoro cToabua  ARajsorHwNG MAHOPOM SJeMEHTA oy
SBATETCH SMEMENT & U T 4 \

AnzeGpausecxun Bonoanenuesm snementa HagbiBaeTCR €ro MHHOp,
BSATHA CO CBOWM HJH ¢ NPOTHBOHONOKHBIM SHaKOM, COTNACHO
CACAYIOUIEMY TPaBUAY: eCAIH CYMMA HOMEpOB ¢T0abUa H CTPOKH,
HA DepeceveHH KOTOPHX CTOHT SMEMEHT, €CTh UHCAO WeTHOe, TO
MHHOp GepeTcsi CO CBOWM SHAKOM, €CAH HEMETHOE — TO ¢ OpOTHEO-
TIONOKHEM,

Onpedesumens mpemsvezo nopadxa pagen cymme npouseederud
dAeMenmos KaKold-Aubo cmpoxku (cmoabuyn) wa ux aazebpauseckue
Oonoanesus.

Hanpumep:
a, by ¢
a3 b ¢ | =gy :s G —b %G + 6 % b, . 2.3)
as by ¢ s C3 dg Cy ay by

Popuyna (2.3) onpegesser pasnomenne onpefleNTeNR O 9ne-
MCHTaM nepBoli cTpory.

CooiicTRa onpepeanteac

1. Befinuuna onpeneantens ne HaMenuTes OpPH saMeHe Beex erp
CTPOK COOTBETCTBYIOWHMHE CTONGAMH,

2. Ilpu nepecranoBke apyx croa6ios (wnu cTpok) onpegen-
TE/lb MEHsAET 3HAK.

3. Onpeaennrens ¢ BYM ONHHBKOBHMH CTONGLAMMU (4sn cTpo-
KaMu) paseH Hymo0.

4. Muoxurens, oSwwuit AnA  smeMentoR HeKOToporo cronifua
(BAH CTPOKH), MOMHO BHHOCHTH 38 8HAK onpeienyrens.

5. OnpexesuTesb paBeH HYMO, ecAH BCE 3ACMEHTH HEKOTOporo
cTosibua (HAH CTPOKH) paBHH HYAIO.

6. Besuunna onpexenntens He BIMEHHTCH, eCAH K asieMenTaM
HEKOTOPOro CroviGla (cTpoKH) NPHGABHTD JAEMERTH RPYroro cronbua
(CTPOKH), nNpeABapHTEALHO YMHOXHBE HX Ha OZHH B TOT Xe MHO-
KHTEAD.

¥YKasanHbie CBOfiCTBA HOSBONIOT yOpOCTBTb BBIYHCJEHHE OMpes
AeAuTENER TPETHErO MOPAAKA, 4 HMERHO, KaxKAuHA onpepenurenn
MOXHO pasnoXurh no snementaM moGofi CTpokH (cTondua), o6pa-
THB B Hy/H ]iBa 9AeMeHTa 3TOf CTPOKH (CTONGUa).

&6

2 1. L Hexoropue npwaomens oupeAequTench & anarNTHecKol reoMeTpiR
L. Tlnomans Tpeyrosbnura ¢ pepmmnamn A(xy, 4,), B(%s o)
C (%5 9s) BHUBCAsICTCR B[O dopMyae

| %l
S=$"§" x, ys l . (2.4)

X Y3 1
rAe SHAK BHOMpaeTCA OXHHAKOBHIM CO ISHAKOM onpeAernTeAs,

2. YenosHe, Tps KOTOpOM TPH TOMRM My (%, #;), Ms(% ),
" My(%s, gs) neXar Ha ORHOH npsmMoiL:

%oyl
X3 g 1{=0. (2.5)
X3 gy 1

3. ¥Ypasuenpe npamoll, NpoXoAsuieli uvepes gpe AAHHBE TOYKH

Ml (xl' y!.)s Ms (xm ys)=

x gl
19 1]|=0 (2.6)
xs ¢y 1

4. Ycnopue, npH KOTOpOM TPH HpsMbe
Ax 4By +Cy =0, Ax+ By +Cy =0, Ay + By - Cy =0

nepecekaoTca B ofHOH TOUKe:
14 By €
A, B; Cy [=0. 2.7
A; By Gy

Mpamepst

'l. Buuscants onpepeauresns
43
—56 ,
Tlo dopmyae (2.1) nosyum
43
—56
2. Bruneanrs onpegenntens
4 -2 4 ,

I= 4.6 —(—5).3 = 39,

10 212
1 2 2
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» [MpuGannan yasoeHHnR BTOpolt cTOMGen K mepBoMy, sareM
K TperbeMy CTOAOLY K TpHMeHSs gopuyny (2.3), Hafizem

4—-2 4] | 0—2 4] | 0—2 0

10 212/={14 212|=|14 216[=—(—2]|" lﬁl=

1 22 [5 22 |5 26 56
= 2(84 — 80) = 8.

BaMenannme Onpemenarens moxno Ouno G BHYHCIHTE, pasnaras &ro,
Hanpamep. U0 SMeMeHTaM TPeTbedl CTPOKH, NpPENBAPHTE/LHO OGPATHB B HYJH 1BA
€e seMeHTa,

ToT e pesy/bTAT MOKHO HOAYYHTH HEMOCPEACTEENHO mO Gopuyae (2.3):

4~2 4
12 12

0 212 -4’2 2,-—(—2),1? e l?il"

1 22

-=4(4—24)+2{20-—l2]+4(20-—2)=—80+16+72=8.
3. Buiyncaute onpegennTesnb
33814
5 352
2 —49 3|,

Pas/ioxHM 510T onpexenuTenb N0 dneMenTaM TpeThero croadua,
OOpaTHB NpefBAPHTENLHO B HYAH JBAa €10 SJAEMEHTA. [IpuGap.isna
K TepRoft CTPoKe BTOPYIO, YMHOMEHHYIO WA — 2, H K TpeTheli —

BTOPYIO, YMHOMEHHYIO Ha — —5-, HaXOAHM

SR s —ma|__ |~
5 —3b2|= ”_7 =—2] 4y 7=
2 —49 3 —5 5 0 2 2
=— _"'_'II 3? = — (— 49 +- 352) = — 303,
4. Onpenenuts x K3 ypaBHeHHR
x11
1x1 (=0
11x
Mo dopmyse (2.2) nonyuaem
x11
12l |=Ff 14 l—t—x—x=x8—3x4-2=0.
11«

PeumaM 910 KyOuueckoe ypaeeenne, Pasnaras Ha MHOMHTERR
NEBYI0 YaCThb YPaBHeHHs, HaXOAuM

=34+ 2= et 2} 2= (B — 1) =2 (x — ) =

=@—DxEx+D)—~2]=(x— 1)+ x—2).
CliegopatennHo,
=1 x=2)=0,

OTKYRA Yy =1, Wp=1, x3=-—2,

5. BriHcaath RAOWEAAL TPEYTOALHUKA © BepmMHamMe A(l, — 1),
B2, 3), C{4, 5).

Buuncaum onpenenntens, BXOAAWHA B dopmyay (2.4), noib-
sysch opmynoft (2.2):

1 -1 1
A=12 3 1(=3—4410-124+2—5=—6.
4 b5 1

Tak gar A <0, 10 B opMyne (2.4) HyKHO BSATH BHAK MHU-
HyC:

S=—Ltas (—%)(—6) =3 (xm. en.).

6. ¥YnpocTuTh BHpakeHHe
0 o0 1
cosx sinP 1
sina cosp 1

Pagnaras onpegenntens no ssementam nepsofl  CTpPOKH, Mo-
Aydaem

6 0 1
cosa sin 1,=1- €054 S Bl _ o5 cosp — sinasing =
sina cosp 1 sin e casp

= cos (z + B).

Sazaun
Brpiesuts onpegennreny:
] 25 —34
"3 9], 2 —5sL
s 5 V3 s ab
Vi o1 | I—bal
5. cr:)Sa--sina 6 Vx =

sina  cosaj, S| Vx|l




BHUHCANTD ONPEACMUTENH, PASAOKHE HX MO SMGMEHTAM nepaod ‘ -+ +§ 2.2. Pemenne cucrem mbelibix aarefpamiecxux ypaspemmii ¢
CTPOKH: nomMowmpbie onpeaenureaed
2 35 1l —8 <1 ChcreMa Apyx JHHefiHEIX a/IreGpanecknx ypaBHeNH ¢ JpyMa
7.]—1 4 1 8.6 1 b ReHSPeCTHLHIMH ) .
6 —2—7| L6 1l O + by = oy } 2.8
' g% + bey = ¢y @3
Bouncaute onpegesnrenu: HMeeT eAUHCTBEHHOS pelllenne
1 —31 -2 0 2 cnb1| a0
0. 10 13 0| 219 ' PO C 1S I T @.9)
0—1 3. 1—2 1] o by 4b
642 2 1 1 Gaby b
ml7s 2 | —4—1 NpH yCAOBHH, 9TO ONPEAJHTE/> CHCTeMH OTJIHY9eH OT HYAs, T. e.
azal 1 s 31, A-——-’g:g: + 0. (2.10)
24 1 1 cosa cos B Cucrema Tpex nmueflHHX ypapHenwd ¢ TPeMs HeHSpeCTHLIMH
13. 134 2 14, [cosa 1 cos(a 4 B X+ by 4 ¢z = dy;
41 —3| cos B cos(a 4- B) 1 ApX + bay + g2 = dy; 211
111 asx + bsy + ez = dy
5. lx ¢ 2 . HMeeT eJIUHCTBEHHOS pelieHHe )
2 2. . . x=-%'-.y=-%!-.z=%’-, (2.12)
Pemuts ypasrenus: Tae ’
%t x 1 £ =2 92 - dl b1 [4] & dl €y . & bl dl
6.1 —1 1}=o 121 x—1|=0 Ai=|hbhal 8,=|tde); A'=|abd,| (@13
. dybycs a3 dycy Ay by dy
4 2
l 1 —1 1 DpH YCAOBHH, 9TO ONpegeaHTeNb CHOTeML!
18, Jlexar au toukn A(1, 1), B(—2, 7), C(0, 3) na og- abio
Ot npaMoii? _ TA=|aybsc, |20, - (2.14)
19. Ilasm roukn A(l, —1), B2, 4). Ha npavoli y = 2x 4 ag by ¢ -
;au:lg:?: ?B::gagigsxénm?::u.mowb TReyronbuuka ABC Grina Onnopopnast cuctema xByx ypapsemuft c TPeMS BEHIBECTHLIMY
20. Hanucat, ypaenenue npsamof, Npoxofsmied uYepes TOYKM ax+by+ez=0 ] ©@.15
M (0, —2), My(—S5, 3). Hpoxogur an npamas M, M, mnepes X - byyy - 2 =0 +19)
TOUKY UepeCevyewus npambixi x—3y —2=10, 2x.- 5y -7 =, EMeeT peureue
be o a a b,
Oreer Rl T RN T il SFEYY Rhil | 2.16
.32 —4.3.2.4 a*1.6% 5 1, 6. 0. 7. 55. 8 2(1—10%). 9. 6 N €y ay b (2.16)
10. 4, 11, 6. 12. —6. 13. 27. 4. O, 15, (x — -2 (z 'iax). 8[3. n=-l, The k—npousmh[{uﬁ MHONKHTCND, eCAH XxoTg Onl OB HB onpe.
B=2 11 f=1 5 =2 18, [la. 19. M{—2~8), M, (—-3-, T)' 20, x 4 . Renwvench omamwiex ot Hynd. B cayuae, Koraa mce ompesensrent
+ 9 -+ 2= 0. Tipoxogur. PaBEb Hymo, cucreMa (2.15) CBOAUTCR K ogHOMy YPaBReHHIO,

20 ' 91




OnnopopHad CHCTEM2 TPex YpasHEHHE ¢ TpeMd HeHSBECTHBLIMH

a1x+61y+c1z=0.]
BX+ by + ez =0;
asx + bl -+ ez =0
HMEET pellieHye, OTAUIHOE OT RyneBoro (¥ =0, y=0, z2=0—

— HyNIeBOe pellieHHe CHCTEMEL), KOTZa ONpeAeHTeNb CHCTEMH pa-
BEH HYMO, T. &

(2.17)

& b] &
26,0y
asbscy

A= =0, @.18)

TMpamepsr

1. Pemutb cucremy ypasuenntt
+y= 5 ]
3x—2y =12,
B naunoM cayuae: @, =4, b, =1, ¢, =5, a, =23, by = —2,
Cy = 12.
Onpegennrent CHCTEMB I g __% Iaé- 0, nosToMy MBI MoKeM
nonb3oBaThe opMyaaMu (2.9). [Tonygaem

5 1
_ |12 -2 _-—10—12_—22___2.
TIT T[T =8=3 ~-ir=%
3 =2
4 5
1812 __‘E'»3=_3
=T 1"—-11 ’
13—2 .
2, Pemute cucremy ypasuenuft
2+ 4y +z= 4
x4+ 6y 22=4
dr—y—3z=1,
Briutennm onpepenntenu, BXxoffutke B dopMyas (2.12)
2 4 1 2 0 1 91
A=| 3 6 2 |={3 0 2=—-(—9)_132|=.
4~—1-—3 4 -9 =3
=9(4—-3)=9;

L

it YO

4 4 1 0 0 1 —4-9
I—1_-3 13 113
={(~ 44 4 26)=—18,
24 1 0 0 1 1—4
Aj=]34 2|= |—1—4 2| 1’ _io 13 [=H—13+40)=2T;
41~-3 10 13--3
2 44 2 04 94
a=|3 64|=ls 04|=—(~9)|34]|-0s—1=—30.
4—-11 4—91

Tak Kak onpepenurens cucremsl A£0, 10 noacraenas no-
JydeHHbe sHauenud B dopMyan (2.12), zaxomum
Ay _ =18 Ay 2 oA —36
it=.--3!=—...§_.=—2; y__ﬁ! 3_3’ t=SFl == 4,
8. Pemato cneremy

23y 4 42 =0;
x4y —2z2=0.
CocraBuM Tabnuuy M3 KoSdHUUEHTOB FaHHOH CHOTEMH:

( 2 .3 4)
3 1-=2}
Botuepkuras noowepegno cronGuti, NONY9UM OnpeneHTeNH:
-3 4 ) 42 [2—3
t—2|=%| 23 =16*ls =1

(80 BropoM onpelenutene MenseM NIOPAAOK CTONGIGE),

[lo ¢opuynam (2.16) maxogum petiedHe CHCTeMBL:

x =2k y=16k z=114

TA¢ R — NPOU3BONLHLIT MHONKHTEND.

4. Pemnth cucremy

X+2y—32=0; }
2x -+ 4y — 6z = 0.
Cocrapnag 1a6auny u8 Kosddunuenros

( 123 )
246
H BHWYepKHBas MOOYEPEAHO CTONOuH, MoAyuaem:
2 -3 —31])_ 12
4—6 -ezl‘“o‘l24,=°'
Haunas cHerema npupoANTCS K oxHOMY Ypaereso
x+2y—32=0,

=
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& GeM MOXHO YOSAUTLCS HeMOCPEACTBEHHO, COKPAmLAn HA 2 ero-
ypaBHeHHe.
poePemeune cuctema Oyner
1
y= %2 -7 X,

TAe X # 2 MOTYT TMpPHHEMATL TNPOHABONLHLIE BHA9CHHA,
5. Pemurs cucremy

x—3+2=0
X—g 4+ zm=0;
2x 4 y—3z =0,

Onpesenurens cncreMun

I -3 2

1—1 1

2 1-=3

Cneposarenbyo, RaHHAA CHCTEMa HMeT SAWHCTBEHHOR HYyJes

Boe pewensiet x =0 y=0, 2=0,
6. Pewnte cucremy

=—70.

t+y+ 2=0
I~y 2=0
x=-3y=0,
Onpegeantens cHoreMsl '
1 11 111
A=| 3 —12|=|1—=30]=0,
1 =390 1 -30
Munop storo onpesensTenn
1 1
3 —1|=—4

otauqed or Hyan. CaefosavenbHo, Tperbe ypaBHeHWe AaHHON crHe.
TeMn ecTb C/ieAcisie ABYX nepsbiXx. Pelasg STH ypasHenus no
Gopurynam (2.16), moayqum

i1 11 I E ll=“
—12 23“"’”""3—1 4k,

rae k — NpoUSBOABHHA MHOEHTENE.
7. Pewntn cucremy
tdy—2=0 }

|=3k, y==~k

x=£k

x4 4y—42=0,
8% 4-by—5z=0.

94

OnpegesnTend CHCTEMH
11 -1
44 —4 11—1
56 —5 Il -1

Bce muHOpH onpezenurenss A Tome paBibl  Hymo. Cucrema
TNPHBOIUTCA K ORHOMY YPABHEHHIO, 4TO HeMOCPEACTBEHHO BHANO,
€CJIH COKDATHTL BTOpOE YpaBHEHHE Ha 4 W Tperbe Ha 5. UrToSur
HAATH pelicHHEe CHCTEMH, AOCTATONHO paspeliuTs JMINb MepBoe
ypaBHeHHe, Hanpumep, oTrochTenbHo y. Haxomum

y=2—x,

TAC X H 2 MOTYT NpHHHMATh MoGble 3HaYeHus,
8, Peumte cucremy

1t —1

A= =4.5 =0,

*tyte=1
*+y =L
Onpepenurens cucremm

x+y—2=&J

11 -1
11 1
1 o0
HO CDefin ero MHHOPOBR €0Th OTAHYHHI oT EYAS, HanpuMep,

1 —1
,1 1j=2

A= =.0’

Cpeau onpegennrencit TPETLEr0 Nopazka TaGaumm

11 —13
1t 11
11 o1

HHAR CHCTeMA HecoBMecTHa (He mMeer pemenus), yro BHANO

Bhie
C Tpereuy ypasneggeu, ABa ypaBHeHus M cpaemnth peayabTar

0. Pemm‘], cuc-reMy




Onpegennrens CHCTeMH A =0, H0 cpead ero MHUHOPOB €CTb
oTaHgEEe oT Hyad. OnpelejnTe/NH TPETHEro NOPsAKa Tabanub

11—-13
117 11
11 02

RCe paBEE Hymo. [laHHad cHCTeMa TMPHBOAHTCA K ABYM YpaBHE
HUAM, 9T0 CTAHOBUTCA ACHLIM, eC/H CAOKUTL NepsLle ABA YPABHEHHMA,
Pemiagt copmecTHO, HANPHMEP BTOPOS H TPETHE YPABHEHHSA, [TONYTHM!

x+y=2 zm—1lumx=2—yp z2=~—1,
TAS y MOXeT NpHHHMATL MoGhLIC 3HAYCHHSA,
10, Pewluts cHCTeMY
1+8+32=1;
2%+ 4y +62=3; ]

. 3x4+6y+4+92=2
OnpegenureNle CHCTeMb
123 123
A={246 |=2.3| 123 |=0.
369 123

Bee ero MuHopul Takie papis! Hymo. Cpegm onpejeanreneil
BTOPOro mopajgKa TaGaHub

1231
2463
3692

2CTh OT/AMYHEIE OT HyJA, HATIDHMED,
31 '= 3
63 ’
JlanHaa cucremMa HECOBMECTHA, B 9eM yGemaaeMca Hemocpes-
CTBEHHO, YMHOXHB IepBOe ypaBHeHHe Ha 2 miM Ha 3,
11, Pewnrte cucTeMy
x+20+3z2=1
9% +4y+62=2
3x+6y492=3.
OnpegieanTens CHCTEMbI TOT Ke, 9T0 M B TpERHAYUIEM OPH-
mepe, sHagut A =0. Bee ero MuHOpW TOxe pasHH Hymo. Ompe-
ReAHTEAR BTOPOIO NOpAAKA TalMHUH

1231
2462
3693 )
pasne wymo, [anHas cuCTeMa TPUBOAMTCH K ONWOMY YpapHeHWo,

B 4YeM HenoCPEACTBEHHO YOeH(AAeMCH, eCIH COKpaTHM BTOpoe ypas-
96

pepre H3 2, a TpeThe Ha 3, OcCTaeTcql peWIETL NePBOS YpaBHeHHe,

. grofel NOMYINTH pellieHne AaHHOA cHeTemul, TakuM ofpasoM, Ha-

XOZHM
x=1—2y~32
rRe y H Z OPOHIBOJBHGL,
3azaun

PeilinTh ¢ NOMOWIBIO ONPeACAHTeR CHCTEMB! YpapHeHHR:

x+ g+ z2=0
2x—3y+-42=0;
bx—Ty+82=0,

{24 y+32=3

9 {4x+2y+52=05; 10.
Ity +T2=2.

3x+4y+4+2:—8=0;

x+56y+22—b=0;, 12

2+ 3+ 42-3=0,

11.

. [ 5x+ 3y =21; 9 { 6x 4- By = 1;
* | 2%+ 7y =20, *| 8x 43y =05.
s {9x+2y=8; 4 {2x+3y=9;
" l4x+ y=3. "] 5x 4 2y =6.
5 {x+2y= 4 8 [(I+a)x—-ay=1+a:
Y3k y=12, ‘lax+(l—ay=a~—1.
Peurits cucTeMs! ypaBHeHni:
. x+2y+32= 6 X+ y+ z=0
7. {4x4 y+dz= 9 8.{2x— 39+ 4z2=0;
3x + 5y + 22=10. 4x—1ly 4+ 102=0,

4x—11y + 10z =5,
x—y+z—1=0

. x+3y+ 224 =0

13.1 2x +6y+ 2 =2 4] x+g—=—z—2=0
4x+ 8 — z—2=0. bx4y—z—~T=0.

15.[ x+2y—32=0; 16 {2x+3y— z2=0
3x—4y 4+ z=0, "l o x—=2+4+22=0,

Oreeru

Lxm3 g2 2 x=1],g=w=l 8 £=2 =54 =0, g=3
BXxmb ym0 6 t=lwa y=—QO+4+a 7 x=1 y=1
‘_l-.s.S-?k,yn—zk, 2=—0k % xml,gy=—22=1, 10, Nl =
=20 1l %2 gml, z2=—1 12 x—-;-(Q-Tz). g=-;—(:+2z;.
:.3“"3- Y= —1 2=2 14, Cacrema necoemectsa, 15. ¥ = — 108, y =--10&
-~ 10k 16, x4k g bl 3= —Th

4T
vou A A, 97

-




I'naea 3. Bexvopnas aareGpa

§ 3. 1. Ocxositble NOHATHA

PasauualoT BEAMUHHH BEKTOPHIE H cKajgspubie. CxaaspHas
BeHAHHA MOXeT ObiTh OXapaKkTepHsOBaNa ORHHM HUCAOM, BLIpA-
WMAIOIIMM OTHOLICHHE ITON BRNHUHELI K COOTBRTCTBYIOWIEH eAHHHUE'
pamepenna. [TpHMepE! CKanApHEIX BeHUNH: AJMHA, MIOHIAAb, O6B-
€M, BpEMf, YroJi, TeMnepatypa, MJOTHOCTb, CONPOTHRAEHHE MPOBOJ-
HIK3, SAEKTPOEMKOCTb, pafoTta ¥ Ap.

Bexmopras senvanna  XaPaKTEPHIYCTCS YUCAOM R HANpasAe-
nues, IIpHMepnl BeKTOPHEIX BEJNHYHH: CHAA, CKOPOCTh, YCKOpeHmue,
HANPSIKEHHOCTh SNEKTPHUECKOT0 HAH MATHHTHOTG moas # Ap. Bes-
Kafi BEKTOPHAA BEJIMIMHA MOMET OblTh n300paXieHa C NOMOIMLLIO
APAMOVIHHERHOro OTPesKa, ¥ KOTOPOro Paiugalor Hauajo # Kohew,

Bexkmopos HasupaeTcss HampaBsienHbHi oTpesok. Bewrop Bmoame
XAPAKTEPHSYETCs CAEAYIOWHMH SJeMeHTaMu: 1) Hauaasnoi mouxod
(«Touxoli npunoxenuss), 2) nanpassenues; 3) Oaunot (EMORYJIEM
pexTopa»). Ecau nauano sextopa ects M, a ero kouen N (puc. 31,

Pue 31

—_ -
pexTop CGosuadaetcs cumBoioM MN wan MN. Huorpa sexvop ofo-
anayaioT ofHOA OykBofi wupaoro wprdra @, & ¥ T. 4. RAH TaKOH
ke GyKBOft CRETJIOrO Wipudra ¢ uepTouxoft Hamepxy 4, b ® T. A
Hauna pextopa MN o6osuauaercs  uepes |MN|, mexropa
a — uepes [a] uan npocTo wepes a.
Eduntunbis  BEKTOPOM HASHLIBACTCH  BEKTOD, AJAHHA KOTOPOro
paBHA SAHHHLE,
" Hyaesttm BEXTODOM HASLIBACTCH BEKTOP, HAYANO M KOHEH Ko-
Toporo copnaaaiot. Hyav-gexmop ofosnauzerci cumposom O.
BexTophl, JexaAmue Ha NapaeisHHX OPAMBIX (KA HA ORHOR
U TOl Ke npsMofl), HasbBAIOTCA Kosruseaproimy. Koanuneaprnie
BEKTOPH MOTYT HMETb OfHO M TO e Hanpamjene (papHOHANpAp-
ZCHHbIE BEKTOPH; pHC. 3.1, @, BeKTOPH 4, b) uan nPOTHRONONOKHEIE
uanpapaeins (puc, 3.1, a, pexropudb n d, cu b, a u d)

Dsa BeKTOpa HA3WBAOTCA pasHsLML, eCAH OHM  KOLIHH
HANPABACHH 8 OZHY H TY K€ CTOPOHY H HMEIOT paamg ?E::;l
(BpYrumMs CNOBaMH pPABHLIMHM BEKTODAMH HASHBAIOTCH paBHOHampan-
ACHHBIE BEKTOPH! C OAHHAKOBLIME ANHHAME; @ = b).

BeTopui, NPOTMBONOMOMHO HAMPABJCHHLIE U HMEIOMIHe pasHole
ATHMHEL, Ha3HBAIoTCA npomusonosoncnsin (bextoput b u d, sexropu
MN 1 NM). Bexrop, npoTusononoxuufi BexTopy @, 0603nauaercs

gepes —a.

Puc, 8.2

Cymmod deyx sexmoposa n'b  nasuipaere

A TpeTHi G
onpefienfieMbiil  CAEAyIOlMM  ROCTpoeHHeM: 1) Tg'r npom&
TO9KH O BPOCTPANCTEA OTKAARHBACTCA BexT0p OA == g 2) or ero
Kokta A otkaapsibaercs ektop AB == b; 3) navaso nepsoro mpex-
T0pa COSJIHHAETCA C KOHIIOM BTODOTO; MOMyuenubifl BekT0p OB ecTs
BEKTOp-cyMMa ¢ (CM. puc. 3. 1, 6). -
o y;gf nByx nex?mpon 06naNaeT CBOMCTROM MePEMECTUTENbHOCTH

atb=b+a 3.1

@+b)s&
a‘(&a Puc. 3.3
H CBOCTBOM COWeTAaTENBHOCTH (puc. 3.3)
o @+b)+c=a+@+79. (3.2)
YMMa HPOTHBONOIOKHLIX BCKTODOB pAaBHA HyJAb-BEKTOpY. ‘
Cymmott n sexmopos a,, a,, as, ... , @, HA3BIBALTCA  BeKTOp,

¢ HAYaI0 KOTOPOrG COBMAMACT C HAYANOM BeKTOpa @, a Honel —
‘l
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C HOHHOM BOKTOpPAa @, NpPH YCJOBHH, YTO TOYKA NPUNOKEHUS
KOEAOTO MOCACAYIONIEre BEKTOPA COBNAJAeT C KOMUOM Ipeasigy-
wero, Ha puc. 3.4 nsofpakeHa cymMa 5 BeKTOpOB &;, 4y, Qs Gy
ay. CyMMa n BeRTOpPOB OONafaeT CBOACTBOM COUETATENBHOCTH (CJa-
raeMuie MOMCHO TPYNAHPOBATH KaK YTORHO).

Puc, 3.4

Pasnocmeto BYX BEKTOPOB @& M D HA3LIBAeTC TAKOE BEKTOp
d, xo-ropmﬁ MPH CAOMEHHH C BEKTOPOM b paer Bextop a:
b+d=a, a—b=d.

BOCHHB BEKTOpa d MOKHO OCYWECTBHTb CACAYIOMIHM Of-
pasou NPOH3BOJILHOA TOYKH NpOCTpaHcTBa O OTKNajuBaeTCA
extop OA =a u mektop OB =5, torja sextop d = B4, 1. e
HAya/io ero COBMAJAET ¢ KOMOOM BHLIYHTAEMOTO BEKTOpa b, a Koell
€ro — ¢ KOHIIOM YMEHBIIAEMOTO BEKTOpa a (puc. 3.5). Hpyro#t cmo-
c06: BeKTOp d PaBen cyMMe LBYX BeKTOPOB @ H — b (puc. 3.5).

Pue. 3.5

llpoussederiuem sexmopa @ Ha 4uCAC ) HASHLIBAGTCH HOBHI BeK-
TOp Aa, ANMHA KOTOPOro - paBHa ]1“a|, & HalpaBAeHHE COBIAJAeT
C HaMpaBJeHneM BeKTOpa & NpH A >> 0 ¢t MPOTHBONGACKHO €My NpH
A< 0. Ha puc. 3.6 msoGpamenmnt BekTopu @, 3a, —2 a.

00

CroficTea mpoussefieHnst BeKTOpa Ha YHCJIO:
D) Mux8) = (o) &

2 (—Na =h(—8) = — ()

3) O 4 p)a =g 4 pa;
Hrlad-b)=ra4

5) \a=0, et A=0 umu g =0,

a.,

= Puec. 3.6

Besixuft ekTop @ MOmMeT GuiTh NpEeJCTaBleH B BHJE @ —a“ﬂ
re a0 — — eAHHWYHBIH BEKTOp HanpapAeHMA BEKTOPA &,

Ecmi @ u b — npa xoanuueapusix BEKTODA, TO BCEr'iA MOMCHO Hail-
TH Takoit ckaaap i, 9TO

b=\a, (3.3
Uuea0 A HASHBACTCA OMHOWEHUER QeKMOpa b K Koasuteapromy
esy sexmopy a (a==0)
%’=1 W b:g=\

Yenosue, HeoSxofuMoe M JAOCTATOYHOE IJIA KO/MHEAPHOCTH
ABYX BEKTODOB @ M b, Bhipaxaercs papeHcTBOM (3.3) uaM B Gosee
ofireM BuAe PABReHCTBOM

aq - 86 = 0. (3.4)

Bexropsl, napanaenshne ofnoft u Tol Ke MAOCKOCTH (HAH Nexa-
HHe B OfHOH NJOCKOCTH), HASHIPAOTCH Kosnaanaproimy. Ecan a
u b e KOI/HHeapHH, TO /0G0 BEKTOp ¢, KOMNJAHADHHI C BeK-
TOpaMH @ H b, MOMHO EIHHCTBEHHHM OGpasoM MPeACTABUTD B BH-
ae

¢ =aa -+ pb. 3.5

“Yenomse, HeOSXOAHMOR H JOCTATOYHOE J/17 KOMILIAHADHOCTH Tpex
BeKTOPOB a, b, ¢ BhHpaRaercs papeHcTsoM (3.5) MR B Golee OG-
meM pHge

aa4-B6+yc=0, 3.6)
TAe qdcna &, B # 7 OJHOBPEMEHHO B HYJb He OGpalAOTCA.
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Ecam gaubl TpH HEKOMNZHADHMX BEKTOpa @, b, ¢, 10 Bcakmil
YeTRepTHil BEKTOP d MOXHO OJJHOSHATHO PASAOKHTE NO BeKTOpaM
abe . o

d = aa + pb 4+ 1c. 3.7

Mexy MOGHMH YCTHPLMA BeKTOpaMu @, O, ¢, d  CYLlecTByer

MiHelinaa sasucumocme, T. 2.

a2 4-Bb 4 yc + 8 = 0, (3.8)
roe ¢ B. 7 8 HE paBHB Hymo O/IHOBPEMEHHO. _
Jlutednoll Kombunayuedd BEKTOPOB @y, Gy Q3 ... , G, HASHBa-
2rcAl BHpaKeHne
8 + 03y + o 403, (3.9)
TRE &y, X3 » «o » &, — APOUSBO/IBHLIE YHCITA.

K smnefinol KOMGHHAIMH BEKTOPOB MOMHO NPHMEHATH BCE
NpaguAa npeoGpasopanuil, YCTSHOBNCHHLC B aareSpe A/MA MAOTO-
YJeHOB [epBOH CTemneHu. ‘

Npumepu

1. B napaanenorpamme ABCD (puc. 3.7) AB=p, AD

30 A D =q.
Bupasnte mextops BC, CD, AC, CA, BD, DB uepes p u q.

Pnac 8.7

Konauneapnnie pextopet BC B AD uMeoT paBuble gAHHE (npo-
THBOHOVIONHLIE CTOPOHS! MapajulelIOrpaMma PaBHb! M MapaienbHe:)
B OJMHAKOBO HAMpaBfeHt, B COOTBETCTBHH C onpejenenneM pa-
BCHCTBa BexTopos nonywaes BC = AD. Tak Kak AD=g, 10 BC=
= q . .
Bextopst CD r AB  npoTHBONGNOMHO HAUPABACHH H HMEIOT
papHbie aamHsl.  Ilo onpeaesensio APOTHBOMOMOKHHX BRKTOPOB
nonyasem

e

Danee, CA= ~AC=—(p+3) = —p—q . (3701 _pesyasrar
MOWKHO MOAyYHTL B ApycuM cnocobom: CA=CD + DA, CD =
=-DC=—AB=—p DA=—T74D = ¢, nosrony CA = —p—
—q.)

Ilo onpesenenwo pasnocrn asyx BEKTOpOB _mosysaew: BD =
= AD— AB wiw BD =q—Dp, tak kak AD =g, AB = p,

Apanoryqus 06pasoM Haxogw, 910 DB = p—g.

_Otsen 8C=q, CD=wp, A=ptqg CA=—p—7 BD=g—
- DB = p—q

3avmewanwe Ecan fasu gsa HEKONMANCADHLIX BEKTOPA P K §, TO X
CyMMa H pAMIOCTE ABAMIOTCA AHACOHAA LARIMH BEKTODamMH napaaaenorpasma, no-
CTPOGHHOTD HA BEKTOPAX § H 7.

?2. Ilpu Kakux ycaosusix BekTOpH 5+ g ¥ p—g KO/ Heap-
HH

B cuny sameuanns k mpumepy_1, ecam Bektops p i g He koa-
MUHESPHH, TO Ha HUX MOXHO NOCTPONTb NapasJeslOrpaMM, Aa-

TOHA/IbHEE BEKTODH KOTOPOTO p+ ¢ W p—g BO BCAKOM cayuae
He KO/HHeapHil. C/IEZOBATeNbHO, KOMAHHEAPHOCTH BEKTOPOB p +
+g4 p—g MOMET UMeTb (M JeficTBHTEALHO HMEET) MeCTO, TOrAd
M TOJIBKO TOrA3, KOUAA p U § KOMHHEAPHH.

8. Tlokasate ua weprexe, uto (p + §) + {g— p) = 2.

Kak wspectso (cm. npuvepu 1 1 2), p+q u (@ — p) — auaro-
RaJM Napa/lle/orpaMMa, MOCTPOEHHOIO HA BEKTOpax p H q. Ioctpo-
uM CE = BD (puc. 3.7). Tak Kak
AC=p+q CE=BD=q—p, AE=-AD + DE — q+q=29

‘ n AE = AC {CE,
1 20=0p+q +G—p.

Bameuanne AsreSpanveckn pasenctso BPOBEPRETCA PACKPHITIEM CHOBOK,

4 B napannerenunese ABCD A'B'C’'DY (puc. 3.8) AB =
=p, Ei_‘z_)_= g AA'=r. Bupasums sekropet AC, D'B, AC' BT,
D'B, DB «epes p, g, r.

ITo onpezenennio cymms: BEKTOPOB ROMYYaewm:

AC=2B+BC=AB+AD=p+§
AC ~AB+BC+CC ~AB+AD+ AT <p 4547,
I onPen,eneHmo Pa3HOCTH ABYX BEKTOPOB HAXOLiM:
DB =AB XD = AB—AD = p—§;
BC=BC—BB = AD— A4 =g+,
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Tak gax -
H FD=— A’-‘=—“’
10 ’ {B=_p,
Pne. 3.8
TTockonexy
DB =DA+ AB+BF uw DA=—g, AB=p, BB =7,

5. Hoxasath, 4To mpu soGom_pacnoaomenun Ttouex A, B, C
cnpasesausa  dopmyna AB-+ BC +CA= 0. .

Bexrop BC oTa0KeH 0T KoHua Bextopa AB., BekTop CA—
OT KOHUA BeKTOpa E Toraa Kower BextTopa CA coenagaer

¢ Hauazom Bexropa AB. Chepoatenbro, cywmma AB -+ BC -+ CA
SBIACTCA BEKTOPOM, HAYA0 K KOHEl KOTOPOrG COBMAAAIOT. Takofi

BeKTOp 1O ONpeAe/ieHHI0 ecTs  HYAb-BEXTOp, 7. e. AB -+ BC +
+CA=0.

6. Ha croporax tpeyrombiuka ABC noctpoers NPOHIBOJbHLIE
napannenorpamvt ABML, BCPN, ACQR (puc. 3.9). Hoxasars,
4To H3 OTpeskoB RL, MN, PQ MOXHO COCTaBHTH TpeyroAbHHK
(coxpaHas npu STOM HANpaBeHHe KaXKAOMC OTPESKa),

Us ueprexka (puc. 3.9) HemocpeacTeeHHO nomyuaem

LM+ MN + NP+ PG+ QR+ RL=0;
¢ ADYrofl CTOPOHH, _
LM+ NP+ QR=AB++ BC + CA=0 (cM. npumep 5).

CaepoBatensro,

MN +PQ+RL=0.
Tlocreptiee paBencTBO OsHauaer, 9UTO NOMaHAd, MOCTPOSHHAS Ha
TpeX jamHHIX BeKtopax MN, PQ m RL, nomkma 32MxRHYTbCH,
a 5T0 H TpeGOBANOChH JIOKA3aTh,

104

7. Dan Tpeyronbuuk ABC, B Kotopow AB=p, BC=g
(prc. 3.10). Buipasure pekroput AK, BL, CM, rae K, L, M — ocho-

BAHMA MejMaH, Yepes BEKTOPH p, ¢.
Tloab3yacy OmpejeneHHeM CYMMH ABYX BEKTOPOB, IO/ydacM

AK = AB + BK.

Pue 3.9

Tax kak
BK =5 BC
(sr0 cnieayer s onpesenenns TPOHSBEACHHS BEKTOpA HA 9UCAO
H onpepenenus MepMaHu) AB=p, BC =g, to
AR =p+ 37
Hanee,
BL=BC+CL CL=—L7C

7
M

4 % rod Pue. 3.10

{eekropu CL n AC , A =p47

o TOp H TMPOTHBONGNCKHO Hanpapiern), AC = p 4 g,
— - l - - l - -
Bl=¢g—5@+q9=—@G—p.

ARAIOTHYHO naxozuM, TTO

CH=yh=G+BH=—T— 45
105



3ameuanne Drn eupamenus gan AKX, BL U CM wmoxno noayunrs
u nogpyromy. Hanpumep, moctpows Tpeyronssmx ABC ao napainenorpama
ABDC, noay4am .

AR = - AD = -4 (AB+ D) = + (AB + AT) =
1. N
=5l +G+P=0+37
8. Moxasats, uto la +5|<|al+|b). B xaxom cnyuse 8
STOM COOTHOUICHHH HMEET MECTO SHAK pPaBeHCTBAP

Ecu BeKTOpH @ H & He KOMAMHEADHH, TO, NOCTPOHB HX CYMMY,
NONY9HM TPEYTrOJMbHHK, AMMHL CTOPOH KOTOPOrO COOTBETCTBEHHO

pasnu |al, |6) n|a+ 5| Hepapencrso
@ +Bl<|a| + 3|

BHITEKACT H3 TOTC, 9TO B TPEYTOJAbHHKE OZHA CTOPONA MeHblue
CyMMb ABYX Apyrux. PapeHcTsO

a-+81= ] +15]

HMEET MECTO TOrAa M TOALKO TOrAE, KOrAa BeXTOpHl & B b OfM-
HAKOBO HANpas/eHbl,

9. B parocTopoHuem Tpeyrosbhuxe ABC (puc. 3.11) M ects
cepefuHa cTOPOHH BC, O — menTp TiNKeCTH TpeyroAsHHKa. Hmeer

AH _CMHICK KaMjfoe 3 Bupaxemud: 1) A0:AM, 2) MO: 40,
8) 0A:0B? B cayuae YTBeDAHTEABHOTC OTBET HAHTH SHawelue
COOTBETCTBYIOIIETO BuIPAKEHHS.

Tax xax Bekropst A0 u AM KoAMHEeapHH, TO OTHOWIEHHe
AD: AM umeer cmbica. Hafizem snauenme svoro ornomenus. Tlo-

Puc. 3. 11

CKOJMIbKY IEHTP TSIKECTH TPeYrofbHHKA COBNAjseT ¢ TOUKOA mepe-
CeYeHHA €ro MEAMaH H 3Ta TOWKA JENHT KAKAYIO MepusHy B OT-
HOoWwenuy 2:1 (cauTas OT BepUIHHH), TO :

|aMm|= 3|om|, | %0| = 2|0M]|,
166

CAeA0BATEbHO,
—=. — 2)0M| 2
20: A = 15t = 5
Ornomesie MO: AD Takike uMeer cwMtica, HGO BekToph MO i
AO xoanumeapHst. TaK K8K STH BeKTODH NPOTHBOMONOXHO Ha-

_ MpaBeHH, TO

Vio: 0= — M| o _ 1
#0: 20 = Iz.d =
Ornowierire OA:OB cmsicna He uMeer, n6o Bextopst OA u OB
He KOJUIRHeApHEL
10. ¥YnpoCTuTh BhipameHHe
43 — 25 4 5¢ 43—4‘5-&”+23~20‘5+3E

2 ) 3
[MpupoauM pampoe BHpaskeHHe K OCMEMY SHAMEHATEMO, MONYYHM
48215 da—4b—3 , %a—b+3
3 5 T3 —=
123 =~ 68 - 16¢ — 43 + 4B + 3¢ + 47 — 40B + 62
6
_, 122 — 425 4 24¢
3

= 2a-—7b 1 4c,

Saqaqn

1. Jlan apamoyronsnuk ABCD. Konswuneapunl nn Bextopu AD
n CB;, AD—AB u DA— DC; DA+ AB w BC + CDv

2. Jauw Ape pasnuynbie TOYKH A # B OKPYHHOCTH pansyca R
¢ ueHTpoM B Touke O. Pabnn an pextopst OA n OB?

3. lan pom6 ABCD. Pasumt au mextopst AD u DC, AD ®
BC, AB u CD?

4. B npasunbiom Bocsmuyronbuuxe ABCDEFGH panw AB — g,

" BC=b5, @=EFE"=E Buipasnts xa®auli 3 BexTOpoB BF,
BG, FD, DG, DH, CG. CA uepes pexTopH 4, b, ¢, 4.

5. llawa touka O mepecevenHs Auarouaned napaiencrpamMma
ABCD  vexroput AB=p, AD =7, Buipasuts uepes o u g cre-
Aywuwme sextopw: 5C, CB, CD, AC, BD, DB, A0, €O, BO.

6. IIposeputs Ha pucynke caeaywomue GopMyns:

 @+H—@—B=2F T35 IEF

7. Nokasars, 10

e+t .. +al<lal+al+ ... +14)
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B KaKOM C/Iyuae B 5TOM COOTHOMIGHHM HMMEET MECTO SHAK paBeH-
CTBRA?

8. B rtpeyrommuke ABC AB=p, BC=gq CA=r.
Buipasute uepes p, ¢, r Bextopsl AK, BL, CM, rae K, L, M-
CEpeAUHE CTOPOH TPEYTOALHUKA.

9. Yernipexyronsuuk ABCD — napannencrpamd, O — Touka
MepeceyeHns erc Auaromaneft, M —- npoM3BoABHAA TOYKA, OT/MYHASA

or 0. MoXHO MU BHPA3NTL wuCIoM orHoumlenue (MA 4 MB 4
-+ MC -+ MD): M0?
10. ¥npoCTHTL BLIpANKEHHS:
1) 2(3a — 45 + 5¢) — 3{a + 26— 3¢) - 5(2a 1+ 36— 4c};
%0 — 35 + 40 5a—6b—% | a—2% —6¢

OrpeTa

1. Bextopu AD u CB wonnuneapss; sextopn DA -+ AB= DB wu BC -}

4+ CD=BD takwe xonmuweapht 2. OA+0B. & ADw DC, AD = BC,
AB+CD. 4 BF=btectd—a Bl=—a+d+G
s DH=d—a—b—¢ CG=ctd—a—b, CA=—

e I I e
A =70+Q=5p+T5¢ C0O=-"3 0+ B0=5(—p+q
7. Yrkasanue Orpesok npamoll Kopoue Jomanoll, UpoBefleRHON MeXRAY ero
KOHUAMH, 3HaK DABEHCTBA HMeEeT MeCTO B TOM M TOABKO B TOM C/yuae, Korna

3
8]

- - - —_— = 1 —
HanpasieHad BEKTOPOB &, Oy ..., G, cosmajant. 8 AK=p- T ¢ BL =

—— - - I — 1 — A —
=q+%-r. C_ﬂ:r-[-—z-p. Jpyree supaxenusa: H:—? (p—r) BLe

- — 1 - = ~
=_;_(q__.p), m=—2—(r-q}. 9. Ma, oruoweuwe pasko 4 10. 1) 132 4~

- 5., 17~
Fb—ec Y—get+Fo

§ 3.2. Koopnunatet Bextopa. llpocrefiume neficteun max
BEeKTODAMH, 3aJANHLIMU CBOMMH KOOPAMHATAMK

Ocsio HASBIBAETCH HPAMAs, HA KOTOPOH YCTAHOBIEHO NO/MOMH-
rennHoe Hampasienne. Ocb Ou BHOARE ONPEACNIAETCS . eAMHHUREM
BekTopoM e = OFE (puc. 3.12).

M poercyueit mowxu A Ha ocs Ou HasHIBAETCR Touka A, nepece-

geHus 3100 OCH ¢ NJOCKOCTHIO, UPOXOZfUIed depes AamHyr .

Touky A mepnenguxkyaspuo Ou (puc. 3.12, a).
108

e e e

llpoexyuei sexmopa AB ma och Ou Ha3wWBaeTcs anrzeGpauyeckan
seautuna orpeska A8y (puc. 3.12, 6), rae Ay, B, — npoexmin
Touek A ¥ B Ha pammyo oce (1. e. pauma orpeska A,B,, asatas
CO SHaKOM -+, KOrja HanpapfeHyue oTpe3ka COBMajaeT ¢ NOJO-
MHUTSbHLM HanpasienHeM ocd Ou, M €O 8HAKOM — B NpOTHE-
HOM cJyyae),

Pupe. 3.12

Ecast_g — yron Mexay Bekropom @ M ocsio Ou, 1O mpoeKuus
BeKTOpa @ Ha ock Oy paBHa NpOMSBeACHHMI0 [JMHE BEKTOpa Ha
KOCHRYC yria :

Npos@ = | &| cos p. (3.10)

CaoiicTea Npoekuu# BexTopa Ha och Ou:

1. 0pg, (@1 -+ @3 + .. + @5) = 1D, + 0P8 + o+ 1Dy,

2. Apy, (xa) = anp,, a.

TIpamoyeosencime Koopdunamamu Touks M B NPoCTpaHCTRe
HASHIBAIOTCA HHCIA X, ¥, 2, BHpaKaiomue anreSpandeckie peuanEn

- orpeskos OP, OQ, OR (pne. 3.13), rae P, QR — nmpoekumn

STCR TOUKH HA B3AHMHO MEPNeHAMKYASPHHE KOOpHHATHHIe :
ocH:
ocs Ox (ocs abenuce), oce Oy (ock opgumat), otk Oz (och annHKar).

Koopdunamamu eexmopa o OTHOCUTENBHO NpAMOYToNLHOR

yd y a

d={XY,Z} um a{X,Y,Z). G.11)

_ Eean 7,7, B—oprut roopaunatmmx ocett Ox, Oy, Oz, 1o BeKTop
al{X, Y, Z] moxHO npeacTasuTs B Buje

a=Xi +Yj+ Zk
Bexropus +Yj+ (3.12)
a,=Xi, a, =Y}, a,= 2k (3.13)
BasuBaioTCs . COCMOGARIOWUIMI UMM KOMRONeHMQM{  BEKTOpa
@=X+Yi+ Zk
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KoOpAHHATH CYMMil BEKTOPOR PABHE CYMMaN COOTBETCTBYIOUIHX
xoop::gar cnaraemeix. Ecanay = { X, 1:1. Z;_]. ay =__{X,, Yo Zg)ieonn
Eu= {X,p y;p Zn} H31+ES+"’+01‘=0’ rﬂe a== {X; Y, Z]t
0 X=X14XatorotXp Y=Y1+Ya4...4+Y,

ZeZod Zytoort+ Zo (3.14)

X
=

Pue. 3.13

KoopaMHATH pPASHOCTH BEKTOPOB PABHEL Pa3HOCTAM COOTBETCT-
Byomu#Xx KoopguHaT. Ecin ay—ay=a H @ = ( Xy Y Zi)
ag=1{Xy Yo Lo}, a=(X, Y, Z}, 10

X=X,—Xo Y=Y =Yy Z=2,—2, (3.15)

KoopAHHATH NPOH3BEACHHS BeKTOPA @ Ha 9HCJO A paBuml mpo-
H3BeJleHHAM COOTBETCTBYIOWHX KOOpAHHAT BeKTopa @ Ha . Ecom
bedama=(Xy Yy ), b={Xs Yy 2}, 10

) X, =1Xy, Y=\, Zs =202, (3.18)

Paperictea (3.16) sbipaxaoT HeOGX0AHMOE H AOCTATOYHOE YCho-
BHe KOJHHeApHOCTH KBYX BEKTOpOB a4 M b. -

Paduyc-gexmopom ToukE M Haswipaerca BekTop OM, Haywnh
OT Hauaaa KoopAMHAT X Aamwoli Touxe M (cm. puc. 3.13).

Ecaw ry=04; B ry=0A,— paguyc-BeKTOpHl  TOUEK
Al(xp yl.! 21) H Aa(x!b yl' 22)’ TO BEKTO]) Al‘qe= {X! Y’ Z] Bbi-
paxaercs QopMmyoft L

QA =ry—n, @.17)

1. e. BCAKHl: BeKTOp PaBeH paguHyc-BeKTODY KOHUA MHHYC pagHyc-
BekTop Hauana (puc. 3.14), PapesctBo (3.17) B xooppumatax 3a-
ABIIETCA TaK:

X=x’—x1; Y=ys—'gl; Z=2g—21, (3.17’)
T. ¢. KOOpAMHATH BEKTOpA pABHH PasHOCTAM COOTBETCTEYIOUIHX
KOOPAHHAT €ro KOHNA H Hauana,
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habt

e

Hanna pexropa A4, ={X, YV, Z) =|x, — _ _
BHIUHCAsETCH “Opt?)op;y;e { b=lt—xta—9, 2—2)

d=|2| = VBTV (3.19
HAn
d=|A4]| =V, — 0 + (Y — ) + (a—2z)  (3.19)
Zj
g
A
1
f-’ y
i)
X Pac, 5.14

Dopuyrot (3.19) onpenensercs rame paccrofinHe Memay
ABYMs TOUKaMH MPOCTPAHCTBA Ay (Xy, th, 21) Az (¥s ¥ 2,).
Hanpasasouumu rocunycasmu sexropa 4,4, = (X, Y, Z } wam
Aydy = {xa— %, Ys— Y, Z—2 ) HASHIBAIOTCA KOCHHYCH YraoB
3 8, 0}. O0p230BAHHLIX 3THM BEKTOPOM C OCAMH KoopauHat Ok,
Y,

- X_
AR 7 Trn s ey A
CosSQ = fa— 4 .
Vot taom.  O0
cosB= —m ¥
VXELYTEZE
cos3 = Vo=
Ve te a2
Cosy = Vm :
COsSY = &y &
T ‘V(x,—xﬂs._'_(y,_yl)l_}_(zs_zl)j y (3.22)
cos’a - cos?f 4 cos?y = 1, (3.23)

Koopaunarsl Beaxoro pexropa g = { X, V, Z .
AA0IHE KOCHRYCH BHIPAXKAIOTCA tbopuy{.uauu: } sepes manpas
X=|alcosa Y =[a|cosB; Z=]|a]cos 1. (3.24)
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KoopAHHATE! SAHHAYHOrG BEKTOPA € paBHEl €T0 HAMPABATOUNM
o e = {cosa, cos3, cosyl). (3.25)
B yacTHOCTH KOOPAWHATH SIMRMMHHX BeKTOpPOB f, j, k Koop-
AMHATHHIX OCS/i BHPANAIOTCA CRSAYIOMHM 0GPAsOM:
7=(1,0,0), j=(0, 1,0}, kE=(0,0,1}. (326
Paguyc-Bextop TouKH M (%, ¥, 2), jgenamefl pamHB OTPESOK

MM, Tae My(xy, #1, 2), Ma(¥p Y2 2}, B JABHOM OTHOWEHHM
A = m, : my Bupaxaerca QopmyacH

= mry e Nt 3.2

Pre. 315

rae 7 = OM,, ry=0M, (puc. 3.15). Koopanuatst TowkH M Ha-
XOBATCA Mo GopMyaaM:
A Ma, ,_ &+
X = xll':-lxi; ym y:‘il-_ll._lSQ z‘—;l'-'?rs'o (3.28)
Ecin M — cepepuna orpeska M;M,, To:

x=Atm gy th . ath (3.29)

TNpamepst

1. Mlan BekTop @, ofpasylowut ¢ ocbio Ou yron ¢; = 60°,
u pexrop b, obpasylomuit ¢ Tk e 0CHIO yron ¢y = 120°. Hadiru
OPOSKIHIO CYMMEL at-b+te me c=23a, Ha och O4, ecau H3-
pecTHO, uT0 |a|=6, || =4.

Tax KaK MpOEKIMA CYMMHl BEKTOPOB PaBHA CyMMe X Mpoexnuf,

12

HeOOXOAMMO HAHTH MPOSKUHIO KAXJOTO CJAraeMoro Ha och O
B cooteercrenn ¢ dopmyaoit (3.10) noayaaem:

Ny, = |&] €089y = 6 c0860° = 6 . L = 3;
Mo, B = | 5| cos ¢ = 4 cos 120° = 4 (——;-) = -2,
To ceoficTBy 2 HaXoaMM MPOCKIMIO BeKTODA ¢ == 3a:
Npg, € = p,, (38) = 3np, 2 = 3.3 =9,
Ilo caoiictay | Haxopmm:
npg, (@ + b+ ¢) = npe,a + np,b + mpyc = 3 4 (—2) 1-9 = 10,

2. Jlan sexrop a = {3, —4, 5). Hamucats pasnowmenne pek-
TOpA @ N0 KOODAHHATHHM OpTaMm. UeMmy paBHH cocTaBamouue
BeKTOpR a?

B coorsercteun ¢ dopuynamu (3.11) u (3.12) pasnomenne
BEKTOPA 4 MO KOODAHHATHHM ODTAM HUMECT BHJ
a=3i—4j + 5k
Mo dopuynam (3.13) naxoaum cocrapamomue sexropa
a, =3 a,=—4f, a, =5k,
3. HaiitTh xoopaMHATHl U COCTABAMOUIHE BEKTOpA
~ a=2{+6j—7k.
Bektop a MMeeT CASZYIOMIHE KOOPRUHATH:
X=2,Y=6 2=—7
¥ COCTABNAOWEE (HAH KOMOOHEHTH):
a, =2, a,=6f, a,=—TFk
4. Manwt sexroput @ = {1, —2, 3}, b={2, I, —4}. Hafimu
BekTOpH: ¢ =a +b, d=a—b, p =3a+ 25, g =>50— 45,
Tlonssyemca dopmynmamu (3.14), (3.15). B panuoM cayuae nmeem:
X,=1,Y1==22,=3, Xs=2, Ya=1, Z3=—4,

o opuymam (3.14) Modyuaes KOOpAHHATH BeKTOpA C:
X=142=8 VYV=—241=—1; Z=3+4+(—4H=—1;
c=1{3, —1, —1).

C nmomoubio dopmyn (3.15) maxogum kooppumarH pexropa d-
X=l—-2==-]; Y=—-2—-1=—_23 IZ=3e(—Y =T,
d={—1, —3, 7}.
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Koopautiatit Bewropos 3a w 26 onpeaesseM no dopmynam (3.16):

3a = {31, 3(—92), 3.3} =1{3,—86, 9);

25 = {22, 2.1, 2(—4} ={4, 2, —8).
Crosa_ncnomssys opmysant (3.14), nonyuaem KOOpAMHATE BeK-
TOpa p:

X=3+4=7YV=ub642=—4g Z=9+ (-8 =1;
p=1{7, —4,1).

AuanoruuseiM 06pasoM HaXOAWM KOOPAMHATH BEKTOpa g
X=01-42=—3 ¥Y¥=5(—2—4.1=—14
Z=53—4(—4 =81 g={—38, —14, 31).

5. [auet Bekropat: a;={2, 4, —6), dy={—1, —2, 3}
a,={4,8,—12}, 4,=(6,0,0}, & = {0, —5,0), a,=(0, 0, 2,
0, =10, 1,3}, =120, —1}, a,={3, —4, 0}, Kakne us

STHX BEKTOPOB KOATMHEADHM, Napanfe/bu KOOPAMHATHHIM OCAM,
flapa/Ne/bib KOODAUHATHLIM MAOCKOCTAM?

Tak kak KoopausaTh BeKTOpOR a; U 4, NpONOPUHOHANHHEL,

) (=) am(- 1))

TO BEKTOPH @, U &, KoAnuHeapu. Ilockonbky @, = ——é-r.?l, T0

BEKTODE Gy H O, TPOTHBOMONOKHO HATPABICHH. Bektopu a, u a;
TAKKE KOWTHHEADHH, HGO

4=2.2,8=2.4, —12 = 2(—6).
BekTopht @) U Gy OAHOTO HanpaBieHus, TaK Kak g, = Ja,,

CpasHueas KOODAMHATHI BEKTODOB &, &5 @y C KOOPAMHATAMH
BeKTOpOB 4, f, & (dopmyamt (3.26)), sakmouaem, uro BEKTOp @,
mapannesed ocH Ox, BeKTOp @z—ocH Oy, BEKTOp a,— ocH 02
(6, u 7 KoAnMHeapHbl, TaK Kak a, = 67 a; u | KOANHHEAPHH, HGO
ay = —5J; a, u k TaKke Konmuweapuw, u6o a, — %),

Iockonbky y sextopa a; koopamsata x =0, T. e. npoeKnus
Ha ock Or pasHa HyMO, TO BEKTOp a, nepreHpHKyadapes och Ox
H, CNCACBATENLHO, Mapajfefed NJAOCKOCTH Oy, AHANOTHIHEM of-
pasoM saKmodaeM, 9TO BEKTODP @, NapanfieNied NAOCKocTH Oixz,
a BEKTOp @, — MA0CKOCTH Oxy.

3aMewanne I Ecmn oama ®3 Koopamuar BEKTOpA DaBHa Hymo, TO
BEKTOp NEPNeRNUKYAApeH COOTBETCTBYIeR KOOPAHHATHON ocH.

3ameuanne 2 Eciu BekTOp HMEOT TOMBEO OAEY OTANYHYI; OF HYAS
KOODIHHATY. TO OH mapajinedies COOTEETCIBYIOMIEH xOODAARATHOR OCH.

i4

6. Janp gee Ttoukn A;{2, —5, 1), A(3, 4, —6). Hahru
KOODAMHATH H KOMNOHEHTH BeKTOpa a = m

Hckounie KoopanuaTy Haxoanm no dopmyasm (3.17°), B aan-
HOM CAYYae uMeeM: X =2, #h=—05, z,=1, 2,=3, y, =4,
2, = —©. TlogcraBnsa 9T SHadeHus B yKasauumie (opmytsl Ha-
XOLHM:

X=3-2=1,Y=4—(—5)=9, Z=—b—1 =7,
Caegopareimo, a= (1, 9, —7}; Komnowents a, =7, a, =9j,
¢ 7. Ilane npoeKuun cuast F Ha KoopausaTupie ocu: X = 4,
Y =4, Z=—4)2. Hafitu peuunny cunet F 1 Hanpasienue ee
aeficTeua.

Bexrop AB = F no ycnosmio umeer Kooppunarst X =4, ¥ = 4,
Z=—4)2. Beauunna cunn F psena moaymo pekropa F, koTo-
pbiii MOX IO BHIYHCAHTL NoO dopuyne (3.18):

IFl=VX I+ Z =) £ +4 4 (—4V 2P =8
Hanpasasiowne kocunycel Bektopa F onpenenuu no dopay.ans
(3.20) — (3.22):
1 41 —4yT -
COa = -5 = €03P =g = cosy = sV_ = 3,5

Caegopatensro, cuia F = 8 peficrsyer 8 nanpasneHun BeKTODA,
06pasyloulero ¢ KOOPJAHHATHBIMH OCAMH YIau: a = 60°, B =60°,
= 135°
1 8. BolucaHTL nepHMeTp TpeyrombHHKa ABC ¢ BePLUIHHAMH
AB, 0, 7), B(10, 2, 8), C(10, —2, 8).
Hafigem pausH cTopoH TpeyroibuHKa no (popmyne (3.19). Iog-
CTaBisAA KOOPAWHATH COOTBETCTBYIOIHX TOYEK B 3TY dopMyny,
BOAYIHM:

L AB=V (08— 0P+ B—TP =V B ¥ =3
BC=V(I0— 10 +(—2—=2F + B—B P =V(—F =4
AC=V(I0—8 +(— 2=+ B—7¢ =
=VPL (= F =3

, Caeposatensno, nepuMeTp TpeyronsHuka P = 4 +343=10.

9. Bextop a cocTamisieT ¢ OCLIO OPRMHAT H OCHIO ANMAMKAT

~,§mu B 60°. HafiTu yron Mexpy BeKTOpOM a u ochio abeguce,

Bocnonssyemca dopuynofi (3.23). B pawmom ciryuae B=1=
= 60°, mostTomy cosp =cosy= -:T. Moxcrasnan sTM  suavenns
B Qopuyny (3.23), monyaum _

eos’a-}-—l»-i- —i— =1 umn costa =]T’
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o | 1 1
=t——, cosoy = CO8 Oy = o oo,
Cosax _V-2 1 .'/2— L] 2 Vz

Creposaressto, oy = 45°, ¢ = 135°

10. Janu sepmunn A(2, 2, 2), B(6, 5, 0), C(0, 3, 8) napan-
aenorpamma ABCD. Hafita sepumny D.

ITycte O-~TOuKa nepecedeHus AHaronafieii napajneaorpamma.
Tak kak O—cepeansa orpeska AC, To no dopmynam (3.29)
nOAYYAM:

240 _y ,_2+3_ 5
= =T

X = s ¥ ] =g
C npyrofi croponbl, O — cepegnna BD. Koopaunatel Touek B
u O H3BeCTHH, KOOPJHHATEI ToukM D onpenesuM no Tem XKe ¢op-
mysaM (3.29).
Hmeem:

e=232=50(1, 3 5).

"'2_v

l="%= 5 =55 d="~
otkyaa x =—4, y =0, z = 10. Cnegorarenssio, D(—4, 0, 10).
11. Orpesok AB, rze A(3, —5, 2), B(5, -3, 1), Touramu C
u D paspenen Ha TpH papble gactd. Hafitn Roopaumathl Todex

cCunb
To ycaosmo AC:CB=1:2, AD:DB=2:1. Tlopcrasaas

B dopuyael (3.28) sHavenns % =3, Y =—15, 2,=2, x5 =275,

yp=—23, z=1 k=, nonyusM xoopaumarts 104k C:
1 1
3+55 =5+ 5 (- 3) 13,
= ) ==——3—;y= 1 =_"'3_9
I+ 145
1
245l
2= =3
1+—2—

Koopaanatst Toukd D paxojdtcs ¢ MoMompio TeX Xe dopMya
fpy A=2:

8+26 13 ~ —~5+42(=% _ 11
r=-—Ty = Y= 1F2 -
2421 4

11 13 5 13 1 - 4
Caeposaresbsio, C(T’ —-z -3—), D\~ — -3_)

3apavH

1. Jaun sexropm a = {2, —5, 8}, b={1, 3, — 7). Hairu
BeKTOpH ¢ = 4a + 3b, d = Sa—2b.
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2. Cuna F =6, peficTsyeT B HanpapieHHH BeKTOpa, 06pasyio-
(Iero C KOOPAMHATHBIMA OCAMA YOaH a=f = 120° = 45°
Ha#iTu npoekudn BeKTOpa CHJIBI H €ro COCTaB/OMe,

3, HMauer Tourn A(l, — 3, —2), B8, 0, —4), C(4, 8, —3).
Hajitn rakyio Touky D, 4To6M Germpexyroassuk ABCD 6un
napasIesIor pAMMOM.

4, Begmmm YeTHPEXYTONBHHKA HAXOAATCA B Toukax A(2, 0, 4),
B(@7,—15, 16), C(—1, —1, 1), D(—14, 28, —6). Tokasar,

. 4ro ABCD ectbh Tpanmenus.

5. Haitru KkoopimuaTel KOHIOB OTpeska, KOTOpe Touxkamd
€@, 0, 3) u D(—5, 0, 0) pasgener na Tpr papHHe wacru.

Orpetwa

Lem{1l, =11, ~98), d={8 —31, 20}, 2 x=—3 g=—3
2=3V% Fe=—3 Fy=—3 F,=3V3E 8 D(—8 5 —1). 4 ¥ka
sanue YGenursca B Tom, uro cpeam Bextopor AB, BC, CD, AD ects npa
Eoaanneapiux. 5. A(19, 0, 6), B{(— 17, 0, — 3),

§ 3.3. Ckaanpnoe npouseenense

Crasnpueis npouseedexuess ABYX BEKTOPOB HASHIBAETCSH THCIO,
PaBHOE MPOHSBEACHWIO MX AMMH Ha KOCHHYC YIVIA MY HHEMH.

CranspHOe TPOH3BEJEHHE BEKTOPOB & W b O6O3HAYACTCH ONHAM K3
cumBONOB ab, wmu a-b, wam (ab):
A
ab=|a| - |b| cos(ab). (3.30)
YuurniBa pasenctso (3.10), dopmyay (3.30) Moxuo samucats Tak:
ab=a|np;b unu ab=|B|np;a. (3.31)

- A
Vi3 gopuyast (3.30) caeayer, ato a > 0, ecan yroa ¢ = (ab) —
ocTpbil; ab <0, ecam yrom ¢ — tynok; ab=0, ecom yron ¢ —
npsAMofl WM ORHH H3 BEKTOPOB DaBeH HYJ/IO.

CeoficTBa CKANAPHOTO MPOHIBENCHHS:

1. ab = ba (cofictBo mepeMecTHTEMLHOCTR);

2. a6+ ¢)=ab+ ac (ceolcTso pacnpeseanTeAbHOCTI,;

3. h{@h) = (2) b = 2 (05) (cmoficTRo coveratenmbHocTH).

Ckanspuoe TpoHSBefieHHe 04 HASHBACTCA CRNAAZPHOM xsadpa-
MoK BeKTOpa & W ofospataercs chMBosiom a*. Us dopmyan (3.30)
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cheayer, UTO CKanApuhifi KBajpaT BEKTOpa PascH KBaApaTy ero
AAnEH, T. €
@t = [af’ (3.32)
Ecau BeKTOpR! @ H & sajaBH CBOMMH KOOPAMHaTaMH
a= {Xl.’ Yf’ lec b={X,. Y!s Zﬂ)'
TO HX CKajssipHOe NpOusBefenHe Bupasures dopMmyaold
EE = XlX, + YIY, + ZI.ZS' (3-33)
yroa MeXDy BHMH -— dopMynol
ab = Xlxi + Ylys + zlzz ) (334)
181-151  VXE+Vi+ZV X+ri+ 2]
a HeoOxonuMoe H JOCTATOYHOE YCAOBHE HX NePNeHAHKYAApHOCTH
npuUMeT BHJ

AN
cos (ab) =

XiXs +YYa+ 2:2,=0. (3.35)
fpamepnt

1. Haitra ckanaphoe npouspejienne ABYX BEKTODOR & u D, pds
KoTopuX || =38, |b|=5 B RaxpoM H3 ciAeAYIOMHX CAygaeB:

g =60° 9 = 90° ¢y = 120°% ¢, =180°% rpe ¢ = (_a'E).
Ilo dopmyae (3.30) Haxozum:
1) ab = |a| - |b)cos g, = 8-5cos60° = 20;
2) ab = |a| - |b|cospy = 8-5cos90° = O;
8) ab < |a|- [b]cos ¢y = 8-5c08120° = — 20,
4) ab =|a)+|b|cosp, = 8-5cos 180°= — 40.
— _ 56@
P

2, Jloxasath, UTO BEKTOp p=a - nepnesAuKY Aspen

BexTopy b. _ _
YMBOXAA CKaNAPHO BekTOp L Ba  BeKTOp p, noayunu
T L L
= (ba) — (ba) = 0.
Tak Kak bp =10, T0 & L p.
3. KagoMy YC/OBHIO MODKHH YAOBJETBOPATb BEKTOPH P u g,
4yToGM BeKTOp P -+ g Ol nepneHAuKYASPER BEKTODY p— g?

Ecm p+91@—q, 10 @+9{p—9 =0 Packpusan
CHOOKH B TOCAC/HEM pPapeHCTBE (YTO MOXKHO CAenaTb B CHAY
cBoffcTBa 2), moaydum

e+dp—=w—rr+ep—97=0.
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[Tpunnman Bo' BuHManue csoficrso 1, ¢opuyany (3.32), saxozum
_ Ip Ii - I ﬂs = 0!
otkyza [p| = |q].
O6paruoe Takxke sepro. Eca |p| =|7), 10 P+ LE—2.

Kal{oﬁ reoMel‘le{ecKHﬁ CMBICA HMeer '
adne K npumepy 1 § 3.1.) Aannoe ycaosue? (Cu. same

4. Naua tpu sextopa: @ = 47— 3], b=127—4F, c=27] 42k

Bruncants supaxenue 52° — 5 + 73,
_ Halzem Buauase cxanapubie KBajpath AamNHX BekTOpOB. Eem
a=1{Xy Yy Z,}, 10 3 dopmyn (3.18) u (3.32) CAeAYeT, 4qro
al=X{ +Y} + 2. (3.33)

TopcraBasna KOOpAMHATH NAHHK ) '
Hoy P JaHHHX BEKTOpOB B hopMysy (3.33),

A= (-3 00 =25 B= 128 4 0* 4 (—4)* = 160,
=2 (— 1) 2=,
CaepoBarenbso, 5a* — &% 4 7¢t = 5.25 — 160 4+ 7.9 = 98,
5. Natw pea sekropa: a={l, —2, 2}, b={2, —2 —1]}.
Hafitu ux ckansproe npouseepente u yrox MeXAY BHMH. Yemy
paBHO Boipawerie 2a° — dab + 56%

Nogcrasnsn 8 dopmyay (3.33) xoopauuari Bexropos @ u 5,
HaXoaAHM

ab = 12 4 (—D(~D+2(— 1) =4.
Tak xak
lal=VIE4+ (=2 + B =3 u bl =VFF (DT (—1)y'=3,
10 Mo dopmyne (3.34) nonygum

a4 4
[a[161 33 — 9"
Tockomky a* = |af =32 =9 g B=|bPp=8=9 1o
20 —4ab + 56' =2.9 — 4.4 + 5.9 =47,

6. Buuucaurs, Kakyo pabory nporssogur ciaa F = {2, —1, —4},
KOrja TouKa ee NPHNOKEHHS,  ABUTANCH  MPAMOAHHeRRO
Anfeguemaﬁe'rtis; #3 mnosoxesnas M(l, ‘—2, 3) B nosomenue

B coorpercrean ¢ onpepenesnem pabotn u CKANSIPHOTO TPOHS-
BeJeHHa MOAYgaeM

AN
cos{ad) =

A=Fs,
r — R L) . @
nﬁ- H.A padora; F — mextop feiicrByioueh CHALI, §— BeKTOp
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Hafizem Bextop s = MN. Ilo dopmynam (3.17) noayuaem:
$={5—1, —6—(—2), 1—3}, s={4, —4, —2]}.
C nomombto dopmynn {3.33) maxonnm
A=Fs=2.4+(—1)(— 4+ (—2)(— 4 =20 (en. paGoTw).
7. LaH TpeyroAsHHK ¢ Bepumnamu A{(—3, 5, 6), B{l, —~5, 1),
C(8, —3, —1). Haiitu any?ennuﬁ Yyron npn BepliiHe

A BHeIIHHA Yroa MpH BepluHHEe
BuyTpennufi Yrol TpeyroJbHMKA npH BepmiHe A paBeH yray

mexzy Bexropamit AB u AC, a_sHemmmii yroa npu epwmne C
pasen yray mexny BekropamH CB u AC (caeaafire weprex).
Mo dopmyaam (3.17’) HaxoauM KOOPAMHATHI YKASaHHEIX BeKTO-
pos: _
AB=1{4, —10, 1}, AC={11, —8, —-7],
CB= {7 —2 8).
C nomontsio GopMyaH (3.34) HaXoAuM KOCHHYCH YrJoB:

Ea

B TR0 44 (108 +1(—=7 =
cosqy = cos (B A0 = S Ty T e T
117 1

SYymve: o ve

rE A (DU D=8 18=D
cses=cos (B A = ey eV T
-7 _ 1
T Vv T vz
CnegoBarebHo, ¢, == 45°, ¢, = 135°.
8. TlokasaTb, 9TO ueTHIpeXyroAbHHK C BepuHaMH A(—35, 3, 4),
B(—1, —7, 5), C(6, —5, —3), D(2, 5, —4) ecrb kmagpar,
Io dopmynam (3.17°) Haxopum BekTOpHI
AB = (4, —10, 1}, BC={7, 2, —8), DC= {4, —10, 1),
AD =7, 2, —8).
Cpapupas KoopnuHatel Bexropos 4B u DC, BC w AD, sa-
EMOYAeM, UTO

4B =DC, BC = AD.
Tak xak
|AB| = V@ F (— 10¢ 4 12 = V117,
|BC|=V T+ &L (—8P =117,

S

|4B| =|BC|=|DC|=|AD|.
120

TNockoabky
AB-BC=4.74 (— 10)2 - 1 (-~ 8) =0,
ro AB 1BC.
CaenosaTesbHo, yerHpexyroavuux ABCD ectd KBajgpaT.
8. Tlpn  kakom smavemnm %  pexropu 4 = 4/ -+ A+ 5%
i b=\ + 2j— 6k Bsauuno nepnenpuxyaspus?
Ycaosue nepneraikynaprocty (3.35) B nanuom Clyqae salHIeTca
TaK:
D420+ 5(=6)=0 nam 6A—30 =0,
oTkyaa A= 5. _ _
10. Haitmy BekTop x, KOJIMHEAPHEIH BEKTOPY @ == {1, 2, == 3 }
H YAORNETROPSIOWUE YCAOBHIO ta — 28,

llpuRiMas BO BHHMAHHE YCAOBHE KOMIHHCADHOCTH JIBYX Bex-
topos (3.16), sakmouaem, uro

r={\ 22, =3},
rie A —noka HemspecTHuf Kosdpduumenr. Tak Kak xa =28, 1o
B COOTBETCTBHY ¢ dopmyaoi (3.33) maxogum
1h+ 220 4+ (—3)(-—3)) =28 uau 14X =28, orxyna A = 2.

Crenosarensso, x = {2, 4, —6 ).

1. Jawst Tpu Bekropa a=1—2j+ 2k b =274 ]—2F
¢ = 10i + 4 + 2k. Hafiru np.b, np (5 + ), MPas3e, Uy (2a — 30).

Ipumenum dopmyay

np. b = I“a_"’ , (3.31)
MOYUAIOMYIOCH U3 nepBod dopuyan (3.31).
lloxcTasnas ycaoeua npumepa B dopmyay (3.31), nonyuum

mps = —20_ o 12214269 4

a| Vit =2t KN
Iaa HAXOMICHHA OCTAMBHHX TPOSKUME onpenenum BeKTOPbI:
b-g-_c.—:(zi:”'—_ﬁ)-_uio?:;-«;f-pzﬁ)-_-12?-1-5;’;
L _atb=(—2+ M+ Q4] =8—]
2a—3c=2(£—2j+2k)--3(10?+4f+21?)=—-28¢'“—16f—2k".
B coormeretmuu ¢ popmyaon (3.31") maxomum:
-1 ) 24 (—2542.0 o2,
Pab+a=— VEreie TS
up., 6= (a4 b &0 +(—=ns+02 2
a+b la< b VEFL-TF+® Yo'
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— — 1 — 35) D (e —_1 e N famn
np; (5 — 3 = F@a—3) _ 2(~2)4 1—16)4(—D(=2

18| VoL T (—2f
- 68
= —3—-.
Samevanue Mpockumo sexropa 5 ma sextop & woxuo mafita # no
dopuyre
anEmE-'&.

re @, =..I"Tl-ennnnqnuﬁ BEKTOD HANPaBAeHH 7. B JaHHOM Ciydae @, ==
a

1 _ 2 2 Feba et
={3,- » g MOSTOMY mp-b = b.gy = — =

Sanaun
1. Heecrio, w10 |a| =6, |5} =¥/, Hahru cKaasipHoe mpo-
H3BeleHNHe BEKTOPOB 4 K b B KakaoM w3 creayomux cayuaes:
cospy = 45°, cospy = 90°, 059y = 135° cos g, = 180°,

2. Nlokasats, 9T0 BeKTOp p = C(ba)— a(bc) nepnempuryanpen
BeKTopy . ‘
3. Boiqucants cKandpHoe nponssejenne BexToOpos a u b, sa-
AAHHGIX CBOHMH KOODNHHATAMH, H YIAb MEKAY HHMH:
)@= (8 —4), F=[5, 12
2a=1{2 —3, 2, 5=1{4,2 —1).

4. Jawst TpB cum Fy={2 —5, 1}, F,=(1, 2, —6},

Fi={(—4, —3, 3}, npunoxednnie B ofHOR TouKe. Buigucnurts,

KaKyio paGOTy NpOHSBOAHT pasHOZeficTBYIOWask THX CHA, Korja
TOUKR €e MPUACKEHHA, ABUTAACh NPAMOJHHeAHO, MepeMeniaeTcs Ks
Toukn M(4, 2, —8) B Touky N (3, —2, —5).

5. Haitru BuyTpenHHE yraW TpeyrombuMKa ¢ BePLIHHAMA
AGB, 2, —4), B9, —8, —3), C(16, —6, — 11),

6. la#u nBa sekropa: a={1, —2, 4}, b= (3, 1, —5],
Hatitn BegTOp X, 3Ha3, 9T0 OH mepreHAHKYAsnpeH ocH Oy g yaos-
JeTROPSIET YCAOBHIM xa = — 3, ixb = 8.

7. Nauut Tpu Bexropa: a={2, —1, 3}, F={4, 3, -5},
c={7, —2, —6). Haiity ektop x, yroBnersopsmomudi yeno-
pust: Xa =8, xb =0, x¢ = 10,

8. Haiiru npoexumo sektopa @ = {4, 3, —7) wua och Bexropa
b={1, —2, —2].
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160 —6~6VZ38 )ab=—33 eostp=—%.;3-; 2 ab=0 4 18,

§ 3.4. Bextopuoe npomipeenne

[Tpocmpancmeennsis penepos HaswBaeTcs COBOKYMHOCTb Tpex
KEKOMNAGNAPNGIX BRKTOPOB, TIPHAOKEHHMX B OAHOA TOSKE ¥ Sa-
JARHBIX B ONpefieNeHHOM MOpsjKe,

Penep a=0A4, 5=0B, ¢=0C naswbaercs npasois
(puc. 3.18, a), ecan kparuafimmli nosopor sextopa OA K Bek-

Puc 3.16

Topy OB COBepinaeTcs NpoTHB YacoBod CTPenkK Ans HaGmoparens,

~ {J1a8 KOTOPOro HAaxOoAHTCH B TOuke C,

Ecpn e ykasaHHEII MOBOPOT COBEpIIAeTCA MO YacoBOR cTpenke
(puc. 3.16, 6), TO penep HasnBaeTCa ACGLIM.
. Ecan faHH aBa penepa W KaXindt U3 HuX Npasblfi HAM Kam-
Rufl JIeBHH, TO [OBOPAT, GTO STH pENepsl RMEOT oBunaKosyo

- OpueNmayuro, €Cau Xe ORUH penep npaBuifi, a Apyroi — nerfl,

TO penepbl HMEIOT NPOMUEONOACIKRYID OPUERMIALUIO.

Bexmoproim _npouseedenuen IBYX BeKTOPOB @ W b HaswBaercs
Tpetufl Bexrop ¢ (puc. 3.17), yaomaermopsiomuft yenosumm:

1) BeKTOp ¢ NePNeHAHKYAsPen KaKIOMY W3 BEKTOPOB & U B

2) MOLynb BEKTOPa ¢ papBeH MpPOH3BEAEHHIO Mozyaeft BeKTOpOB
@ u b na cunyc yraa Mexiy Humu, T. e.

A
lc] = |a} - | 8] sin {ab); (3.36)

3) penepwi @, b, ¢ u i, ], ®(, ], k— wooppumatane opre)
HMCIOT OAHHAKOBYIO OPHEHTALHIO.
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BegropHoe TpoHIBezeHMe ¢ BeKTOpOB @ H b oosnawaerca
OZHHM HS CHMBOJIOB: _
¢=[ab) nam c=a Xb. (3.37)
Wz dopmyar (3.36) caexyer, uro MOZYAb BEKTOPHOrO MNPOH3-
Bejenns [0b] paBeH TJIOWAAH S napaAAeorpaMMa, NOCTPORHHOrO
Ha BeKTOpax a M b:
\(ab}| = S. (3.38)

Pec. 3.17

BerTOpHOE NpOH3BENieHHE MOMeT ObTh BLIPANKEHO dopmyaodt
[ab] = Se. (3.39)
% —opT nanpasaenns [ab].
He Efemg]l;;oe n[;)oasneneune HeHynieBblX BEKTOPOB PaBHO HYJO
TOTAA M TONBRO TOrAd, KOr4a BEKTOPH & H_b KOJJIHHeapHE:

{ab] =0, ecau a =M. (3.40)
B "wacTHOCTH ’
[aa] =0. (3.40")
CeoficTBa BEKTOPHOro NpoH3BefeHud:
1. {ab) = — [bal,

2. {a + b, d) = [ad} + [4d],
3. [\a, b) = fa, 5] =\[ab).
Ecau mexTOpHl g I D SajaHbl cBoMH KOODAHHATAMH
a={(Xy Yy, Z1}, b={Xs Yo L}
TO .

(3.41)
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" erozfen, MOayuRM ONpeleanTens, ABATIOME

ah={[vzl —1%2L 180l e

Ilnomianb TpeyroabHERA, NOCTPOSHHOTO HA STHX BEKTOpax, Bhl-
paxaerca Qopmyaofi

Y [ViZiF | [ XZaF. [ X,V
S—Tllab][—-g']/ yssz + X,Z: + Xlgy: y  (3.43)
a CHHYC Yraa Mexay HHMH — dopMynofi
YViZo [P, [ X121 % 5 | X T B
1381 _ V IVaT+1%al+ xil ‘344
el — Vrvsrz Vi+rta .
Jameganue Dopuyna (3.42) cosauaer, sTo KOOPIHHATH  BEKTOPHOTO
DpOBBEJIEHHR MOXKHO MOJYYBTH CREAYIOUIIM NHCHIBAeM TalAHLy Ha
KOOPABHAT BEKTOPOB (COGNEOAAA mopanoK):

(Frd),

Baxpusas nepsuil cronden sToll TaGABUM, nonyuaen ONpeleNuTRNE, ABAAK0-

N
sin{ab) =

- mafica nepeofi KoopaunaTol, 3axpumas eTopoll ctoaen B Sepss  monywennit

Onpefie Tk CO SHAROM MHHYC, Hafiflem smpag: KOODIMHATY. 3aKpwsas Tperrfl
TpeThel KoopamHaToll BeKyop-
Hor'o fpoH3Belenus [ab].

Mpuyepn
1. Hailtu BekropHEe npousBeneHus

Gil. R, (B4, 138, (&f, R,

-TAe 7, j, k— OpTH npaBofi CHCTEMBl KoOpAHHAT.

Haiinem Buavane [ij1. Tloabsyach onpeneaeumem BEKTOpHOTO
NPOUSBEACHHS, 3aKNI0YaeM:

I) sektop 1] Koanmueaper %, Tak Kak OH nepmeHgHRynspes
BeKTOpaM f H J;

2) BeKTOp [3’7] ABAAETCA SAHHUIHBIM, TAK KAK MJOmaAp mapaj-
JAICJIOT paMMa, NOCTPOCHHOrG HA BEKTOPAX / M j, pasHA epmuMIe (na-

PaanesorpaMM B ZAHHOM Cayuae npexcTasaser cobofi keagpar AOBD
€0 CTopoHOHl, paBHOX epunmme, cM. pac. 3.18),

Vs noxysenusix yreepwpenul clepyer, uto Bextop [if} pasen
mbo k, AHGO — k. BTopyio BOSMOMKHOCTE HYIKHO OTOPOCHTH, TaK
kaK penep {, j, — k sBaserca nesbin. Caefiosatensio, [ij] = k.
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k=0, k] =1].
wusisiM ofpasoM HaxoluM, uTo i
?I::n:l:xomeann BeKkTOpe [jf] yTBEepKACHAA 1) u 2) o_c'r?_!olcg
yhMy.  Jakmogesine OYAeT ADYrHM: TaK Kak penep i i
:i?imcs; npaBsM, To {jé] = — k. Anajoruuno moaysaest [kjl =
= — T u ik} = —]. x
3auevange T nocnfnnnx pesy/LTATA MOKHO NONYdHTH B3 TPe
nepewX, HOAB3IYAcH ceokicrhom | )
9. Jlae BekTops a ¥ b, ans Kotopux || =8, 3] = 4. Haitra

M HS CREAYIOLIHX C/yuaes:
BeKTOpHblE TPOHSBEJCHHA B KaKDo .u)rA

gy =0, 9y =30°, 5 = 90°, @, =150, rne ¢ = (ab).

Pre 318

usBefieHH
myJe (3.36) HaXOAWM MOAY/H BEKTOPHHX HPO &

b nnfaaqfl’i \a|-1b| sin0=0; 2) Iiab|=|al-[5] sin30°
= 6.4 =12, 9) | [aB]| = |a]-|B| sin90° = 6.4 = 24; 4) | [ab]| =

= 1
= [a|-|5}sin 150° = 6.4.5 = 12.
Ilo mysne (3.39) moayqaem: S
1) {ab] iog; 9) {ab] = 12¢; 3) [ab) = 24¢; 4) [ab) = 12¢,
rae & — CNMHHYHLY BEKTOP HANpaBJeHHA {ab].
3. Hafiry Beropsoe TPOH3BEAERHE BEKTOPOB
& = 91 — 3] + Bk, b =41 4 2j — 6k

Z ’ npons-
ayace dopuyioin (3.40"), croficTRaME BeKTopHOro
nenglu;mbg pesyﬁsm'raun npumepa 1, nosydaem

A i1 4 9] — 6R)] = 8 {ii] + 4 {{jj — 12 {ik) —
ab) = [(2i — 3f -+ 5%) @ +2f @)] i - -=
l_,lzlifl-sﬁ'fl + 18 (&1 + 20 ki) + 10 (k]| — 30 (€] = 4 (4] —
126

B 1205~ 1200 1 18178 + 20 R + 104} = 16,3 — 81 +
+ 32 [ki] = 87 + 32] + 16%.
4. Ynpoctuts swpamenue [(3q — 26} (2a + 55)].

Homsysace dopmyaos (3.40’) u ceoficTpamn BEKTOPHOrO {TpOHS-
BRICHHA, NOMYyYaem

(—2) 23] -+ (—26) 56] =
= 15 {af] + 4 {ab] = 19 [ad].
5. Tokasats, w€ro BerTopn {ab] u (2d (32 —
Yupocrnu eropoe sexroproe npoHsseAcrHe:
12 (%3 — 8b)] = (2330] + (25— 56)] = 6 (] — 10 (35} =
= — 10{ab].

eKTOpH [ab] 0 — 10 jab] KOIUTHHEAP I, .
b 6. Hasw sektopm 4, b, ¢, YAORJIETBOPHAIOUIHE YCAOBHIO 4 + & 4-
o+ ¢ = 0. Hokasarts, uto [ab] = {bc) = fcq].
£ YMHOKHM BOKTOPHO @ Ha @ 4 b 4 ¢ =0, Toryaum

[aa] + fab] +- [ac] = O wan {ab] = — jac) = [cal.
MHOXAA BEKTOPHO @ + b + ¢ =0 Ha b, naxogmm
] (b] + [6B) + [B) = 0 wan {aB) = — [35] = [b4].

. U3 neyx papencre {af] =
gaemMoe PaBeHCTBO,

55)] xonnmueapasL,

lcd] u {aB) = [5)) crexyer poxas.

g 3auenannme Bexropw G b ¢ ofpasyior tpeyromwmmx Bee sexTOpN
Bobl, [bc] lca} manpasnenm » omny CTOpOHY, 2 MOAY/L KAKAOFO M WX pancy
MOPOeHHOR NACHIALN TPEYroMbHURA, BOCTPORHHOTO HA BeRTOpax a, b, o
* 7. Iokasate, 910

{ab]® 4 (@b)® = ',

E To ONPEAC/ICHHIO BEKTOPHOTO H  CKAMAPHOro TIPOHSBENCHHS
e,

Y A
ltab)| =|al-|5] sin (25),

_— AN

_ ab = |a| +|b| cos(ab).
Boseona B kBagpat ofe nacTy KawJoro

pA riownesino, MOAYSHM

{{aB] [* + (aB)® = [a |5 }s.

PABeHCTBA H CKaapsd-

s



T ANUEL] BEKTOpa pPaBeH ero CKAAspHOMY KBaj-
pa'r;- aiomnl;al;aeﬁlaomy paBeHCTBY MOMKHO NPHAATG BHJA
[GEJ + (ab)* = a? b2
8. JlapH BeKTOPH i .
a=11, —2 2,5=130—4}
Hafith HX BexTopHOe NpOHSBeJeHME, CHHYC YIVIA MeXAY HUMH

¥ MACHALL NAPAANENOrpaMMa, NOCTPOECHHOTO HA 3THX BEKTOAx.
CocranuM TaGauuy H3 KoOpJAHHAT BeKTOPOB

1—2 2)_
3 0—4

¢ 6ubl u pace
s noouepejHo nepsbifi, Bropol, TpeTHH CTOX
cma?;::gzs? ano:lyqengue onpefleiTeNn (NpHYEM BIOPOH — CO 3HAKOM
1—2

MHEYC), [MOAYTaeM
1 2
, |3—4| (38 ©

- -2 2
9o =1] o0—1
o gopmyae (3.38) maxoam mJomaAb MAPALNeNOrpaMMa
S=|[abl| =V &+ 1 +6=y300=10V2.
C nomombio (opmyinl (3.44) onpeaeasieM CHHYC YIia MeXAy
JlaHHHIME BeKTOPAMH
AN VELIGI 6 _
Sn (@) = G = VL= BV B (=&
10y?2 _ 2];’2'
=733 .

} uan [ab] = (8, 10, 6},

9. BuaHCANT NAOHIAAL TPEYTOAbHEKE ¢ pepipamu A( — 1, 0, 2),
B(1, —2,5), C(3,0, —4). I,
HaxoAuM CHA4ala KOOPAMHATH BERTOPOB & = AD H O = AC:

a=1(2, —23), b={4,0, —6}

HaTH BeKTOpHOro mpomsseerus [ab]  ompegennen o
(popln{i;ongn?&ﬂ). npeABapHTENbHO BLIMHCAB T4

2—2 3)
4 06/

-2 -8 )
[abl=ﬂ g_ﬁl,_'zl-——ﬁ, 4 0

IMonyuaem
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C nomompbio popMy.TR (3.43) naxzomum nnomane TPeYro/NbHiTKa
) S= (@] = +V T FFE TS = VT8 =

- —223 = 14 (xB. ep.).

10. Tpu coat Fy = {2, 4,6,), F, = {1, —2, 3}, Fy={1,1,—7}
 mpuAOXKeHH B Touke A(3, —4, 8), Onpegenure penuausy u na-

"% HpaBIAIOMYE KOCHHYCH MOMEHTA PBBHOLEACTBYIOmel STHX cH
i OTHOCUTeNIBHO ToMKH B(4, —2, 6),

Ecnu pextop F usofpamaer CHJIY, TPHJOKEHHYI0 B Touke M,

% a BeKTOp T =NM, 10 Bektop [aF] npescrasaser coboft MOMEHT
% curu F orHocutespno touxm N.

% Haitaen cHawana passozeficreyomyio Tpex aammbix cun
F= -Fx + Fs + Ps-

Tak kak KoopAMHATH CyMMBI BEKTOPOB pABHE CYyMMaM COQOT
CTCTBYIOIUMX KOOPAHHAT CJATAeMHIX, TO

=(@F1+ 1L, 44 (=D +1, 6434(—7). F=(4, 3, 2}.

&
Pt

e=BA={3—4, —4-—(—2), 86}, 4= {—1, =2, 2].
C nomoupio dopmynst (3.42) naxorum KoopausaTsl [aF]:

- —2 2 —-12 —1-=2
‘“”“” - 3l
[6F) = {— 10, 10, 5.

3 24, 42
CnenopatennHo, BeaUYUNA MOMeHTA paBHOzeficTByioulelf panwua

HaF)| =V (— 10)* + 102 + 5% < /295 == 15.
Hampaenmompe kocunycht wmomenta  cuumt ONPEefeAHM HO
opmynay (3.20) — (3.22):

— 10 2

_ _ _10 2 _5 1
cosq—T—-—sqcosB—-l—s-=-3—.cos‘f—-ﬁ—--3—.

Samaun

1. Hafits_pexropHoe npomspefienne pexropop d =i — 3f + 2
= 674 5] — 4k,

2. Hoxasars, ar0 Bexvopst (6a] n _(36(3a + 5B)) konmmmeapi.
3. YE]JOCTHTB__ Bupaxerus: 1) [(2a — 36)(a + 4B)), 2) [{4a —
B0+ 20@+ 36— 20), 3) (5T — 4T — Sk (2 + 67 — B,

B Tyeax A, A, 23



4. Bekropw @, b, ¢, d ceasausl COOTHOWCHHAMT [ab] = [cd], '§ P 9eTca HEOGXOLHMEIM M JOCTATOYHBIM YC/IOBUEM KOMMAAHAPHOCTH
(3] = (bd). Hdokasats, 4o BeKTOpH (@— d) 0 (b — C) KoaMmmeapupt. | TP:X pektopoB 4, b, c.

5. [lanet BekTOpui a=|— 4, — 8, 8}, b= {4, 3, 2}. Haiiru nx CpoficTea CMEIIAHHOTO NPOM3BENEHHA:
BCKTODHO® MPOW3BENEHHE, CHHYC YIJla MEXAY HuMY, WAOWAmb Ta- & |, abe = bea == cab, abc = — (bac) = — (cha) = — (@éhy;
PaJIeNOrPaMMa, HOCTPOGHHOIO Ha 3THX BEKTOPaX. : - st e T A = ;

6. -Jlan Tpeyrosphnk c Bepuranamn A (4, — 14, 8), B(2, — I8, g‘ ﬂ(g'*ld) ¢ = abc 4 ade, ab{c + d) = abe + abd;
12), C(12, —8, 12). Halit anuny ero BLICOTH, OnymeHNOA N3 - a(}b)¢ = ab (.£) = A (abe).
sepmurs C Ha cropony AB. _ Ecau sexroput a, b, ¢ sanaum cpoum KoopgiHaramu

7. Hamst pee cwie Fre= {4, 1, 3}, F,={—2 2 1}, npu- am={Xy Y3, 24}, b= {Xy, Yo Z,). 0 = (X, Yy Z,).

nowensde & Touke A6, — 6, — 3). OnpeflemTs BeJUYKHY H Ha- 7o nx caem
NpaRNAIONINE KOCHHYCHl MOMEHTa paBHofeficTByloulefi ST™HX CHI 1HHOE Dpon3BejeHiie BbiYHC/AeTCA no dopmyne

om%cu:&mmo: 1) nagana KOO[}?HH&'I;I; 2) Tosku B, —8, —5). : X,Y,2,
. JIoKasaTb «TOMKAECTBO Jlarpatikas: ' _ 357 = Xy
a,b, 2 0 s b0y s__ a: -+ b: + Ci a;a; + ;b - Clcz| i ngfs (3.47)
asb, @0y bty | T a8y + byby + 010 af +-b; + ¢} I ‘8 >

9, [lamni BeKTOpH! ¢ = 31,2} 6=1{2,7 4}, c={L, 2, 1}. * mgg::z‘ﬂ“;g:ﬁ;%;mmw, HOCTPORHHOrC Ha 3THX BeKTOpax, Citje-
Haiiru [[ab] ] 1 lalbe]l. X.¥.2

Oreetnt i — 1714

1 [ab] = 27+ 16423k 8 1 11 [ab} 2) 13 [ab] — 10 ﬁﬁ:l-mm'j;'g V=label = 1| X,¥,2, 3.48)
8) 347 — 77 4 26k. 5. [ab] = {— 40, 40, 20}, S =60, sinlpm-i/—i’;g. 6.h=10. | Xa¥sZy s '

P KOTOPOR 8HaX Gepercs OJHHAKOBHIM CO 3HAKOM onpegesurtend,

Y AR )) F‘lmf_‘;+ﬂ= {22; 34, a= gA= [ii —6,—3}. I_{'a!'?il==45, cosa= % Jleofinim gexmoptvim npousseCeruem [[ab] c] nasuiBaercs Bek-

=—g csf=—-g csy=5" 2 F=(2 3 4}, a=BA={1 9 2L ‘i‘opli_oe npousseiende BekTopa [ab] Ha BekTOp ¢, YMHOWaa Bex-
. . 2 — TOp @ BEKTOPHO Wa [bc], nonyuysM pBoiiHoe BeKTOpHOE

{[aF1}|= V 5. cosa =1T5_‘ cosp=0, oosys-]—/.—s;. 8 ¥raseunue Do #Hye [albell. B obuem coyyae P potssere-
T0AbIOBATHCA  ToMgecTBOM npauepa 7. 9. [lablcl={ —46 28 —i2}, [a Bel] + [[ab) cl. (3.49)

lefbell =({—7 7 7}

§ 3.5. Cvewraunoe npoussencane. ABoiHOE BEKTOPHOE NPOITIBE NEHHS §

-~ — ;: 1. B a. b e - -
CHewannnim npoussederies TPEX BEKTOPOB &, b, ¢ HasbiBaerc: i eKTOPH 4, b, ¢  yaoBnetBopsior ycnosmo [ab] + [be) -

uncAO, paBilOe BEKTOpHOMY nposBellertio [ab], ysuomenuomy 1 leal = 0. IlokasaTs, 4TO 97H BeKTOH! KOMI/AHAPH®L.

CcKanspHo Ha BeKTOp c. CMemaHHOE NpousBEfelilie BEKTOPOB a,b, ¢ , ':_ oy“‘r‘l*gf;;“l‘{;"aﬂﬂpm BeKTOp @ ®a BexTop [ab] + [B¢] 4 [ca] =

ofosnayaeTcs CHMBOAOM abe. - - - -
Bepur! csiepyioullie papeHCTBa: afab] + a lbc] + a [caj = 0 nan wab + abc +aca =0. (A)
Tak Rak BexTopw @, 4, b u 4, C. @ KOMOVIAIAPHE, TO B CHAY

Npavepu

abe = [ab)c = afbel. @3.40 F3
Cwewannoe nponsBeneiiie abc pasno ofteMy napanterennnexs ¥ IOBHA (3.46) sakmouaen, uro
NOCTPOSHHOTO Ha BEKTODax 4, b, ¢, B3ATOMY €O SHakoM mmoc, kora - $ 25 =0, 355 =0 ®)
penepel @, b, ¢ H i, j, B NMEOT OR!MHAKOBYIO OpHeHTAUNO, ¥ C * Parencreo
34aKOM MHHYC — B MpOTHBHOM chydae. PaBeHncTso . (A) ¢ yuerom pasencta (B) npumimaer sup
abc =0 (3.46) = . abe = 0.
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B cuay TOFO Ke YCJOBHA (3.46) 3akmouaeM, 4YTO BEKTOPHI

@, 0 ¥ ¢ KoMOjaHapHbL.

3ameuafyue CMemannoe NPOHIBEAEHEE TPEX BEKTOPOB, CPEA KOTOPHX
MMeeTcsi fIB PABHEIX, PaBHO HYJIO.

2, JlokasaTh TOXAecTBO ab (¢ + aa + fb) —abc, TRE O M B—
NPOH3BObHbIE THCIA.

TlpunMas BO BHHMAHHE CBOFICTBA CMEMIRHHOTO MPOHMSBEJCHI

4 3ameuanwe K mpuMepy 1, moayuaeMm
@b (¢ + aa - pb) = abc -+ aaba + fabb = abc,

8. Hafttu cMelanioe poHSBELiente TPeX BeKTOpoB a=1{1,1,2},
b=1{2 1, 1},c={1, —2, 31. Kaxofi penep o6pasyioT BeKTOPHI
a, b, c? (Koopaunathutil pemep — mpapbiii.)

Mo dopmyae (3.47) HaxoaHM

1t 12 Tt 12 3
ae=|2 11!1=l0—1—-38)= “3“1 = e 10,
f—23 |(0—~3 -

Tak KAK CMEIZHHO® TPOMSBEJeHHe OTPHUIATENbHO, TO Ppenepht
5,¢ m 1,J, E UMeOT NpPOTUBOMOMOKNYIO OpPHEHTAllHIO, T. &
. b, ¢ — neBwit penep. ~ ‘
4. Jloxasats, uro Bexropu @ = {1, 2, —2}, b=1{1, —2, 1},
¢=1{5, =2, — 1} KoMOAaHAPHEL
HafineM cMeinaHHO® NpOM3BEJCHHE 9THX BEKTOPOB 1O (hop-

myJse (3.47): =
1 2—2y |12-—-2
o] 1—2 1 =\2 0—1 =-—2\2'1\=0-
5-2—1| 1603 6—3

ChnefloBaTeNbHO, BLNOAHeHO yenosne (3.46). 210 1 oc3HayaceT,

YTo BEKTOPH! @, b, ¢ KOMILIZHADHHL
5. Haifita otwem V, rerpasapa ABCD ¢ BepildHaMH B TOUKAX

A (xls Y1s 2'1), B (xS, Ya zﬂ)’ C (xs! Y 23); D (xo, Yo zo)-
Hafinem pextopsl Tpex pelep TeTpasapa,
KaKOf-nH60 ero BEPHIMABI, HAMpHMEp BepuilELl D:
E= m = (xl'“-xo,gl—:_yo, 2y~ zo}, E‘ = DmB = {x,;—-xo, !
— Yz —2) ¢=DC={t—tpgs— Yo 23— 2}  (A)

IMocTpous Napajnenenume] Ha BEKTOpax d, b, ¢, NpHMeM 33 €ro
ocHoBanHe mapasnenorpaMd ABCL, nocTpoemHui Ha BeKropax

a = DAu b= DB. 32 ocHoBaulte TeTpasApa NPIMEM TpaHb ABC,
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IMaomaae sToit

aHu ,
rpamma ABCL: P PaBHZ TNO/OBMEE Miowaan S mapaaneno-

1
Sl = 5 S. (B)

Tak Kak Bricota
Y napannenenunera u
TO 0003HagHB ee depes k, momyuHM: LA H TETpasfipa OAHA 4 Ta He,

| )
V= TSJ:; ©

V=58 (D)
rae V— o6vem mapannenenmunena.
Hs dopuya (B)— (D) creayer, wuro

I-
Vi =5 V. (E)

Mpunumaa so
Honyw BO BHHManue papexcteo (A) w Qopuyny (3.48),

] Yo—Xo th—1Y 21 —2
Fta— Yo Ya—Yo —2 |
X=Xy Yp=Yo Z~—~2,

6. Ilanst Bepwmmu  retpasgpa: A0, —2, 5), B(6, 6, 0)

C(St _3’ 6 y D — &
HOR 13 Bepmzmu C(L?’ I, 3). Haiitn gauny ero BLICOTH, OTMYIHEH-

Halixem cnauan
1oy yaem ¢ a oGwem retpasipa ABCD. Tlo gopuyne (3.50)

Vi==%=

(3.50)

0—2 —2—(—-1)5-3

L —-2—1 2
Vim=g16-2 6—(—1)0-3==l] 4 7_3/
3—2 —3—(—1)6~—3 g 1—=2 3
0—1 0
==Ll 7 1 =:i‘l h .
42 -t
Tak Kak onpegemurens
PaBCH OTpHUATENbHOM
B J8HHOM c! y K e
Cne,uonamg;%?ae nepes  GopMynofl HYKHO BSATH B8HAK MHHYC.
1
=— g (—l—tn=2_18

Hcromylo sennunny # onpemeanm us dopmyau V =-L s
3 3

g The S —nuomane oCloBamA. Onpegenum nnomags S:

8= i),

f e a=DA=(—2 — 1,2, 6=DB=14, 7, —3).



[Tockoneky
-1 2 ‘

[&51——-{ 7—3 _4"5,!, I#i_;”

[ab] = [~ 11, 2, - 10},

TO
S=—|i@l|= LV =TT EF (=0 = VB =7 -

Mopcrasnas B gopuyay V = -% Sh sHauenus V = -];- H S=

= -1-2—5-, nosyuum h = 3.

7. TMoxasaTk, yro ToukH A@B, —4, 1), 82, —3. 7,
C(l, —4, 3), D4, — 3, b) nexkar B oABOR NJIOCKOCTH.

Ecim  tourn  A(xy, Y, 21), Blxa 4,2,  Clxs, Y 2k
D {xo, Yo %) ACKAT B OAHOR NJIOCKOCTH, TO 00beM TeTPasipa D
pasen mymo, Mz cdopmynpt (3.50) nomyuaem neolxopumoe # No-

CTATOUHOE YCJOBHE KOMINAHADHOCTH YeTHIpEX TOYEK.
Xi—Xo X=X, Xg— X
h—Y Ya—Hl HYs—l
H—% La—fH L—4

Moxcraenna xoopawnarkt Towek A, B, C, D B onpegenitens,
croamufi B npasoit wactu dopmyant (3.50), nonyuaem

=0, (3.51)

3—4 —4—(—8) 1-—5 -] -1t

9—4 —3—(—38 7T—5i=|—2 0 2=

1—4 —4—(—3) 8—5{ |—3—1—2
—l w-1—4

—l—2 0 2l =—(=1 _Z§I=0'
-2 0 2 -

8. Jlokasatb Toxaectso {[ab] ¢} =B (ac}— a (be).

Bextoput @, b, ¢ npubeseMm K ofmemy Hauany. Beenem npamo-
YIOMBHYIO CHCTEMY KOOpAMHAT CJeAyiomliM ofpasom. Hagano
KOOPLHHAT TOMECTHM B TOUKe NPIJIONEHHA BEKTOPOB 4, b, ¢
(puc. 3.19). Bekrop { manpaBum BEOM> BERTOPA &, BEKTOP j Buibe-
PeM B TUIOCKOCTH BEKTOpOB @, b, TOTZA BEKTOp k onpemeautcs ycio-
BHeM, 9T perep i, J, R — npapisft. Tlpw TakoM EBbibope CHCTeMH!
KOOPJITHAT HMeeM:

a={x, 0, o} b= {xs ys O} ¢= {%a Y5 23} C (A
i34

Io dopuyre (3.42) noaydaem

[af} = {0, 0, x4s) u [labic] = [ — Xathfs Xitets, 0).  (B)
G apyroft croponu:

. ac = Xy Xy, B_(B_E)_= {1303, X4gjaxs, O},
bC = X305+ gatfs, @ (0€) = {10505 + Xyl 0, O},

R T

o

B
g Puc. 3.19
OTKYAa el
b(ac) — a (50) = | — mpatls. Mgy, Ol ©
Cpasuupan dopmyast (B) u {C), noayumw
{ab) c] = b {ac) —a (Fe). (3.52)
9. Hokasate TOXARCTBO
{a {be]] = b (ac) — ¢ (ad). (3.53)

s porasarenvcrea licnobsyem CBOHCTBA BEKTOPLOrO MpoH3-
‘BepeHus u opmydy (3.52), noayuennyio B npumepe 8:

{a (Bcl] = — [{be) @] = — {c (@) — b (ac)} =T (ac) — ¢ (abh).
Bamenanue PesympTaraw, copepmampvcs B Qopmynax (3.52) u (3.53)
UMOIRHO AATh CAGAYIOULYIo (OpMYAHPOSKY. meofidoc BeKToprioe NpoM3EeeHKe
L PaBaC cpeatesy (MO SAHHMASMOMY MECTY) BOKTGPY, YMHOMEHHOMY HA CKANAHOR

' IpoB3DENeHAe ABYX KpaAwnx. MHNYC Apyrofl BEKTOP BHyTpemHed CKoOKH, yMmig-
HHNA 63 CRaJSpHOE MPOHIBEACHHE JHYX OCTARBHELX,

10. Hokasark TOMAECTDO .
— e ad :
(@) [ed) = ’ u M] (3.50)

CranfipHoe NpOH3BEACHIE BEKTODHBIX npoussefenwd [ab] n [cd)
OXHO PacCMAaTPIBATL KaK CMEILANHOS NPON3BEASHHE TPEX BEKTO-

P08 2, b 1 [cd]. TlpunimMan Bo BEMarue dopmyay (3.45), noayauu
' {ab] [cd] = ab [cd] = a [b [cd]). (A
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(6 [cd)) = ¢ (d)y — d (Ec),
HosTOMY
_ p

a [bcd]) = a (¢ (bd) ~d (B6)) = (ac) (bd) — (ad) (bc) = l % 32

. (B)

Ha papencrs (A) ¥ (B) noaydaem coorsourenine (3.54).

Bamewanne. B caymae, korza a=g¢ & =4, noayuaeM TOKIECTBO mpu-
Mepa 7 § 3.4, WM B KoopaMEATAX «TOMEECTBO Jlarpamxar (cM. safaay 8§ 3.4).

Sanaun

1. Hokasate Ttompecteo (@ + 8 (b + cj{c +a)= 2abe.

2. HaliTH CcMelIaHHOe NPOH3IBEAEHHE TpeX BReKTOpoB: a = {7,
—1, 4}, b={—4,5—6},c={ 6, 8, —3). Kaxoit penep ofpa-
3YIOT BeKTOpH 4, b, ¢?

3. Buuncaurs ofneM mapassellenunefa, NOCTPOEHHONO Ha BeK-
Topax @ = {3, 4, 6], b=1{4, 1,1}, ¢=1{2,0,3).

4. TTokasath, 4rto BekTOopel @ = (1, 5, 4}, 6= 1|6, —4, 4], c =
= {10, —1, 10 ] RoMnnanapHeL.

5. IlpoBepurts, uro Touku A (5, —1, —1), B{4, 2, 2), C(5,3, 1),
D(8, 0, —5) nexar B ofHO! MIOCKOCTH.

6. Buuncouts ofneM retTpaszpa, BeplIHHE KOTOPOrO HAXOAATCA
B Toukax A(S,2, 2), B(—8,—2,5), C(6,3,0), D(9, 3, 2).

7. Jaum  Bepuinnt  TeTpasppa A(4, 5, —3), B(6, 3, 0),
C(8,5 —9), D(—3, —2, —10). Hafitu pmiHY ero BHICOTHI,
ONylleHHolt NS BepuinHbt D. o

8. Ilpu rakux ycaopusx {[ab] c] = [a 173)

9. ITokazars, uro [a [bel] + [6 [call + (¢ [ab]} = 0. .

10, Jokasate Toxaecreoe [ab) [cd) + [ac) [dD] 4 lad) (b¢] = 0.

Orperyy

2 3! Bexropuw @, b, ¢ obpasywoT mnpasuft penep. 3. 43 8 05 7 h=11,
8. Bex7OpH @ U ¢ JOMKRE ObiTh KOZ/MHEADHH MAH BKTOp b mosken  6uth

HepeRANKYAsper BekTopam a ne 9. Y rasanie BocmomssopaToes sameuas
Hview K mpavepy 9. 10, Ykasaume K xamjgomy caaraeMomy DpHMenhith
Gopuyny (3.54).
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- TENESRS T JellaYvarl IRV NA I‘UUMCT]JHH B HDOCTpaHCTBe

§ 4.1. MnockocTs B npocTpancTee

IItoCKOCTE B MPOCTPAHCTBE  OTHOCHTE/BHO NPAMOYTOMBHON
CHCTEMA KOODAMHAT MOMET OHITh 33J2HA DANIHIHHMH CHOCOGAMIL
Hanpmvep, nnockocTs oasosnauso onpepesserca touxoi B Bexto-
poM, eff MepreHAMKYJAPHHM; TPeMA TOUKAMH: OTPESKaMu, OTCeKae-
MHMH Ha OCAX KOODRUHAT H T. m. B saBucmMocTm or cmocoba sa-
AAHAA NIOCKOCTH PACCMATPHBAIOT PA3INUHHE BHUIH ee YPaBHEHH.

4.1.1. O6mee ypaeserne n TH.
Cocraraenue ip 2 na o

e B OTPeIHaX.
B IO PASAHYHLN €¢ 33AaHHEM

Ypasuenne niockoeTH, mpoxopmmeit 9epes  AaHHYI0 TOYKY
Mo (%0, Yor %) W nepreHEUKyAAPHOLN BeKTOpy 71 = {4, B, C}, B Bex-
TOPHOM BHJE 2aMUCHIBACTCH TAK:

nir—r) =0, @.n
TAe 7o — PATMYC-BEKTOD TONKH M, (%o, oy 2); 7 — PARUYC-BEKTO
npousBosienolt TowkM M (x, g, 2) pammOR mAOCKOCTH. YPaBHEIng
(4.1) supaxaer ycaopne NepIEHANKYIAPHOCTH BEKTODOB 71 i

7 —ry = MoM (puc. 4.1), umeiomee Mecto A9 060N TOIKH THIOC-
KOCTH, DTO ypaBHeHHE MOM(HO 3amHCaTb B BUAE

r+ D =0, rae D = — {ir,). (4.2)
A
M
| 4
!
1 ig f'
l 0 PHC. 4.1

Tak kak n={A, B,Cl 07 —ry = (x— X5, g—pp, 2—12,), T0 B
coorse_rcmuu ¢ opuysoit (3.33) ypasrenue (4.1) NPEMET BHJA

- A —x)+ Bly—y) + Cle—2) =0 (4.3)
Ax+By1Cz+ D=0, (4.4)
rae :
D= _(Axt'l +By0 ']"Czu)'
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Ypapuenue (4.3) HasHBACTCR YPISHEHIEM nAOCKOCI,; NpoXoda-
weti uepes Oannyto mouky, a ypasticune (4.4) — obuum ypasnenues
nAOCKOCTU. :

3ameuanne B ypasnenuax (4.3) ® (4.4) wosppauuenta A, B, C omno-
ppeNeHNo B KYAb He 00pamialorca (TaX KK BEKTOp 7 HE ABARETCR Hy/b-BEK
F0poM).

Uacriime CJIyUaH o6mero ypasHeHHs NAOCKOCTIH:

1. CeoGonHnit uneH pased Hymo, 1. e D=0

Ax -+ By+ Cz=0 (I10CKOCTh MPOXOAWT Hepes HAUAI0 KOOPIH»

HaT). {4.5)
9. Ozun n3 KodbGUIMEeHToB NPl TEKYMHX KOOpANIHATAX PaBeH
BYIO H ,

a) D+0, Torga MAOCKOCTb HAPANJIL/ILHA cOOTBRTCTBYIOWEH
KOOpAHHATHOR OCH:

A=0, By+ Cz-+ D= 0(nnockoCTb llapaneba oc Ox), (4.6)
B=0, Ax+ Cz+ D=0 (anockocth mapaniefbra ocH Oyy, (4.7)
C =0, Ax+ By + D =0 (naockocTh HapaliebHa oci 0z, (1.8)
6) D =0, Torma NJOCKOCTh MPOXOAHT HEpE3 COOTBETCTBYIOWLYIO
KOOpAVBATHYIO OCb:
A =0, By+ Cz=0 (nnockoCTs NPOXOANT Hepes oCk 0ox); 1.9)
B =0, Ax - Cz =0 (mrocKocTs BPOXOANT H2pe3 OCH Oy  (4.10)
C =0, Ax+ By =90 (RnoCKOCTh MPOXOAHT Uepe3 OCh 0z. (4.11)

3. Ipa KosdbiuuenTa NpH TEKYIIHX KOODARHKATAX paBH&! HY/IIO I
a) D+ 0, Ttoraa mNIOCKOCTb napaJiJieJbRa cooTBeTCTBYomelt

KOOPMIIHATION MJOCKOCTH!
B=0, C=0, Av+ D=0 (nnockoCTh Napamie]bHa MIOCKOCTH

Oyz); (4.12)
A=0, C=0, By+ D=0 (n1ockoCTh Mapanie/bHa MAGCKOCTH
Ox2); (4.13)
A=0, B==0, Cz-+ D=0 (nnockoctb napajieixHa IVIOCKOCTH
Oxy), (4.14)

6) D=0, Toraa MIOCKOCTh CcOBMaaaer cC cooTaeTcTsylomeﬁ’
ROOpARHATHO! MAOCKOCTBIO!

B=0, C=0, Ar=0 nmu x =0 (ypasHenue MIOCKOCTH Oyz), ,
@

A=0, C=0, By=0 nnu y= 0 (ypasHeHue MI0CKOCTH Oxzz; |
(4.16)

A=0, B=0, Cz2=0um z= 0 (ypaBHeHie TIOCKOCTH Oxy()&,

17)
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Ecan un opun u3 Kosddn
uHenTos ofiero Buendd (4.4
PaBeH HYJAIo, TO OHO MOXKeT ObITh npeo&paaosagopax BHIY (@A) we

AN AN
LrL+ iy, (4.18)

__D D D
rie a A b=— B ¢ = - a.rireﬁpanqecuue BEJHYHHH

nanpasne}iﬂux OTpeskoB, OTCeKaeMBIX Ha OCAX KoOpZHMHAT. ¥pas.
seHne (4.18) HashiBSeTCA ypasHeniieM NAOCKOCMIL & OMPESKAX,

Nsusmepr

I._Cocraaurb YPaBHEHNe RAOCKOCTH, NEepeHAMKYAApHOH Bex-
}1?)1{3 ;z =—J-I I}?,ﬂ;;’;gp}i H npoxopsikeli gepes rtouky M, (5, 2, — 3).
TIOCKOC -
4 Rrg—ﬁ, Ry Kocrd Tourku P(l, 2, 1), ¢4,5. 1)
oncrasiss B ypasuenne (4.3) spauenyg A==2, B=-—1
C=4, x,=05, =2, 2,=—3, noayum :

2(x—B)—(y—2) L 4(z -+ 3) =0,

Pacwpuiag cxo6ki n np
HBOAS TNOAOOHBIE WIEHH!, HAXOAH
HCKOMO® ypaBHeliHe NJIOCKOCTH ' ol

2x—ylL4z4+4=0.

n BuisennM, Jexar ag roukHn P, @ v R Ha pandoit macckoerh.
OACTABASA NOCHENOBATENBHO KOOPAWHATHL STHX TOYEK B JIeBYI0
TACTL TMOCNEAHETO YPaBHeHHA, MOJYYHM:

2] 1.2+ 4(—=1)1+4=0
2.4—1.51+4-144>0
2(—6)—~1.2+4(—3+4<0.

, Caeaosatensio, Touka P Jexnr Ha anuwoll niockoerd, Toukwn
€ u R nnockocT# He mpuHaanexkar. OHH HAXOMAAYCS HO pasuue
. CTOPOHbI OT wmee {B pe3yibTaTe MOACTAHOBKH HX KOOPAMMAT
ypaBHeHHe RJOCKOCTIl NMONYYEHH YHCAA PAsibiX SHAKOB).
Samevanne [Naockocts A% - By -} Cz 3 D = 0 pasSupaeT npoctpancing

"BR HRA HONMPOCTPALCTBA ANA TOUE
Aam touer ppyrore Ax 4 By -[EOCinj- %m;rg. Wtk Axt+By+Cot DO,

2, CocTaBiTh YpasHeHHS MIOCKoCTedl Mo CJ
SIYIOUIHM JAHHRM:
1) maockocts mepneHpaHKyAapsa ocl 02 H NPOXOAAT qepéua TO‘]I:;
(lﬁ _2! 3):
2) naockocTe mpoxoaut uepes ock Oy u Touky Q(4, 2, —O);

% 3) naockocTe napaanensia ocH Ox o
Touka R(1, 1,2) 1 $G, 3, —2). NPOXOJHT Yepes ABe

BRI A i, T T
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neprieHARKYAApHan ot 02, NapaAnesnhHa Koop-
nuullﬂ"ﬁﬁgcciﬁ’cm ]E)xy u ee ypapsende (cM. ypasuemde (4.14))

HMeeT BiA Cz4+D =0,

B STO ypaBHeHwe KOODIMHATH TOUKH P, mnoaydimM
Cﬁgﬂ_ﬁ,u.grimg’m OTKYZ3 yg = —3C. Cneposarennno, Cz—3C = 06
C(z—3) =0, no C= 0, sHaunt nNoAYydMM ypaBleHHe z-— 3=

= 3.
Hm{2§ Tak Kak NJAOCKOCTH IIpOXORNT depes ock Oy, TO ee ypasHe-

upe (cM. ypasherne (4.10)) HiieMm B TaroM Biye:

Ar L C2=0.
TMoacTaBias B 5TO ypaBHeHHe KOODAHHATH TOUKH (), MOJyYHM
A44C(—5 =0, orkyna A= —i— C. Takum ofipasoM, MIOCKOCTh

5
HMeeT YpasHeHue -i—Cx—l— Cz =0 C(Tx-]-z) =0, 50 C £0,

SHag‘;Tﬂif::-o;:x? g;IOCKOCTb napajanensia ocH Ox, 10 €e ypaBe-
HHC He COJepXMT ujeHa € X (CM. ypapaeaue (4.6)), T. e. BMeer
BHA

A Ru S, 10 HX

IT gepes TOUKH \

coopanram YHoANTIOpOT ypaBtesio, TloRCTaNIAR KoopITAT
5THX TOUEK B JAHHOE YDaBHEHHE, NOJYUHM:

B+2C+D=0;

3B—20 4+ D=1,

D

b edne mpH.
otkyia B=— 5 C=——~ Crenopare/bio, ypaBH pH=

PUMECT BHJ
_i;_y.—%z+D=0 w2y +z2—4 =0,

3. OnpefleiTh OTPE3KH, OTCEKaeMBie NVIOCKOCTBIO 2x - 3y-b
82 —4 =0 Ra oCAX KOOPAMHAT.
+ Tlepenucas ypasfierne B BHAE 2¢— 3y+4 82=4 u pasgenus
o6e wactu ero Ha 4, noayuuM
H
_;__,.%.y+2z= 1 nm _’2£"+_'£T+—!_= 1

3 2

CpapuiiBag MOCJe[iHee ypaslicHue C ypasHedHeM (4.18), maxozum:

4 1
aﬁ2, b="‘"3_s c= g

40

iy

q.
w

R .

' (4.6)). Tlonaras y=0, us ypaswemus z-y—2 =0

4, Tloctpouts maockocTH:

1) 3 +4y—62—12=0; 2) 24 y—2=0;
HNz+y=04) 3y—7=0,

1) Onpesenns orpeskn a =4, b=3, ¢ = —2, orceKaeutie Ha
OCAX koopAMHaT, mnonyuum pH Toukn A4, 0, 0), B(0, 3, 0),

€0, 0, —2), B8 KOTOPHX mIOCKOCTH nepecexaeT KOOPAHHATHHE
ocH (puc. 4.2, a).

Pic 4.2

2) Bropast nnocKOCTH napadtenbua ocH Ox (CM. ypasHeKie

ROy
z==2. CrefoBatelblo, NMAOCKOCTH mnepecckaeT otk Oz B Touxe
C(0, 0, 2). Aranornuso Ra%OAHM, TTO TOUK3 B(0, 2, 0) ectb TOUKA
nepecedenus ¢ oceio Oy (prc. 4.2, 6).

3) Hnockoets 24y =0 npoxomur gepes och Ox (cM. ypas-

. ' Wemne (4.9)). Ouna gennr nomonam yroa Mexay KOoOpAHHATHLIMK
4§ nockoctamn Oxz u Oxy (puc. 4.2, g).

i



4) [nocrocts 3y —7 =10 napan:lem;ua naockoctn Oxz (cM. ypag-
werHe (4.13). Oma orcexaer Ha ocu Oy orpesok b=-3-

7
(puc. 4.2, 2) (snaqe:me b nonyueno K3 ypaBHeHus y =_§,),

5. CocTaBHTb YpaBHEHHE [WIOCKOCTH, MpoXoidwled depe3 TpH
Aanube Tourn M, {¥, ¢y, &), Ma{¥xs, th 2), Mg(xs Ys, 25). Hamn-
caTh ypasHeHHe paR  caywas M, (1, 3, —2), M,{4, —5, 6),
Ms(-" 3.,1, 2). _

Iyers M — nponssoabnan ToYKa Maocxkects (puc. 4.3) 1 ry =
e= OM,, 5 = OM,, 15 = OMS;, 7 =0M — pamuyc-Bexrophl Touek M,
Ma’ Ms; M

Mz
M
A M
F ]

BeegeM B paccMOTpEHHE BERTOPH!
MIMQ = ;g—'?l, MlMg =;3'—;1g JJWIM == ;_Fl‘

HOCKOJII:KY 5TH TPH BCKTOpad JCMKAT B ofHoll IITOCKOCTH, TO HE
CMCIlaKHOe ITpol3Befieyne paBHo HYJAI0, 7. €.

(r—ry)(ra—r)) (rg—r) = 0. (4.19)

Ypapuenrie (4,19} sBagercsa nckoMmuiM. B RoopAuraTHOf dopnme
OHO HMERT BHX
X =X ¥ —t z—2 |
Xg — xl o — yl &3 — 21 - 00 (4.20)
Xg— % Ys— 4 —2
Ypasuenue niockoctH, mpoxoasmen uepea rouxku M, (1, 3, —2),
My{4, —5,6), Mg(—3,1,2) B coorsercreu ¢ (4.20), sanu-
IUeTCA TaK:

x—1 y—3 242
4} =5=—=3642(=0 3
—8~1 1—3242 —4
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Pre. 4.3

x—1 y—382+2
—8 8 =0.'
—2 4

4 Pagnaras nmoc/ieAmMit onpepeanTens Mo  sneMenta nepBofl
CTPOKH, NONYUlM

(x—1)

HIH

—88 38 3—8
-9 4"_(9"'3)1_4 4’+(z+2)l__4__2|=0

8¢ 422y - 192 — 36 = 0,
6, CocTaBuTh ypaBHeHne nJOCKOCTH, mpoxofsimelt ucpes JABe
{ JAUHbE TOUKI M, (xy g 21)s My(xy, o5, 22) Dapanrensuo JanHoMy
$ BRKTOPY @ = (a;, 4y, @,}. Bexropn & u MM, — seKoamineapHsl.

7
%
M;é*”w
kY Bames
\ —
N2 /fF
¥
g

OrioXKiuM BekTop @ of Toukd_M, (puc. 4.4). TTycre M(x, y, 2)
NPOUSBOJBHAN TOUKA IIOCKOCTH U #; = OM,, Fy== OMy U F = OM —

panuyc-peKTopH Todex M, M, M. Bsesem B paccmorpesie
BEKTOpH! -

Bekropet a, MM, MM nexar B oppofl NMAoCKOCTH, HOSTOMY
BX CMEIlaHHOS MIPONSBEJieHHE paBHO HYAW, T. €.

_ r—r){r—r)a=0. (4.21)
B rooppuHaTHOA (opMe 5TO ypaBueHHe NPHMET BHR

X =% §—Hh 22—y

f—X th—th n—2z =0 (4.22)

Puc. 4.4

a, 03 A

7. Ilokasate, uwro miockoernt 5y — 3y — 26z — 3 =0,

10 + 3y + 112— 42 = 0, 20x — 39y — 232 4- 96 = 0,
0x4-21y4-22421 =0

%6(1:133{;0;)? TeTpasap. JIEWHT ;i BHYTDI 9TOrO TeTpasfpa TOUKA
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T

Uersipe TWIOCKOCTH OOPasyloT TeYpassp, €cam Kaxaas rpofixa
X TepeceKacTCs B OJHOM TOUKE K CPEeAM MeTHPeX TOYeK nepece-
YeHHA HET COBNARAMINHX. .
Pemas cucreMy ypaBHEHHH "
5x— 8y —262— 3=0;
10x 4 3y 11z2—42=0; ,
20x — 39y — 23z 4+ 96 = 0,
nomyunm Touxy A3, 4, 0).
Y3 cucrems! ypaseeHwit
Byx— 3y—26z2— 3=0;
10x+ 3y 112—42=0,
10x - 2ly4 2:421=0
ponyunm Bropyio Touxky B(4, —38,1).
Cucrema YpasHCHUI .
5x— 3y—26z— 3=10;
20x —- 39y — 232+ 96 =0; ,
10x +2ly4 224+21=0
sact Tperbio Touky C{—4, 1, —1). £
Hakonell, petiiast cHCTeMmy
10x+ 3y+1lz—42=0;
20x — 39y — 232 -+ 96 = 0; }
10x 21y 224-21=0,
noayunM yersepryic Touky D(—1, —1, 8).
Tak Kak monyyelHoie TOYKH PANTHYHBE, TO JAadHbie NJOCKOCTH 2

oOpasyioT TeTpasap, BePIIMHAMH KOTOPOro  AIBJAIOTCA  TOUKII
A B C D

BuisicHiM Tellepb, JeXKHT JH ToYKa E BHYTPH TeTpazppa
ABCD. Ecam E nexuT BHYTpH TeTpasapa, TO OHA H Kakjan
BepINIIHA €10 PACIIOJIATAOTCA 1O ONHY CTOPOHY OT MPOTHBOTIONONK-
Holl Tpamm. [lanee, ecan gBe TOWKH TIPOCTPAHCTBA HAaXOAATCA 10
Oy CTOPOHY UJCCKOCTH, TO TIPH TIOACTAHOBKE HX KOOPAHHAT
P /CBYIO HacTh YPaBHEHHS 3TOf MJOCKOCTH MO/YHAEM 9IICJa OfHOTO
gnaka (CM. 3ameuasue X mpumepy 1). PaccMoTpuM TOUXH AuE.
Jins Toukd A npOTHBONONOMKHOH ABJSETCH Tpadb, JIEKa2s B J0C-
xeern 10x 4 21y 4- 22 + 21 = 0. Tloacramnsas KOOPAHHATHL ToyeK .
A u E B nesylo uacTb YpaBHEHHA 5TOfi TJIOCKOCTH, MMOAYYIM .

{0.34+21.44+2.04-21>0, 10.14+21.142.24-21>0. u

CuegopaTesbiio, Touxd A H £ JeXaT no OHHY CTOPOHY OT i‘ ~
rpaun BCD, . F

144

N

S

S

AR

DS R e

Has rouknw C npoTHsBoOnOMOXKHOA 6 -
B nnockoeTH 10x 4+ Sy& 112—42 = 0. H%ﬁi.l:ranﬁa? ;{Oc;f.;fl?il;l:s
rodex C B E B [eBYIO 4aCTh TOC/AEHErO YpaBHeHHs, TOAYYHM

10(—4)+ 3.1 4 11(—1)—42 <0,
10:14+3-1411.2—42<0.

TaxuM olpasom,
rpany ABD.

Tax Kak

Toukd € n E sexar no oguy CropoHy or

20.4—39(—3)—23.14-96> 0,
20.1-—39.1—-23.24-96> 0,

T0 TOUKN B ¥ E HaxomATcs TO OZHY CTOPOHY oOT r
. anu ACD.
Ananornunnid ofpasoM yOekKgaeMes, 9ro Toukn D Ig Jexar no
OfIHY CTOPOHY or rpaHd ABC.

Caepopatenso, reuka E aexutr sayrpu rerpasgpa ABCD.

y (81 Coc;asé;nmyp&)wemi: MAOCKOCTH, NPOXOAslIeH 4epes TOMKH

1hdy = & ) S’_"$""2HOTce[{a ﬁ

" ocsix O 5 O ) iome#l pabiele OTpesky
YpaplieHHe NJOCKOCTH HilleM B BHje

AN AT
et to=1
Tlo yenosio a = b, MOSTOMY ypaBHeHile MOKHO 3amHCaTh Tak:
Ko o4z
) z tgt—o=1L

TloactaBaan xoopuynatel Touek M, u M
B mocsefiee B
TIOAYUHM ! ? oA YPABHEHHE,

1 -2 6 5 —4, =9
a l a E ¢ 1, a l a i ¢ 1
HJIH

L6 _ 12,
e te=bg—F=L

Pewan nomygensyio CHCTeMY ypaBueHu#t, HaXoguM ¢ == 2, @ = ; .

CaepopaTebHo, HCKOMOE Ypas#eHIe HMeeT BHf

X z
T T+ =l
T 7

Hal

v+ 4y4-2—2=0.
Japaun

1. Cocrasuts ypasHeHHe RJOCKOCTH, mpoxoimmefi Wepes TOMKY

M2, —1, —4) ¥ nepnenanxyanpuoll pe = _(a __
B BeKTOpHONl M KOOpAMHATHOM tbopfaax, kropy n=(3, —6, 1},
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2, Hamucarb ypaBHGHHE MIOCKOCTH B KaXAOM M3 CAeAYIOUIHX
CAYyuaes: -

1) n.q?ocgocm NEpNeHRHKYAApHa oCH OX H RPOXOAHT Yepes TOUKY
P4, —17,0),

" 2) naocKocTh napaasiesibHa oo Oy H NMPOXOAMT 4epes TOYKH
Q(lv 2; _l)) R(Z’ "”"35 _4);

3) MAOCKOCTh MPOXOAHT yeped Touky S(6, —7, B) n ots Oz

3. OnpepeniiTh OTpe3KH, OTCEKaeMhe Ha OCAX KOOPAMHAT na0Cs
KOCTAMIL

) 2x—3y+4:—24=0;, 2)4x4y—32—2=0,

4, TlocTpouTh NMAOCKOCTH:

1) 2% 4-3y—42—12=0; 2) 2x-3y—6 =0,

3) 4x - by=0; 4 4x - 9=0.

5. Hamicate ypaBHEHHe TVIOCKOCTH, NMpOXojauled uepes TOUKY
M4, —3, b) 1 orcexatomeli HA 0CAX KOOPAMHAT PaBHLE OTPEIKH.

8. Hanncate ypabHenue NJOCKOCTH, npoxoAdulell wepes TpH
Toukiz L(—2,4, 1), M(0,2,— 1), N2,0, —1).

7. Tpanu Tetpasapa feKar B RIOCKOCTAX: Xy +2-—1=0;
1—~y—1=0, x—2—1=0, 2—2=0, Jlexur A Havaso
KOOPAHHAT BHYTPH STOTO TeTpadapar

8. CoCTaBUTh YpaBHEHHE MJOCKOCTH, NpPOXOAAUIeH 4epes Touky
M, (xy, ), 2,) ¥ napainebHOR ABYM HEKO/LTIHCAPHHM BEKTOpaM
a = |a,, 8, 43}, b = {b, b;, bs}. Hanucars ypasueune 8 cyyae, Koraa

M@ —1,3),a=|[l, —1,2}, b=12,1, —3}.
Oreetn
1L ar—8=0; 34 ~6y42—~8=0.2 1) x—4=20, 2) 3x-F2—=2==0

1 2
3 Tx4by=0 8 )a=12 b=—8 c=6 Pa=-y, b=2 ¢c=——7.
b x4 y42=6=0 6 x+yg—2=0. 7. He nexur, & r—ryab=0,

E=X P—1th T—2 r—2y+12z—3
A & g ﬂo, 1 -] 2 _—"01
b b B 2 1 =3

uma ¥} Ty +3:—~4=0.

4.1.2. HopMeEXbE0oe YPABHEARR RBIOCKOCTH.
PaccToR4HE OT TOYKH X0 HAOCKOCTH

Hopmaawevise ypasHEHHEM MJIOCKOCTH HASHBAETCA  YPaBHEHne
Bija

xcosa -l ycosd +zcosy—p=0, (4.23)

rie cosx, cosP, Cosy— Hampapafoulleé KOCHHYCH RepmeHANKY-

nAapa, ONYUlEHHOTO #2 Haqa/ila KOODHAHHAT HA AAHHYW MIOCKOCTh,
a p-—ero AJiHa.
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Ofee ypaerentie niockoeTH (4.4
J . MHOKEHHEM HA HOPMU
Wl Mroxcument )y i

1
e R,
R e (+.24)

S8HAK KOTOpOTO DPOTHBONOJOKEH 8Haky D, MOMKHO NPHBECTH
K HOpManbHOMY Biuny (4.23), ‘ ?

Paccmoanue Toaku M, (x 2)) Ko RAOCKO
' ¢TH (4.23) BBIUM-
casercs no dopmyne e o 2) @29
d=|x cosa 4y, cosB + 2 cos71—p), (4.25)
8 no naockocrH (4.4) — no dopmyae
Axy -+ Byy -}- C2, + D|
d=14% L 1 .
YV B+ B0 (4.20)
OmknoneHues TOURH OT NAOCKOCTH HasiiBaeTcsa wicao (4 d),
{ €C/IH 3TAa TOYKE B HAYa o KOOPAMHAT JIeXaT IO DaskHe CTOPOHBL

. OT AaHHON MAOCKOCTH, 1t 4nCA0 {—d), €CAH OHE JEHAT N ORHY
, CTOPOHY OT JAHHOH NJIOCKOCTH, ‘

i KJAoHeHHe 8 Touku A, (x, , OT IIOC '
-~ Aensiercs (opMynoft o{¥0 Yo Zp) OT miocKocTH (4.23) onpe-

8 = 2= (xy €082 4- goCOS P -} 29 cOSY— ), (4.27)
. 8 OT MAoCKoCTH (4.4) — dopuynoit
5§ o A%+ Byo +C20 4 D

p=

R = T (4.28)
, fAe 3HaK carefiyer BHOPATL NPOTHROMONOMHLIM SHaky D.
QuepnaHo,
d=13}, (4.29)
Mphmepur

9. Haitte HanpasJAIOIHE KOCHHYCH W ANHHY MRPREHAHKYAApa,
ONYyIEEHHOTO HS HayalJla KOOPAHHAT HA HAOCKOCTH

10x—2y — 1tz 45 =0,
: YpasHeHHE MIOCKOCTH NPHBEACM X HOPMaMbHOMY BuAy. Hafinem
8 CHAYANa HOPMIDYIOWNA MHONMTe b, B pammom cnywae A = 10,

b B=—2, C=-—11, D=45. Tlocrosisky D> 0, 7
(4.24) HyXHo B3ATH 3HAK MuRHYC. Ilonyqagm : > 70 » bophiyae

1 1
VIeEr (S (-1 B
Ymioxkaa obe yacTh AAHHOTG YpaBHEHHA NJMQCKOCTH Ha HODMH-"
PYIOIHi MHONHTEAB, NONYUHM HOPMABHOE YDaBHCHHE

_ 1o 2 1, 45
EXtEitEe— =0

p=—=

2 2 11
Hnlx——-.g-x+l—5y+]—52-—3=0.
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CpaBHHBaﬂ HOCJIeAHee YpaBHeHHe ¢ YpaBHEHHEM (4.23), HAXONHM:

cosa=—--§—, cosp = B OST= 15 p=3.

10. Brmmenuts paccrosnua touek M, (3, 4, —7), M(2, 4, 9),
M, (5, 1, 0) mo naockoern 25—y + 22—9 =0,

[To ¢opmyne (4.26) nonyuaem:

— [2-3—442(=D=9] _ | —21| =T
o S 3

_d2.2—4429-9] |9 _ 4 d,= [2:6—1420-91 _
“Var(—o+e 3 3
ClesoBaTeNblio, TOUKA M, JOKHT HA ARHHOH MJIOCKOCTH.

11, Jlam verpasap ¢ sepmmnamn A2, —1,3), B(l, —3,5),
C6,2 5), D(3, —2, —5). Halttu AMHEY BHCOTH, ORYleHHOH

us pepiinsl D na rpame ABC.
HickoMast BLICOTA paBHA PACCTOARHI OT TOYKH D fo mJtockocTil,

npoxoasmell Gepes Touxu A, B, C. Cocrabum ypasuenme sTOH
IAIOCKOCTH:
x—2 y+1 2-38
1—2 —3+4+15~38|=0, =1 —2 2
6—2 241 5-—-3 4 3 2
‘ um 2% —2y—2—3=0.
[lo popmyne (4.26) maxoans PpacCTORHHE TOUKI D a0 naoc-
KOCTH:

dy

=2 ypp12=3
=0

d = 123 —2(=0—(=5=31 _ 112] _,
T VIR (=P (=T 3

12. Ha ocu Ox wafitH TOUKY, PaBHOYRANCHHYI0 OT TOYKH
A9, —2,2) u or nnockocTH 3x—6by+22—3=0,

Ilycre M{x, 0, 0)— nckoman towka (=0, z=0, tak KaK
Touka JeXuT Ha ocdH Ox). Haxoaum paCCTORHHE 3STOH TOYKH A0
RaHROf maoCKOCTH H ToukH A:

g l3x—60420-31 _ |3:—3)
YTV ER (=Y
do=MA=V@—=xF+(—2F+ 2%

B cootReTcTBHM C YCJAoBeM umeed dy = dy, NOSTOMY

V O—x48 = |3x7_3‘ amt 7 YF—18c 489 =3x —1].

Bossoia B xBagpaT ofe YacTH MOCTCRAHErO YpasHenda H Mpii
BoAd mojoOHHE WICHLL, NOAYYHM

B — 108% + 544 = 0.
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Peman sTo KBajppaTtHOe ypaBmenue, HaxomuM x; =8, x, = 13.6.

Crepoparenbho, YCAOBHIO SafauH YJOBJETBOPSIOT ABE TOUKHM:
M,(8,0,0) u My(13,6; G; 0),

13. Ha oca Oz nafiTH TOMKY, paBHOYAaNeRNyI0 OT ABYX MJGCe

xocTell
2=} 2-3=0; x+2y~224+12=0,

Iycme M (0, 0, 2) — uckoman Touka. Paccrosuna atofi TOUKH RO

JAHHBIX MVIOCKOCTEH OMPeASNsIOTCHA COOTBETCTBEHHO OPMY/MaMiL:

dom20=2042—3] _ |2—3),
VU VET (g 8
g 104202412  }—2419
TV RIR (2P 3

Mo ycaosuio d, = d,, nosromy
Tz;3i - 1_223*" 2l orkysa z—-8==(—22+ 12).

Peman ypasuenna
2—3=—22+12u2—8=—(—2:412),
nonywuM 2, =5, 2, =9. TakuM 06pasoM, YCJOBIIO YAOBJACTBOPSIOT
ase touku M, (0, 0, 5) n M, (0, 0, 9).
14, CocTaBUTh YpaBHCHHS NJAOCKOCTEd, AedAsNX MOMOJAM JBY-
FpanHbie YTAR MEKAY MEepeceKaIONINMECA NJOCKOCTAMH:

Ax+ By +Cz+Dy=0; A+ By + Cz+ D, =0.
Kaxpan W3 HCKOMBX TJAOCKOCTefl SIBJISETCA eOMEeTPHYeCKHM

MECTOM TOYEK, PaBHOYAANICHHBLIX OT ABYX JaHHEX RJOCKOCTed.
Iyere M (x, y, 2) — npouseosbHAS TOYKA MCKOMOER IJIOCKOCTH,

dy = 1As* H By £ Gzt Dy
V A+ B8 +C

‘& TOTAQ:

d, —_ |A1x+319+613+01|;
Va 1B +cl
Tax kak no ycaosHio d; = d,, 1O
1At 4B+ Cz+ Dy | _ 1At + Ry +Cz 4 Dy |
V ai+ B+ V Al + B +C
OTKyAA TONYYaeM YPABHEHHSA HCKOMBIX NJocKocTef
Ax 4+ By Cir + Dy o - Agx -+ By -+ C,z-}-ﬂl.
Vairs+a, — V aitB+cC
B uactHocTH, ecad panm naockoeTH Sx— 10y 4 102—6 = 0,

10x + 2y=-11244=0, TO ypaBHeH#s TNOCKOCTeH, AeAMINNX
FIONO/MaM ABYIPaHHEE YT/HI MEKAY HHMH, SAaNHINYTCH CHEAYViOUHM

ofpason;
Br—10y 4+ 102=6 _ ,  10x4 9 —11z+44

VEH(—108F 10"~ VIO F2ZF(—11p
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ChenoBaTeALHO,
Bx— 10y + 10z =6 = +=(10x + 2y — L1z 4 4),
OTKYAa
1) bx—10y 4+ 102 6= (10x + 2y — 112+ ©
wi Sx 4 12y —~2lz24 10=0;
2) br— 10+ 1026 == (10x - 2y — liz + 4)
w I5x—8y—2—-2=0,

15. Cnpeaeasnts, aexar a1 touka M(l, 1, —9) 1 mavano
KOODAKHAT MO OAHY HJH NO pashble CTOPONLI 0T MAOCKOCTH 2X -
-2y bz 12=0.

Ypaenesue NJOCKOCTH NIPUBEAeM K HOpMaZbHOMY BHRY. Tak Kak
D> 0, to B dopmyne (4.24) HyXHO B3ATE SHAK MUHYC, T. €.

1 i
P Ty 8
YMuomasa ofe YacTH YpPABHEHHS Ha HODMUPYIOWHE MHOXKHTEND,
IONYUAM ,

2 2 1
. mastgy—gi—i=0
[MoacTaBnaa KoopuimaTR TOYKH M B MOCAeAHee YpasHeHie,
HAXOANM OTKAOHEHWS o

2 2 !
b= — e m g (— 9~ 4 <O

Mockoasky 8 < 0, To TosKka M H Haga’o KOOpAMHAT JeXaT 10
OXHY CTOPOHY OT AanHOR MAOCKOCTH.

16, Onpeaenuts, aexat au Touxd M(l, —1, 2}aN (=2, 1, --3)
B OXHOM, B CMEKHBIX HAH BEpPTHKANBHBIX YTaX, 00pasoBapubiX NpH
nepeceyenty ABYX IIOCKOCTel::

1) 3x—2¢y +42~-10=0, x+ 3y—5246 =0;

%) 2+ 4y—2—~5b=0, x=~y—2—3=0;

3) 5x—6yg+42t-+7=0, x+y—3248=0

Ecan age TogkM JeXaT B OEKOM ZBYTpaRHOM yray, olpasosai-
BOM JXBYMA {LTOCKOCTAMH, TO OHH PaclOnMKenbl MO OAHY CTOPOHY
OT K&XJROR IIOCKOCTH.

Ecad Zipe TOUKH HaXOBRATCA B CMEXHHIX YrjaX, 10 OHH paciio-
NOXKeNH 10 pasyble CTOPOHB! OT OfHON H3 HUX U [0 OAHY CTOPOHY
oT Lpyrof.

Fcau toukd HaxoAaTcs B BEPTHK&MbHLIX YIlaX, TO OHi pac-
MONOKEHH N0 Pastiieé CTOPOHH OT KAXKAOH M8 AaRAWX mAaockocief,
g KaXAoro M3 STHX TPeX YTBepKACHHA o0parHoe Taxke BepHO.

1) HafigeM oTknouenns Towex M 7 N or nepeoll naockocti

_31=2(—D442-10_
h= Vo+ati6 >
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Bl B CMeXHOX ABYTPAHHLIX YIJaX.

_ _3=n—2144(=y—10 4
% Vi+4+15 <
' ? 1! OT Bropoil MIOCKOCTH
i ' 143(—H—52+8
5 8 = M
‘ ! Virers 0
o —24-8.1-5(—3+6
g, = Vi i g <0,

Tax xax 3, # &, passbix sHakos, 10 Towku M m N pacnono-
WeHbl N0 pa3Hble CTOPOHB! OT NEpBOM MJIQCKOCTH, 110 Toll XKe npH-

[, SHHE OHN HAXQAATCA [0 DPASHLIE CTOPOHBI H OT BTOPOA ILIOCKOCTH.
= £ ChepopatespHo, Toukd M M N feXaT B PepTHKaNLHBIX YIJaX.

2) Haxonum orknomenna touek M w N oT nepeofit nnockoctH

2l 47— 1) =25 s U=+ 4t (=B =5
1 Vaix16+1 <0 % EES <
H OT BTOPOil MAQCKOCTH
y ml=(=D=2—3 & —2—1-(—3-3
K VI+i+1 <H o= Vi+it+1 <6

Creposareano, Toukt M ¥ N HaxoaATcd B ORHOM YIAY.
3) Iockoneky
54 —6{—1)42.247
8 = M
! VET®wrs - G
G(=N=61+2(—~3L+7 .
8, = —t 0,
: 2 —V BB >

' 14(—1)—3.248 =941 —3(—3+8
a e e ; 6 = Pty 0'

i —V1IF1F9 <03 —V1+4+1+9 <
£ To TOUKH M 1 N nexat no pasHbie CTOPOHB! OT MepBOH MIOCKOCTH
E % o oany cropony or sTopolt, CieloBaTenbHO, OHH PacmoNOMeHb

[ ]
Bagauu

9, OnpefeanTts, Kak#e H3 YpaBHeHHR ABNAIOTCA HOpMafbHbBIMIE
3 6 2 2 1
Drt—my9+524+3=02) -x——=y+
+ %3—2 =0; 3) —%—x——% y+-% 2—2=0,
_ 10. Haiite nanpapasiomne KOCHIYCoE H AAIMHY NEPHEHARKYAADE,
;‘ongimeﬂngro HS HAYa/la KOOPANHAT HA [AOCKOCTb 2% — 3y — 6z —
—14 = 0.

g 11, Onpeneants paccrosnua Towek P(4, 3, —2), Q(0, 6, 0)
Ll R(15, 0, 0) po maockoern 2x 4 10g— i1z —15=0.
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X rerpasap ¢ spepmmuamu A(3,4,0), B(4, —3, 1),
C( .l_2 4,11153}1— g,paD;zp—- 1, — 1, 5). Hafiru ,n:mfry BHICOTHI, OOyl
poh Hs Bepumsl D.
13. Ha ocu Oy nafit TOYKY, paBHOYJANEHHYI0 OT ABYX NJOC-
KocTei -

x+y—2+1=0, x—~y+2—5=0.

14. Hanucath ypaBHeHHe IJIOCKOCTH, Npoxojsinefl Hepes TOUKY
P(5,2,0) u yaanennofi or roukm Q(6, I, —1) Ha paccroanwue I
# ot rourd R(0, b, 4) Ha paccroanue 3.

15. CoctaBuTh ypaBHeHHA NJIOCKOCTeH, Ae/AUIHX MOMoJaM ABy-
rpaHbie YINE MEXAY WIOCKOCTAMH X + 29 —22 —3 =0, 2x —y 4~

22— 9w 0,

+ 16. Nokasatk, 4T0 NAOCKOCTE Dx-— 3y - 42— 2 =0 nepece-
KaeT OTpe3soK, COeMMHAiomME HAYUANO KOOpAMHAT € TOUKOil
M(l, 2, 3).

Creetn
9, Ypaswenme 3. Y kasasge. Ecnn_ ypabHeRne aBJSIETCA HOPMANBHEDY,
TC BHNOAHAOTCA ABA yohoBuA: 1) croGoNum uieH oTpuuartenem; 2) cyMma Kba-
ZpATOR KOSGMPHUNEHTOB NPE TeKYIRHX KooDAHMATAX papna epawune. 1. cosa =
3 -6 _
=%, cos ﬂ—_--—.?—-. 008 == — "7~} p=2 IL d=3 dy=3 dy=1

I5_ 1 M@© —30). WU r+242—9=0 y-2=0
¥V 710

15. x ~3 -§4z-6=0. 3x4-p=—12=0. 16, ¥Ykasawme  Tloxasars,
urd 8‘<g, g>0.

L1.3. ¥roa Mexay DEYMS I THMH., ¥C. NApanAtILHOCTS & NepueHauKy-
AGPHOCTE ABYX MAOCKocTedt

12 h=

¥Yron Mexpy IByMA HAOCKOCTAMH
Ax +By+4Cz+D;=0, (4.30)
" Ax+ By +Cr+Dy=0 (4.31)
onpeenseTca QopMyaoit
Ads + BB, + 6,6, (4.39)
VA +Bi+c VA48 +C °

Heofxogumoe M JocTaTouHoe YCJAOBHE NapaIeNbHOCTH MJIOC-
Koctedt (4.30) u (4.31):

A B _C D
E=E-GTD (4.33)

HJH As = lA‘l' Bs == }LB‘,CS == lcl' Dg i RDI
(KOD [pUUMEHTH OpH TEKYmMX KOOPAMHATAX MPONOPUHOHATLHE).
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cosp =

HeoGxoguoe u nocraroustoe YCJAOBHE COBNafieHHS NA0CKoCTelt
(4.30) 1 (4.31)
A_B_ 6 _Dh
, ~ R =G ~D, .39
(BCe COOTBETCTRYIOUINE KOI(DHIHEHTH! OpOIOPIHOHANEHE ).
YenoBie nepueHAHKY/sIpHOCTH TAOCKoCTedt (4.30) u (4.31):

A4+ BB+ CG, =0, (4.35)
Dpamepn

f"} 17. HafiTH yron MeXiy AsyMsl IJIOCKOCTAMH
E Nx—8y—T724+5=0, 7x+2y—82-~3=0.
o, . = == -
o, TSR 420 e = 1 =
Cos = N7 (B2 (—N(—8 - 117 - 1 ,
VA L6448 VELI+64  YEyns Ve
Creporatensho, ¢ = 45°,

;. Bameuanue Gopuyna (432) oupegenser omms =3 ABYX HEpABHHX
. Memay cofofi yrios, cywma kotopux paeea 180°, Ecuu ypasmeuue Bropol mioc.

"i-' HOCTH Hanacath B BHNe —TX¥—2y-}-82-L3e=0 10 no dopuyne (4.32)

1

¥ noaymn cos ¢ = ~vz OTRYZa ¢ = 135%,

18, Yepes Touky N(2, —1, —3) nposectH mnocKoCTH, nNa-
PaIeNBHYI0 TNOCKOCTH Sx —4y 4+ 62— 3 = 0,

_ B cootBercTsun ¢ ycaonHeM (4.33) ypasHeHde NIOCKOCTH HILCM
i B BUAE

3 She—4dy + 6024 D=0,
'_‘; [TopcTaensa B 910 ypaBHeHne KoopAHHATE! TOUKK N, Haxonum
Sh2—A(—1)4-60M(—38)+ D=0 um =4\ = —D,

OTKyAa D = 4\, [logcTamnss sHaweHwe D B HCKOMOS YpaBHEHH®
B mosaraa A= 1, nomyuyum

bx—4y 462+ 4=0,

Savevanpe YpabHenue NJIOCKOCTR, mapainsensioff naockeere Ax -

'_“ + By 4 Cz+ Dy = 0, Woxeo #ckath b suge Ay 4 By 4 Cz D=0,

19, CoCTaBHTb YpaBHeHHe I/IOCKOCTH, NapaaienbHolt II0CKOCTH

3 dx—4y +22--3=0 u oTcTOAWeH OT Hee Ha 5 exHHMLL

YpapHenue HCKOMOR MJOCKOCTH SamuiueM Tak:

P Haflaem paccrosnie Memuy mAOCKOCTAMH, A Wero BOSBMeM
E TPOHSBO/ILHYI0 TOUKY MepBoil MOCKOCTH H OMNpeNeNHM ee paccToR-
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Hie go Bropolt. Iloaokus r=0, y= 0, 3 ypaeHenusi 4x — 4y +-
3
4 22— 3 = 0 Hafinem z= -—g—; nodyuns TOuky M (0. 0, —2—). Pac-
CTOAHHE STOR TOUKH AQ IMOCKOCTH 4Xx — 4y + 22+ D =0 onpe-
Jeanercs opuy.oh
3
4.0—-4.04+2 5 +D 34D
V64 644 6

Tax Kak no ychaopiio d =5 To Aas onpexenemin D umeem

ypaBHeHHE

d=

5=L?+TD'_ aan 30 = 22(3 + D),

oTKY A
Dl = 27, Dg=-—33.
[lopcTaBnss B HCKOMOE YypaBuenue Hafgennwe sHauenun D
AONYYLM ABE NMIOCKOCTH:
dyx—4y 4+ 2:4+27=0 un 4x—~4y 4 22— 33 =0,
20. HanucaTh ypapsienie KJOCKOCTH, NapaaneAbROA TA0CKOCTH
x+2y—22+7 =-}-f % g yganewnoli ot Toykn M(4,3, —-2) Ha

paccronnne d =7,
Vpasnenue HckoMofl RNOCKOCTH HileM B BHpe -

x+2y—2+4+D=0,
PaccToanue Toykd M Ao sroll ANoCKOCTH suipasiTes dopuMyaofi
j4423=2(—24D| |14+ D}
d= 3
Yi+dé+d
Tak Kag no ycaosmo d =7, To A1 onpegeseniia D nonyqnm

ypasileHne
7 LMHDL iy 2l ==(14 4 D),

otkyra D, =17, D, = — 35,
%amm‘ 06DASOM, YCI0BHIO 921A%H YAOBIETBOPSIOT ABE LIOCKOCTH

x4+ 29 —~2247=0, x4 2y-=-22=35=0,

AOCKOCTh COBIAagaeT € AATHON HAOCKOCTHIO.
I’Iep;;a? lie::s HAYA]10 KOOpAHHAT NPOBECTH n.uocxocm(;ﬁ nepRexRAl-
Kyasipuylo naockoerw By — 2y + 52— 10=0 i oSpasyiomyo
¢ NIOCKOCTbio X — 4y — 82 + 12 =0 yroa ¢ = 43",
[ockoAbKY HCKOMAs MUOCKOCTL APOXORHT 4epes HAwano Koop-
AUHAT, TO ee YpaBleHHe HMeer Biid

Ar 4 By+Cz2=0.
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Kospduunenta A, B, C ognospemenno B HyAs ne ofpauaiores
(570 KOOpAHHATH! BEKTOPa, MCpNEHAHKYJSPHOrO miockocTd). Ilpes-
nonaras, 9to A% 0, ypaeuenne nepenuimem B Biuge

X+ by4cz=0,
rae
b= %—. €= £~.
Yenosue neprengukyaspuocts (4.35) aas naockocrelt x 4 by 4
+ ¢z=0n 5x— 2y + 62— 10 = 0 sanumerca Tax:
5—2b4bc=0. {A)

Yron MeXAy NAOCKOCTAMH X — 4y =-824+12=0 u x4 by +
+ ¢z = 0 ompegenntca dopmynoh (4.32):

1 —4b— B¢
| AFET R AEY Y

Tak kak ¢ = 45°, 10 ana onpemenenun KosbguuHenToB b ° ¢
HMeEM BTOpOE YpaBHeHMe

I Ve 4b —8e
Ve VB Yite T ®
Pewnm cuetemy ypasueritii (A) u (B), Onpenensa b us ypas-
HeHHA (A), TNOACTABNAA MOJYUCHHOE BLIpaKeHHe b == & 'H).

2
B yparuenwe (B) u ocpofiompancs or PALHKAJNIOB, Hax®OIHM
25 (1 + ¢ 3
811 -l-—-—T--—-|~¢:2 =21 —10¢{1 +¢)— 8¢

Cosp =

':; HJHH
31 (296 + 50c + 29) = 2.9*(— 1 — 2y,
¥ orkyps

' 29¢® 4 50¢ + 29 = 8 -+ 32¢ + 32¢%,

¢ Tlpusoas mopofpne wnens # coxpaman Ha 3, monyuwM KBajpar-
j. 1oe ypashenie

—6c—7=0,

ero KopHk ¢ =7, ¢, = = 1, Tlo ¢opuyse b = ..5(_'2‘L‘l HAXOANN
bl = 20’ bi =0,

Crepopatensuo, ycnOBHIO SajauH YHOBACTBOPAIOT ABE RAOCe
E KOCTH: ¥+ 20y 4 Tem= Q0 =2 =0,

. Bamevssne Ilpn pewerwn 2naur Omn BeRmOveH cayusii A =0
_ Bro HCRAOYeHHe ONpABLAKKO, TAK K8K npeanoacwente A = OPHECANT K he-
j. CoBMercTHOB crcTeme ypapnemmdl otuccateswhe B g C.

. 22. CocTasuTh ypapHeHHe NAGCKOCTH, MPOBEieHHON q9epes 70T
g Ky Mo (X0, Yo, 2,) TEPNEHANKYAAPHO K ABYM TEpeceXalomMMca IJocs
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koctaM Aix + By 4+ Ciz24-Dy =0, Ax+ By +Coe+ D, =0.

HlanscaTs ypaBHeHIe IVIOCKOCTH AJAA chayyas, Korga M(2, —3, 1)

B OJOCKOCTH 33JaHH YPaBRHeHMAMY 3X =y 4 22=—12=0, 4x |
—324+2=0.

+ Sg 06318: ypastenun miockoctn Ax 4 By 4+ Cz + D =0 xoap-

drUReHTH OpH X, ¥ H Z— KOOpAuHATHl BekTOpa n= {4, B, C},

NepnesAnKyAIpHONO K AJOCKOCTH.

Tak Kak Bexrop my = {A,, By, C,] nepnengukyaapen RACCKOCTH
Ax+ By +Ciz4 Dy =0, a Bextop ny = { A, B,, C,} nepnes-
JHRYAAped TACCKOCTH Aot + Bay 4 Ca2 + Dy =0, 10 sagava cso-
AHTCAl K COCTABACHHIO YPaBHEHNR MJOCKOCTH, OpOXOAsmel uepes
JAHNYI0O TOYKY M [apanelbrON JABYM HEKONJHHEApHWM BEKTOpaM
(cum. sapawy 8). o

[yers M (x, y, 2)~ OpOHSBOMbHAA TOMKA NMJOCKOCTH, f = OM
ee pajimyc-8eKTOp, —rg_ = OM, — papuyc-pextop namsofi Toukn M,,
TOrja BEKTOPH r =7, f, H N, KOMNJAHADHH H HX CMellaHHO
npoHsBelleHHe paBHO HYJO!

{r—ro)nyn,=0.

970 ypaBHeHHe M FBJACTCA HCKOMBIM BEKTOPHBIM YpasHEHHeM

mAocKOCTH, B Koopameatax oHO npHEHMAaeT BUAR

X=—=Xo Y—l 22
A B G
A, B G 2 .

Ina parnoro KOHKPETHOrO cJayuas, KOTAa Xg =2, y,= —3,
zn=l. A1=3. B]=-l, C1=2, Ag=4, Bg='5, an—g,
nocaejuee ypapHcHHE SanHIICTCH Tak:
x—=2 43 z2—=1

3 —1 2
4 5 —3

=O.

=0

nad
Tx—17y—192—46 =0,

23. Jloxasatb, 97O napajneiieiuies, rPAHR KOTOPOTO Jekar B
naockocTaX  Tx—=1ly 4+ 92— 14=0, 4x-455--824+6=0,
78— 15y — 792 + 3 = (1, aBamerca OpAMOYTOJBHBIM,

Cocraeasiem Bhpaxenne A4, + B;B, 4 C,C, ana Kaxjoro cay-
qan:
D7-44+(—=1135493=0, 2) 478+ 5(—15) 4 3(—79)=0;

T84 (— I —15)+9(—7N =0,

Tas xaK BunoauseTcs yedopue (4. 35) Ana kaxaoll mapw MIOCKO-
c1efl, TO NJAOCKOCTH NON2PHO MEePNCHINKYARpHHL. DTO H O3HAYEET,
W) NApaNJeicnHNes ABIAETCR TPAMOYTOAbLEBIM,
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3azaun

17. Hafith yrom Mexpy ABYMA MAOCKOCTAMH:

1) 4«— 10y 4 2—3=0, —x4-8y-72+5=0:

2) 2¢+ 6y 4 52—9 =0, 43y 4224 7=0;

3) x+2y—32—6=0, 3x4-6y—9:—2=0;

4) 2x—3y+6248=0, X4+2y4-22—-4=0.
18. CocraBurs YpapHerye NJNOCKOCTH, NPOBEACHHON yepes To4-
& ky K(1, 5, 2) papannenso IJOCKOCTH, mpoXoxAmed wepes TpH

& To%kn L (4, —3, 1), M(3, 4, 0), N{—1, — 1, 3).

A 19, Naua sepumua napannenenunesa P (3, 2, 4) 0 ypapsenns
AF TUIOCKOCTefi, B XOTOPHX JeKaT ero TPH HenapajnensHrie TPaEd:
x+2+32—12=0, 3x—y+22—6=0,
2x+3y—z2—18 =0,
Hanncars ypassenus naockocrefi, B KOTOPHIX JIeJKaT TpPH ApyrHe
TpauH,

P 20, CocTasuTb yDarHeHue OJOCKOCTH, OPOBEACHHONR 9epes ToU-
K P{1, —1, 23, Q@3, 1,-2) NEPUEHAHKYAAPHO K  OJAOCKOCTIH
4x—5y +32—2=0,

21. Hanucare yparnesue nfockoern, o posefieHofi yepes TOuxy
P(2, 1, — 3) DepmeHanKyaapHO K XBYM mJIOCKOCTSM:
2% —3y+2—5=0; x4 4y—274+3=0,
3 22, Hafivu nnockocts, 03apaNneNbHyIo AOCKOCTH X — 2y -

B - 2zd— 72= 0 u orcrosmyio or Toukm P4, 1, — 3) Ba paccros-
HHH = .

23. CoctaButh ypapieline MJIOCKOCTH, UPOBeNleHHOA 4epes Toy-
Ky Mo (¥o, Yo 2o) HAPANTENBHO BEKTOPY @ = {a), g, G5} W meprei
AHKYNApHO 870cKocTH Ay 4- By 4 Cz4-D =0,

OTReTh

Ty =135 g =00, 9, =0° ¢ <7828 18 10x-} 3y 1z —
~47=0 19 x+4+2%432—19=0, I—y+4+2—15=0, 2%+ 3y —
~z-~8=0 20 Zx+Uy+%—1=0 21 %45y lz-p 20,
22 X Qyp 04 10=0, x—--22—2 =0,

28 (x—xyy—yy 2—2,

] a a a3 [=0

A B c

§ 4. 2. Tlpamas B npocTpancTse

[lpsman 8 npocTpancTBe OTHOCHTENBHO OPAMOYTOnbHON  peKap-
| TOBOH CHCTEMBI KOOPAMHAT MOXET OhiTh 5a5aHA PasMMUHEIME CUC-
-cobamu. Hampumep, npamas ounosnayso onpenessercs TOYKoll #
j 4 02pa/NeNbHLIM € BEKTODOM, ZBYMS TOYKAMH K T. M. B sapncH-
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MOCTH orT cnocoba SaASHAA EPAMOA  PACCMATPHBAIOT DPa3/MYHbIS
BHAM e¢ ypasHeHu#.

4. 2. 1. Mapamerpaneckns ypasueHus npawol. KanoRusecuns ypABHERHA npamol.
¥oasnedud npasofl, npoxondmeR depes are ToUKH

Ypasrenne npsmofi, npoXoAMmell gepes JaHHYIO  TOYKY
M, (xy, Yo, 2,) Napanseasro BeKTOpY @ == {l, m, n}, B BEKTOpPHOM BHJIE
SaMHCEIBAETCA TAK

7 o7y, (4. 3%)
rie r — paanyc-BekTop nobofl Toukn M (x, y, 2) npamolt (puc. 4. 5),
7y — PALHYC-BEKTOP TOUKH My, ! — NapaMerp, NpHHAMaiomuf sce-
BO3MOXHGLIE JeflcTBuTencHble 3Hawenud. BexkTop @ HasbiBaercs

Puc. 4.5

Hanpasasiouum gexmopos npamofi, Ero koopamsats nponopuso-
HAJTbHRBE HANPASAAIOUUM KOCUHYCAM TPAMOIL.
¥pasrenne (4. 36} B KOODAMHATAX NPUMET BHA:
x=x+& y=g, 1+ mh z2=2,+ nl. 4. 3N
Vpapsenua (4. 37) HasuBaOTCA  nApavempuuecKumit ypasHe-
nuamn npaMoi. Ecau napametp ( paccMaTpuBaTh Kak Bpems, a
ypasuenus (4, 37) K2k ypaBseHHs ABIDKCHUA TouxkH M, TO 3TH
ypassHenna OyAyT onmpeflenarth npsmonusiefitoe 1 pasHOMEPHOS ABH-
wenue Toukn M. Tpn ¢ =0 rouka M comnanner ¢ M, Cropocte
Fouky M nocrosEHa U onpeleaserca GopMynoh
o=V E+ ml+nt (4. 38)
Herniouas us ypaeseduit (4. 37) napamerp {, noaydaum =xawo:
Rueckue ypasHeHHS npaMofl
a— X=Xy 4~ 08 2 -3
e (4. 39
YpasHenust npamofi, npoxoAsmedl gepes Toukn M, (%, ¢, 2)
B My(Xs, ¥a 2) uMelOT BHMJ
X—% _ =84
B—X

z— 7
— L]

g
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1. CocTaButh RapaMETPHYECKHE ypaBHEHHA BpsMofl, NPOXORS-
et yepes TOURY Mo(l, —2. 3} n napaanemsrofi BekTOpy g ==
= {2, 4, —5}. Haittit Toury P npsaofi, KoTopo#i COOTBRTCTBYET
suagesne = 2.

Monbayemea dopmynsmu (4, 37). Tak kax 8 gasHOM cayuae
2, =3, [=2 m=4, n=-—25 10 napamer-
IiinecKie ypaBHelns l'IpHMOﬂ HAMLHT BHJA

x=132% y=—24- 4 2-=3—-54

Tlpu £ =2 noTyuacM
| x=14+22=5y=—24+42=62=83—-5.2=-17,
ila npamofi ¢nkenposasa rouka P(5, 6, —7).

2, CocTaBHTE NapaMerpuUdecKHe YpasHeHNS NPAMHIX, NpoBemef-
1-ax depes Touky My (5, ~—1, —4) B KakzaoM U3 chAeayiolLnX
¢ yaes:

1) npamas napaadensta npamof
R

2) mprian mapaasensia ock O,

3) npsmas MepNeHAHKY/NAPHA NAOCKOCTH ¥ -+ 2y 4- 32— 5=10.

1) Tak xax npamas napasfcibua npasofl x = 3 4- 6f, = 2—
- 4, z__=7——t. TO OHM HMEWOT ORHE H TOT e HAnpasasoiuLnf
rxrop a = {6, —4, —1}. Tloncrapaas SHAYCHAS X, = 5 =
= —1, 3= —4 1 xoopinuare BexkTopa ¢ B {opmyas (4. 37),
IIOAYYUM NapamMerTpiaeckie YpaBHeHHA NpAMOf

X=5+46f y=—1—4, 2= —4—1
i 2) Bekrop, napannensHsill ocn Ox, uMeeT KoopauHats y =0,
z— 0 (KoopausaTa X paBHa ASNHE BeKTOpa, B3STOH € COOTBETCT-

1":=1, = =

x=316f p=2—4i

4. 40) !

BYWOMUM 3HRKOM). B KauecTRe HanpaBAsIONIerc BeKTOpa MOXKHO

} B3ATb BEKTOp @ = {1, 0, 0], cosnamaomuli ¢ oproM {, nosromy
x-'-‘~=5+f, y=—'—1, Z=':4.

3) Ilockoabry Bekrop n = {1, 2, 3} neprerANKyAspen nJo-
cRocTH X -+ 2y 32— D5 =10, 10 B cuny ycnomisa or Gyzer napan-
nenen mpamoil. CreaosaTeNbHO, NApaMEeTPHUECKHE YpaBHEHHS NpA-
. MOl NPHMYT BHA

x=5+t y=—14+2% 2=—4 43t
3. Hanucarb napaMeTpHuecKHe YpaBHeH!s npsMofi, nposeleH-
- §0fl uepe3 HAY8J0 KOODAHHAT REPNEHAHKYAAPHO DAOCKOITH 4x —
—3y+52—7=0,
:  Bexrop n={4, —3, 5} mopMasd K nJoCKOCTH fBasETCA Ha-
F BpaBIgOMIM BeKTOpoM npsiMoll, Tak Kak NpaMas NpOXOZHT yepes
%naqa.no KOOPAHHAT, TO Xy = gy == 2, = 0. Tarnm o6pasom,

x=4!, y=—3‘!’ Z=5f.
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4. CocTaBRTh KAHOHWYECKHE YDABHCHWA npAMoil, nposereHHod
gepes ToukY M, (6, 2, — 3) mapaanensho BekTopY @ = {4, -5, 7).
Jexkar A Ha »10f mpamoRt Touku P(2, 7, — 10, Q(10, —3, 5,
RS, 4.7y

Ipamensem dopmynst (4. 39). Tak Kag x, =6, gy, =2, z,=
=3, I=4, m=—23, n=7, 70 KAHOHHYSCKHE YPABHEHHA UPU~
MYT BIX

X8 g~2 243
T T3 TT7

IMoacrasnan 8 TH ypaBHeEMA KoopgumaThl Touek P, Q, R,

COOTBETCTBEHHO HaXOAMM
26 7—2 ~10-+3 { 106
B N 4

T T =5 T 7 : =5 7
3=6 4 -2 T 4
T F 5 F T
. CuegioparesibHo, T09Ka P JIeXuT Ha npamoll, a To9kE Q H R
Ha npamofi He JeKar.

5. CocTauTh KaHOHHYECKHE YpasHeHHs KHarosHajel napanaelo-
TpaMMa, TPH BEpLIKHEI KOTOPOro Haxogarca B rToukax A(2, 4, 6),
B(—3, b, 4), C(8 —8, 2).

3afla4a CBONHTCA K COCTABJGHHIO YpaBHenusa npasofi, mpoxo-
Iamefi uepea ase TourH. Hanwmmwem ypasnenua pauaronamu AC.
Ho ¢opmyse (4. 40) nonygaem

r—2 y—4 z2—8 x-2 gyg—4 28
53—2 —6—4 2—6'" 6 =10 —14
x—12 y—-4= z—6
3 =B T =2

IMockonnky Touka D He Aanma, TO ypaBHeHHS fuarowanx BD
HanHiieM K3 YpaBHeHH: MpAMof, mpoXojAmed uepes Touks B u S,
rae S—rours nepecevends guaronanef. Tak K3k S aApAserca
cepennpoft oTpeska AC, TO € KOODAMHATH ‘spannm HoAyCcyMMam
COOTBETCTBYIOUIHX KOODAWHAT KoHHoB, T. e. S(5, — 1, 4). ¥pas-
HeHNA AuaroHaad BD npuHiMaoT BHR

x+3 y—5 2—4 x+3 y=-b _

FrI = —T—F = 1=f MM =" z—4=0.

3avenawne FEcom npw nopcranoeke KOOPARHA? TOYEK B  YPaBHeHRAR
(4 40) oame wim pRa spamvedatens oGDAIAIOTCA B HYJh, TO HYXHO NDHPABHATH
BYMO COOTERTCTRYIOMNA amcNRTesAL. ( Ifﬂ SHAMEHATENN He MOryT OulTh pas-
BE AYJAI0 OAHOLPOMENHO, T4K KK Tover M, w M; pasamuns)

6. Hauw sepluunss tpeyrosbanka P (6, — 2, 2), G4, — 5, — &),
R(~2, —17, 0). CocraBurh NapaMeTpHUecKHE YpaBHeHWS OGics
CEKTPHCH! ero BRYTpeHHero yrja mpH eepuiane Q.

Haiijem sHagane Ttouky N mepecedenus OHCCEKTDPHCH CO CTO-
poroli PR. Ha anemeurapiofi reoMeTPHH HSBeCTHO, uTo OHC-
CeKTPUCA BHYTPCHHEro yrjia TPEYroNbHUKA ACAUT MPOTHBOMOIOMs
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32 b4 3
4 Bt

H?

+ - HY0 CTOPORY HA 9acTd, npoopuroHams
' mam. Tag Kag poniop HHE RpUJeKAHM CTOpO-

J . L=V A—F (2T FFCT =7,

QR=V(—2—4)’+(—17+5)3+4’=14,

10 I=PN:NR=QP:QR=7:14, T. e =—;—-.
- {lo dopmynam (3. 28) maxoamM towky A:

. 1
\ 64— (—
e 7 (=2 10

ECN- I 1

e

ik

1 3
14 T 14—
1
2hg 0y
2= 1
1+ N
HanuweM kanonnueckue ypapHenus npamof, upoxoasmelt wepes

LI

-
L
iy

4N
Ln

X e d g+6 244

- x4 i3
- - L= WA — 94 —2t4

4 2 -2 16 °

5 +4 -5 -
3

YMHOXKaA BCE SHAMESHATENH H3—o-, UONYYHM  KaHOHMgeCcKie

PaBHERHA GHCCEKTPHCH BHYTPCHHEro yria mpw Bepiunre {:
p" gy | - g8 244

-1 -3 - &

OGoanavas Gyksofi f pasnute oTmolleHUA K BHpaKas x, y, z

epEs 7 MOMYYHM [NapaMeTPHUECKH® YDPaBHEHHA ToHl ke GHCCeK-
PHCHI:

c e — —

x=4—{ y=—05—3, z=—4 4 8

% 7, Ilaunl ypasnenus ABMKeHHS TOWKE M (x

o . , Y, 2 x=3 A
-%,sagg =52, 2=—8 3. Onpepeaurs ee CKOpOCTb! +¥
Ev};; B coorserctsur ¢ dopumynoft (4. 38) nonyuzem

%“‘ v=1364449=7.

i 8. [aunl ypasHeuus ABHXWEHMA TOUKH M {t. ¥ Dix=2219%
Y¥=—2-2 z=11t Bouncmars paccrosse, npgﬁneunoe—i;oq:
-. ol M 3a mpoMERYTOK BpeMeH oT £ =1 10 ¢, = 6.

Oupegesam Bavano u Kopew DPAMOJHHeAHOrD NyTH TOYKH M.
pH ¢ =1 HaxoguM

Ei

1'_‘=_';£‘M’l.ax=2+2‘l =4 §=-2—2.1=—4, z=141=29,

¢ WK, nonywian Touky M,(4, —4, 2). Iou £ =6

1 BTODY0 TOuky My(14, — 14: (7). - Tpu notyiact
K pofinernoe paccrosude paBHO AAHHE orpeska M, M,:
Cd=MM = V{4~ F(—13 +49*+{7T—2 =225 = 15.

]
' Tycar A, A, 16l

-

3
vi



9. Touka M(x, ¥, 2} ABHIKETCA PaBHOMEDHO I NPAMONHHENHO
§s uauasisHore noaoxkesus M,(2, 12, — B} B Hanpaesenun, apo-
THEOTONOIKHOM BeKTOpY & = [— 1, 2, — 2} ¢O cKopoeTsio v = 12,
CocTaPuTh YPaBHCHHA ABHXKEHHA Towku M H onpeneints TOUKY,
¢ KOTOpofl OHA COBNAJlaeT B MOMEHT Bpemenu ! = 4. ~

Onpezie/iM CHava/la KOOPAHHATH HanpapAsiollero BexTopa d.
o ycnosnio @ = —35, >0, 1. e. a={}, —2%, 2\}. Manee,
‘ja|=v=12, mostomy ViF 4 (—2NF F (2h) = 12 mm 3\ =12,
oTkyna h = 4. Caegosarensno, a = {4, — 8, 8}, Ypasueuns Agi-
MeHua Touku M mpuMyT BHA *

$=2-+4, y=12—8f z==—51+ 8.

Tonaran B THX ypaBHeHusx f =4, nodyumm rouxy N (18, — 20,
27).

3apauu

1. Cocraputh MapaMeTpUYecKne YpaBHEHHS NPAMAIX, TPOBEleH-
Helx wepes Togky My(5, —3 8) B KaKAOM H3 CACAYIOMIHX CJY-
uges;

1) npamas napaanensHa npmoll ¥ =1—3f, y=4-+2, 2=

2) npsaMad mapaaneiphz ocH Oy,

3) npsMaa mapandenpHz OcH 0z

4) npaMas MePNEHIHKYAAPHA NAocKoCTH 4x + 7y —82—3 =0,

2, Hanucats xavoHHNecKHe YpapHeHHA HNPsMOR, mpoxopsmeit
gepes Toury M, (5, —3, V' 2) u napaanemsuoft BEKTOpY, 0OOpa-

T *
SYIOUIEMY ¢ KOODJHHATHHMH OPTaMH YAl @ = — B = =g, 7=

=-7. Jlexar an wa sroft mpavoli Towkn P(l, —2, 3),
Q4, —4, 0

3. CocTaBHTb KAHOHWYECKHE YP2BHEHHS CTODOH TPEYroJbHAKS
¢ pepuninamu P (2, —4, 3), Q(4, 6, 7), R(5, 2, —8) u ypas-
HeHHfl €0 MeJHaubl, NPOBEAEHHOH H3 BepmiuHH R.

4, Mau TpeyronpHuk ¢ BepwnHavue A(4, 1, — 1), B(7, 4, —5),
C(~-5, 13, 8). Hamucatbh napaMerprucckye ypapHEHHA GHCCEKTpil-
CHl BHEWIHero yrJia Upu Bepuwlixe A.

5. CoctaBHT, ypaBHeHHR Tpaekropuu Touxu M(x, y, 2), asu-
Kymefics TpAMO/INHEHO M PABHOMEPHO B HANDABAEHHM BeKTOpa
b=1{2 —2, 1) us mauanwuoro nonoxenns M,(4, 6, —7) co
cKopocTeio v == 15,

6. Hanucats ypapHenss TpaexTopud toukd M(x, y, 2), xoro-
" padl, ABHTanch NPAMOJMHEHO M DABHOMEPHO, MpOILIA pacCTOSAHME
ot Touku M, (1, 7, —5) Ro Touxku M,;(21,—48, 45) 2a mpomexy-
TOK BpeMeny ot §;, =0 Ro f3= 5. :

162

[ ]

N A'wgg;-ﬂmgs

- e

Otsetit *

L)xosb—3 g3t s a8 6 Dx=5
' ] = .9’=--—3-]—! 2=
mx:&5y--—-:’3 z=8+]£/;__1}x=-5+4:, p=-—=3+7 3—8—8!::
- a=|y -3-"- 2
Y —_0 = -—'7-___2____. Ha  gpamoft  nemmr  youxa Q.

x—2=g+4_z—3 ¥—4 g—B8 2—7 £—2 g44 -3

1 [ 2 I T 3Ty I =T
x—5-g—2 z+4 8 ¥—4 g—1 241

A A B e Rl L L PR 1

Tymb—104 z=—715 6 xu]4 Y=T7— 1L z=—514 100

4. 3. L fIpamax kak aumes
MeHne XDYX NpNMMX B opoctpadeTRs | ST -

Ted. BaanmmEoe pacirong-
Npsmaa kak auvus nepecevenms gp 7

yX TJocKocTelt onpege-
AAETCA COBMECTHbIM 3A7aHHEM ABYX YpaBHeHudl nepeol ::'rene}P;;i:1
Ayx B+ Cz+ D, =0
At + By + Ciz+ Dy =, . 4b

H YCROBHH, TT0 KosdwpHUHeHTH A,, B, C.
1Dy, Cy nepsoro #e npomop-
MHOHANLHB KOB(uLenTaM A,, By, C, n'-roporo.p poriop

Pac. 4.8

Sa nanpasnswouuh BekTOp mpamoll (4. 41) uokHO mpmuaTs,
kropuoe mpoussefenne a = [mn], rae #y = {4y, B, Gy}, m =
{A;,(, B, : ,é).— BEKTOpH HOpMaJiell K COOTBETCTBYIOMHM IIOCKO-
*TiM (pac. 4. O) '

b
H

- |5 o) win (28] fi2] 42} o
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Kanonuweckye ypaBHeHHA npsudoli (4. 41) nmeior BHR

X—X YU _ B
B, Cy A Cy A By (4. 43)
1B, Cy| T |AC, A; By
2 ce NApPaMEeTpHYECKHe YpaBHEHHA 32MHLUYTCA Tak:
By, .
X = Xot g:g: £y = o ‘j;g: £ 2 =20+ j:B; L (4 44
Ilans pee npsAMBle CBOMMH N3DAMETPHUHECKHMH YpasHEHHSIMH:
x=x34-4Lt, y=pntmt, z=zun+nt (4. 45)
X=X+ Ut y=thi-mt z=2+nd (4. 46)
PaccMoTpuM oftpefieIuTelb :
11 rm; n
A= Iy my n (4. 47)
Xg=— X Ya—th 22—

€OCTABACHHKIT 3 KOo3(pHIAEHTOR, BXOAAMMX B ypapneHna (4. 45),
4. 46).

1. Pagencrpo

Iy m m

Iy my Ry
Xg— Xy Yo—lh 224
SBNACTCA HCOOXOAIMBIM H  JOCTATOUMHHIM YCJOBHCM NpHHRLIEK-

HOCTH ABYX NpAMHX OAHOH MJIOCKOCTH.
1. Ecaim B onpegesmresnie (4. 47) Bte CTPOKH NPONODIHOHAIL~

HEl, T. €
=My, my=Ydmy, ty =2y, £3— % =ph, fr—y=pm,
Ry = pily, 4. 48)
ro npambie (4. 45) u (4. 46) cosnadarom.
2. Ec/n nponopuioHadbHR TOJIBKO NepBhe AR CTPOKH, T. €,
Iy= My, my=Dhmy, fy= Ny 4. 49)
To npsmee (4. 45) u (4. 46) naparsespnes.
3. Ecan A = 0, Ho ycnosue (4. 49) He BhnoJaHeHO, TO MpsAMLIe
4. 45) u (4. 46) nepecexatomes.
¢ ﬂ.) Ecan Aq)tO, 10 npamuie (4. 46) u (4. 46) cxpewearomen,
MpuMepu
10, Hanncarb KaHOHHWECKHE
npaMoi:

=0

3x—4y+ 52— 10=0; }
6x—5y+4+2—17=0,
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B NapaMeTpHYeCKHe YPaBHCHAR

—————— —

Az, Myi0o (4. 41) MoxHO paccmaTpuBaTh KaK JAHHHIO

Yrolul BOCHIONL30BATHCR (opMynamu (4. 43) u (4. 44) neobxo-
AHMO HAHTH KOODAHHATH HampapJsiomero BekTopa a. Jlaa storo
YAOOHO NOCTYRHTL CHAEAYIOIMM 06pasoM. CocTapuM TauAuLy u3
KO HUHEHTOR NPH TeKYIUHX KOOPAMHATAX B AAHHBIX YPABHCHIRX:

(3 —4 5)
6 —5 1/.

SakpuBasn noouepeanc OAHH cToAer 5Tofl TabJIHILE, BHITHCHM
NOJYYeHHEIE ONPEACTHTEN H BOBLMEM BTODOH ofipenelnTens co

8HAKOM MHEYC. [loJyduM KOOPAWHATHl HanpapAsiOmero BEKTOpa a:

—45 35 X 3 -1
~51 61l=27'"=6—sl=9’

BosbMeM Teneps  Kakyio-uHGY AL TOUKY AauuON npsMOA, P11

. BTOrO0 HYXHO NPHAATH KOHKDETHOC SHaueHHe OAHON U KOOpxHHMar,

SHAUCHHR ABYX ZDYTHX ONDEACAATCA CHCTEMOR ypabHeHMR. [loo.

XKHM, Hanpumep, z=0, Torna ACXoAHME ypapmeHHs NpUMYT BHA:
3x—4y—10=0; 6x—5y—17==0,

Pewan sty cucremy, noayunm x, = 2, Yo = — 1. Crnepoparens-

- B0 HA NpAMOA (HKCHPOBAHA TOuKAa M,y(2, — 1, O). ¥YpaBrenns
(4. 43) sanuweM TakK:

=2 __#+1 __ z 2—2 gyt z
i INapamerpuueckue ypasnenug (4. 44) npunuMaloT BHA;
A x=247 y=—1+49 2= 32

- 3ameuanae Toury M, Ba npaMoR MOWHO PmOpaTs npomsson no-
}:} oTOMY B ypapHeHHAX (4, d) 7 (4 44) npr pasunix Buoggax M.poxaxcy:g; pas-
X JUYHHE YRCHA Xp, Yy Z 18 ORHOK 8 Tl e mpmmoll. Koopgamarw HAnpaD-
', JTIOWETO BERTOPA ONPERANIONCE ¢ TOUBOCTLIO [0 NOCTORTHIOND MROMATENS,

2. I, CocTaBurh ypaBuenus ocu O,

x Ocb Ox MOXHO Opaccmarpnna'rb Kax JMHHHIO NepeceueHHs aByx
. BAockocTell Oxz 1 Oxy. Ypaeuenue naockocTd Oxz ects y=0,
i 8 ypaBheHHe WAOCKOCTH Oxy—2z=0, nostoMy ocn Ox mmeer
"y CIeAYIONIHe YDaBHeHHS:

y=0; 2=0,
A 12. IlpuBecTn ypaBHeHua npsaMoii
S 26—y +22—5 = 0;}
264 y—dz—7=10
§ PABHEHHAM B DPOGKUMAX Ha KOODAMMATHBIE MIIOCKOCTH Oy,
Y7 " Onay n 1y we npamylo Moo NPENCTABHTE MHOXKECTEOM pas-

i, HHIX CHCTEM ABYX ypasueRHH mnepsofi crememu. B wacthoctd, nps-
; nepeccueRna AByX
gu’ [WIOCKOCTell, NpOXOAsIUAX uepes lee H NEPNEHEMKYAAPHEX ABYM

KOOpAHHATEHM NAOCKOCTSM,

i
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TpencTaBiM RAHEYI0 MPAMYIO KAK JHHMO MEPeCEHCRHS ABYX
naockocTell, NPOXOAMMHX uepes Hee A MePHCHAHKYAAPHHX g0
-ckocram Oxz u Oyz. [lnockocTs, TNEpneHiHRYJIAPHAR N/AOCKOCTH
Oxz, mapaanenbia ocH Oy, TOTOMY B ee YpaBHenuH Kosdpuin-
eHT npH ¥ paeeH mymo, Hckmowas y NMyTeM MNOWIEHROrO CAOKe-
RUS JABYX AAHHLIX YPaBHEHHH, noayumM

4x—22—12=0 ym 2= 2x—6.

HMcrsmouan X myTeMm NOYACHHOO BHIYHTAHHS BTOPOro YpabBHeHHA

H8 nepeoro, MOJYWHM
1

-2y 4624 2=0 unu z=%y-—-T.

CrenoBaTe/IbRO, YpPaBHeHHA NpAMOfi B MpPORKNMAX HA NNOCKO-

crin Oxz u Oyz, UMeloT BHA!
1

2= 2x -G z=%—y— T

13. Hafity ypaBHeH#e NpoEKUHH DPAMOR
x—2 _g+1 - z—35

6, -5 4

a TIOCKECTb
X=3Yy+22-=7=0,.

[Tpoexnus npsamofi Ha NJAOCKeCTb NpelcranserT coGofi anHmo
nepeceuernst STOH IVIOCKOCTH M [MJOCKOCTH, mOpoxoamefl depes
J2HHYIO TIPAMYIO NEPNERANKY/IRPHO AAHHOA IJIOCKOCTH.

CoCTaBiM YpaBHEHHE IVIOCKOCTH, NpPOXOAAweli yepes npaMyio

x—2 - ¥4 -z 5

6 -5 4
NEPNEHANKYISPHO MJOCKOCTH X — 3y + 22 — 7=0. Ilyers
M (x, Yy 2)— DPOHSROJLHAA TOUKA  HMCKOMOB  MJAIOCKOCTH,

M, (2,— 1, BY— npunapnexauian efi Touka npaMod, TOIAA BEKTOpHI
E—M'—" x*—2, g+ 1, 2“5}t a= {6, —3, 4}, n= [1, —-3, 2}
NeRAT B OAHON MAOCKOCTH, TMO3TOMY UX CMEIIAHROE NpOHIBegeHHEe
pasHo HyMo, T. & MyM-a.n=0 nm B KOOpXHHATAX
X—=2y4+12—5
6 —5 4
1 -3 2
VYopoumas 310 ypasHeHue, nOJMYuHM 2X— 8y— 13z 53=0.
Taxum oBpasoM, HCKOMAR MPOCKNHA ONPEAeAAeTCH YpaBHEHHAMME
x—3+20—7=0, 2xr—8y— 1324+ 53=0.
14, UcciegoraTh B3AKMHO? DACNOJIOKEHHE IBYX NPAMBIX B -KaX-
AOM N3 CAERYIOMIHX CAYYaes:
Dx=1-=2 y=245, 2=—34+ 48 x=—4+Y,
y=2—t, 2=0-2¢

=0l
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2D xm24f y=m =3 =2 24— u x=T+4 5,
y=8~—10 z=29 104
Nx=b+ U y=0—4¥ 2=34+% 1 x= 10} 4,

y=3—2f z2=T7+4 44
Hx=14+2 y=T7T+t 2=344 a x=56-}3,
y=—1 =2 2= =2 44,

JEc/i npsMble MepeceKkaioTCs, Haliril TOUKY HX TepeceqeHud,
1) Onpegennrens (4. 47) B gaHHOM Cayvae ODDIHAMAST BHJ
—2 b 4
3 —1 =2
—_—4—=1 22 5—(=3

BriqucnuyM 5TOT OfpegenuTess:

A=

—2 5 4] |13 0—6
) A=| 3—t—2|=| 3—1_9j=(— 1)]_135“2’,,_74,
—5 0 8 |—5 0 8

Tak Raxk A % 0, To nNpAMbHE CKpemHBaIOTCA,
2) Onpenenutens (4. 47) uMmeer BHS

1 =2 —_2 1—2-2
A= 5§ —10 ~10|=5|1—2—-2|=0,
T—28439—4 5 11 b )

8 TlockonbRy A =0 u TO/ILKO nepBLe ABe CTPOKH MPOROPLHOHATS-
EHE, TO NpAMEE NApaAneNbHH.
3) Tak xar 8 ompexeanTe/e

2 -1 2 2m1 2
A= 4 —2 4 =|4—2 4
10—-63-57—3] [4—24

- KK TPOROpHHOHANBRE, TO MpPAMEE COBRANAlOT,
4) Tax xax ompegenuTenb pDageH Byno, T. &

g 1 s ] (21 4 |0 to
=3 —2 1 |=|3-2 i|=|7—2 9|=
6—1—1—7 —2—38| |5—8—5] |21 —827
7 9 79

==llgy g7|=—3|79[="

nepenie fBe €10 CTPOKH He OPONOpUHOHAJMbLHK, TO MpAMEE Mepe-
REAIO .

Hafinem ofmyi0 Todky 9THX MpAMHIX. YpaBrenne BTopodl nps-
sanuureM B BHIOE

x=6435 ygm—1—05 z2m—24s
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rge s— napamerp. [lpHpasREBasA COOTBETCTBYIOIHE KOODAHHATH,
NOAYQHM CHCTEMY YpaBHeHHA }
142%=643 Tht=—1—25 3F 4 =—2+s.

Hckmouast ¢ M3 NepBuX ABYX ypasHemnfl, notywis 7s=—21,
oTRyAa 8 = — 3. 118 nepsoro ypaBHenus Haxopus f = —2. (Tpetee
ypaBHEHHe CHCTEMbI NpH HABJEHHHX SHAUEHHAX £ M 8 obpamtaercs
B ToxzectBo.) TloacTasiss sHauenue ¢ B ypaBHEHHR nepBoii nps-
Mofi WM 3HAueHWe S B YpaBHeHus BTOpoH NPAMOR, NOJIYUHM TOUKY
nepecesenus N (—3, 5, — ).

Sameuapae ONEA H Te e KOODAHHATH TOUKH NepeceveHMs ABYX npA-
MHX TOAYUMIOTCH, KAK NPAaBniG, PR PasiRYAMX SHAYGHHAX (apaMerpa, BROAA-

mero B BX ypaptenmd. IIpn oTHcKansm olilefi TOUKE nepeceRalOUBicA OPAMHX
neaecoobpazio 0G03HATHTL DapaMeTpH B HX YpaBHeHRAX Da/HYHEIMA GyRBAME.

3apaun

7. CocTaBuTh NapaMeTpHYECKHe YPaBHeHI NPAMLIX:
1) x+y—62—4=0;} 2 2x—y+32—T7T=0; }
3x—y—52—=8=0; 4x 4- 5y — 62— 10 = 0.
8. FlpusecTn ypaBHeHHS HpAMOH
2x—3y42—10= 0;}
2k y—2=6=0
1(;) YpABHEHHAM B DpOGKIUHAX Ha KOOPAHHATHHIE ILIOCKOCTH Oxy,
Y2,
9, CocTaBuTh YpaBHEHHR MNPOSKUHH DPAMOH
x=to+Ut, y=y+mb 2=2+nt
Ha nviockoets Ax + By 4 Cz+4 D=0,
10. Hanucath ypaBHEHHR NPOEKUMA MpAMOR
x=2+44 y=1-=t, 2=3—2
Ha NAOCKoCT: 3x—y 22 —T7 =0,
11. Cocrasnts ypapuenus: 1) ocu Oy; 2) ocu Oz
12, Hecasposate BSauMHOS pacnosioxeHre crefywomiux nap
NpAMEIX B NPOCTPaHCTBE; €C/IH NpAMble NApa/ie/bHE, HATHCATH
ypasHeHHe NJIOCKOCTH, DpOoXojdulel uepes HUX; ec/lH mpaMbie me-
peceKatotcst, HafiTd WX OOWYIO TOUKY H HANWCATH YpaBHEHHe CO-
pepxamefi HX NDJOCKOCTH: :
1) x=9, y="5, z=—34¢ u x=27 -9, y=15--5¢,

2=—1H

N x=t y=8—d,z=—3 = nx+y—2=020—yi+

ot 22= 0,
3) 2x+3y=0;} X42—8=0 }
168

) mw 8 BeKTOpHOH dopMe

4)x+z—1.—_—0;}H 3+ y—24+13=0;
’ =204 3=0 Yy4-2—8=0,
O1eeTRd
T D=3l y=1313, 2=4; P x=—0, y=8. 2=5+ 14
X - — P
Bg=Xx—4 y=2—=2 & ! xoymy.,znz,
A B g
+4Cz+4D=0. 10 43-1614y+z—25=0.3x—y+2=-7=0. 1. ) x=0,

g=m0; 2) x=0 g=0 12 1) cosnapaior; 2} mapanensud #  Jemar

B OAOCKOCTH 12% — 3y} 82=10; 3) ¢
N{(—=3 0 4 u nexar v nmcxom'g} 3xx$14u;|nin5rr§n_;_ ﬁ ie%?cexm’l B Totxe

=0, Ax+ 8y +

& 2. 8. ¥romg ey EnyMas npamMMH, P,
Kpargalee paccroanme uen&y Anyma :::;:lﬂ:: ¢ of ToIkm Ao npawok,

Yarom mexdy npamod u KoopSutamuol ocolo erca
HASHIBA ron
MEXKLY HANPaBJAIOMEM BEKTOPOM NPAMOA M OpTOM oCH. d
Yenrom mexcdy Oeyma npamuimy HASHBAETCR YIOM MEKAY Ha-
 IPABJAIOUIHMH BEKTOPAMH STHX NPAMLIX.
Kocuuyc yriia mMexpuy nsyMma npsMbiMu

x=x 4+ ht, =y, +myt, 2=2,}nt; 4. 50
x=x=+!at.y=ys+mef,z=z;+nat 54-513

‘; onpegeasercs GopMy ol

Cos ¢ = Ida 4 mymy 4 myny

VR+mi 4otV +mitay’ .52
YeiioBue mepneHAMKYAApHOCTH npaMeix (4. 50) u (4. 51):
Il!s + mlmz + nlna = 0. (4.53)

Pacerosnue or Tourn M,
‘gHeAseTCA ho dopMyne o(Xe Yo %) RO npamol (4. 50) Bu-

V Bi— % zl“zoa+ Xy—¥% H—2 s+ Xy~ Xp yl—‘yo?

O A L h b b m 1 e

VR it

Vit —7yal®
d=-——ﬁj)—]’ (4. 55)

L35 TRR Ty M Fp— apuyc-exropsl Touek My, Mg a—
. _BeKTop (pl?lc. 2 rix . v Mo 4 RanpaRARIomuR

Kparuaitiee paccronsue mexny npademu (puc. 4. 8)
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~la-naal (4. 56)

Puc. 4.7

-

HAH B RoOpAjHaTHOR (opme

Ky =Xy h—th 82—
L my ny
L iy fy

d == — ammm,
. V mln’l*_[_ hm ’_’_,11-‘"1 I* ’
Mgty Liny lymy

(4.57)

Pue 4.8

rae SHaR DJIOC Gepercs 8 CAyuae, KOrA3 ONPefienuTeab TPETbero
nopAnka MONOKHUTENCH B BHAK MHHYC — B MPOTHBHOM CJYdae,

-

Hpamepet
15. Haiith yrmi MeXAY KOOPRUHATHHMH OCAMH U DIPAMOH, 1po-
xonsmeli yepes xse Toukn M, (3, — 4, V'2), My(4, —5, 21/ 2).
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% B xauecTse HaUPaBAOINETO BEKTOPA MOKHO B3ATH BEKTOP

& a=MMy={4 —3, —5—(—4), 2 T—V T} =
- ={l, =1, V7).

i aMpasnAomne KOCHHYCH 3TOro BEKTOps onpesesarca

s xame (3. 20)— (3. 22): % pex Boppeys
< 1

s COSa = s
“"f.'_ ) l + + 2

£+ CnepoBare/bho, npAMas 06pasyeT ¢ KOOPANHATHHIMH OCAMH - Yrau:

; a=60°% B=120°% 1= 45"

: 3amenanne BxavecTse HanpaRAfIOUIEro REKTODA MOKHO BIRTH B BEKTOP
MM ={=1 1, =V 2}, toras noaysm yram « = 120° 3 = 60°, 1,=135°,

< JOHOAHRICWINE YTAK ¢, B, 7 Ao 180°

e~ 16, OnpesieanTs HaUPaBARIOMES KOCUHYCH NpaMofl

x=442 y=—3—¢, 2=5—=21.

Hanpasasmomnit sexTop npamofi ects aekrop a = {2, — 1, — 21,
Tlo dopuynam (3. 20) — (3. 22) monyuaeM HanpaBAAIOUYE KOCHe

HYCH 1D AMOIR

Ve

] |
=3 COS?"-:!-—-?, COST='——2 .

= 2 = 2. — L. —_2
cma_-’/"l—-_'}.—l—_ﬁ-‘—‘ 3'C°53— _3‘v cmT—'—'—g‘".

17. Hafitu yron mezy AByMS npaMsiMif:
x—8 _y+3 ~f—6 x—=2 y-—4 241
7 2 -8 "1 T =8 T =71°
Tleppan npsmas uMeeT nanpasasomutt extop 4, = {7, 2, — 8},
g propag a; = {11, —8, —7]. B coorserctaun ¢ dopuynoft (4. 52)
DVIY 43eM -
q,,=_?"ll+2(—3)-l~(—8)01—-7) - 17 1
V4564 Y 121 + 64 F 49 yur-yvesa vz
Cregoparensio, ¢ = 45°
18. CocTaBiTs YpasHeHue nNpaAMofl, poBefieHHOA uepes Touxy
(2, — 3, D) mepnNeNAUKYAAPHO ABYM JAHHLIM TPAMBIM:
r—1 y=—8 245 X—2 g1 _ 247
-1~ 2 = - B

2 ' & 3 -2 "
YpaeHeHle NpaMoli HIEM B BHAS

x—2 _yg+3 z—35

i = "m T =&
osbunuentsl I m, n, onpefeaseMbie ¢ TOMHOCTHIO A0 MOCTOAH-
Of0 MHOMHTENA, B CHay ycaoBud (4. 53) AOMKHBI YAOBNETBOPATL
CTeMe JABYX ypasHeHnf:
(— D+ 2m 4+ 2n = 0; }
6i+3m—2n=0,

in



CxnaguiBas W BUYHTAs NOWIEHHO STH YPABHEHHS, NOnydmM

5 - 5m=0;}
3A—2n=0,

orsyma [=—m, I= —i- n. flonarar Hanpumep, n = 3, NOJYIHM
=2 m=—2
CrepoBaTe/bHO, YPaBHeHNE NPsAMof RPHHUMAaeT BHA
x—2 __ y+3 z2=—5

2~ -2 3 °
19. Hafiti paccroamue or Tosku M,(l, —2, 3) no mpamoit
X=9—2% y=4—4, z2=7+ 4.

Nomayenca dopuytoh (4. 54). Tak xak Xp=1, go=—2,
&,:3, x1=9, y1=4, 21=7, ll=—2, y = —4, n,=4, 0

li—(—2 7—3[ | 9~17—3 9—14—(-—2)"
) V\ —1 4 l+|—2 4 ‘*I—z -
- V =R+
=V403+402+(_20)a =V35m) =lo‘
V41616 V36
Mrak, paccronnue pasro 10.

20. BuiuHCIMTL paccTOSHAE MEKAY CKPEeMBIOmAMACR Hps-
MuMH

x=342 y=T—2t 2=1+34
=54 4, y=28, 2=2—6t
Mpexcae BCero MOXKHO YORAHTBCS, $TO MPAMBIE ABJIMOTCA CKpe-
wusaomMucs. B caMoM aese, onpexeamrens (4. 47) oramden or
Hyns, T. €. -

5—38—72—1 2 I 1 21 1
2 —2 3 |=[2—2 3[=60 5=56
4 0 —6 4 0 —6 40 —6

Tak Kak ONpeieHTENb NONOKHTeNneH, To B opmyne (4. 57)
HYXHO B3ATH 3HaK nuioc. [loxcTaenas COOTRETCTRYiOWAS 3HA4Ye-

BUR B 3TY GQopMyay, DOIYyIRM

5—38—72—1 ' 2 1 1
2 —2 3 2.2 3
de 4 0 —6 _ 4 06| _
|—2 3|‘+ 2 3 ’_[_2..2'*' V12 (= 2P +8 °
0 —6 4—6| T4 o
56
=o =2
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3anaum

N - 'Nj‘kﬁ

13. Hafirn manpasasiomue xocaycst NPAMEIX

1) x5 __y+4+4 _ z—1 9 2x—2243=0;
14 OnlJzﬂe.rnfn-b‘-y2 T2 10x—12y + 42— 5 =0.
. rABE MeXK
CRERYIOMHX [PAMBIX: Ay OCAMR KOODAWHAT H KaMiol Ws
l x‘:—i=y+6=z_?o 3x'—"4 =0'
) V2 i -1 2)5,\¢—Sg=0:}
15. Haittu yron wmex
AYIOUTHX Cayuaes: LY ABYMA TDAMHMM B KaXAOM Hs Cre-
B Yl N L 2 R T

x—4 445 _ z2—86

i 1, =10 1 -1~ "8 =5
| 53 2 t4+y—4=0 } x—y=0;
Viy—z—1=o0 " V§y—-z——V"2'=0.}
. 16. BeuucANTE paccTOnARME OT TOUKM My (7, —
" AOR U3 CIEAYIOMHMX NPAMEX: olfy =2 8) 2o maxc
E{i. l) x=3_r! y=""—5—-2t, 2 = l +2t‘
i 2y x =64 102, y=—3 4114, z2==2 3 9,

17. Buiqucaurs wparaafimee CCTO
I P paccTosHRe MeXKAY ABYMS nps-

*—-3 _y+1 2 £+2  2—3
l) —6 1 =TH 3 = _l,y_4==0;

D x=3+L y=l—t 2=24+2% 0 x=—1{, y=24 3,

18. Haiitn paccrosmne Mexay NapainefbHBMH NMPAMBIMUL
. 41) xsfs—#' Y=24+T z=1+4t n x=8, y=3—14,

2) x—2 __g+1 z . x=T

— % y—1 2-—3
3 4 2 3 T Ty Tz
o 19. Haiitr kpaTdafiliee PaCCTORHAE MEKAY AHArOHAJBLIO KyGa
Q?:o anepecexammeﬁ €¢ JHaroHalpl0 rpaHd, ecan pebpo KyGa pasn-
IRY .
g ) 20. CocraBuTp YpasHeHAe OpAMoR, NpPOBEREHHOR YePes TOUK
o My({4, 7, —5) nepnenAUKYJAPHO ABYM AaHHBIM npaubmpes y
- X=342% y=8—t, z=—1 44 0 x=1483 y==54

Coc + 4 z2=6 1

e 21, TABHTh YpaBHeHHe ofmero nepnen
¢ HEMApa/NNRILHBIM NPAMEM PICTATEYInpa X meyx

ated
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Oreernl

¢='7 3=l—""- 1 == E 00&5&- M
'3- 1}005 * <05 ? 1 oSy = ? H 2} Cos & ll, _I]-
6 + ll ] L]

V8 3l
15. 1) ¢ = 135% 2) ¢=60" 186 Hd=5 2}d=—-i-5-"". i7. 1} 3>

18 1 1o, x—4_y—7_ 2+8
2 ﬁ 18, 1) -3—]/?%; 2) 3 19. Yo 20—y ="3 1
o f—7)aa=0 (F~r)aa=0 thea= [a, @l
§ 4. 3. MNpaman H NAOCKOCTh B NPOCTPAHCTBE
Yron MeKAY nmpamoil .
x=xo+ U y=go+m 2=2+n {4. 58)
B TJIOCKOCTHIO .
Ax+By+Cz+D==q (4. 59)
onpegenserca Qopuyiof ’ ,
| Al 4 Bm + Cn| @, 60)

Y= TR TOVRLALT
KoopAHHATH TOUKH MepecedeHHs npamoit (4. 58) u NAOCKOCTH

. 59),
_B9) HaxojaTca M3 cHcTeMs! ypapreHufi (4. 58) u (4 '
« Eg’c).ng:nennapae:.n.ne.uI,ch:m npamodi (4. 58) u naockocry (4. 59):-

Al+Bm+Cn=0. 4. 61)
Yenosue, npr KotopoM npamas (4. 58) sewur Ha OUOCKOCTH
(4. 59): - ‘
A+ Bm-+Cn=0, Ax, + 8y, +Cz4+D=0. (4.62)
VenorHe nepheHAHKyspHOCTH npamoft (4. 58) W nAoCKoCTH
(4. 59): .
A

..1_=_3_=.£. upw A=MN, B=wm, C=2n, 50, (4 63)
n f

MMyuxom naockocmell HASHBAETCH COBOKYMHOCTH naocKocTelt,
3 RAHHYIO NPAMYIO. .
npoik%ﬂ;;lg:*f“: er‘:’;qx':a nAocKocTel, MPOXOJAMHEX Hepes MpAMyIo:
Ax4By+Cz+Dy= 0'.}
Agx 4 By +Cr+ Dy =0 (4. 64)
nMeeT BHI
a (At + Buy + Ciz+ Dy) + B(Ayx + Boy + Coz + D) =0, (4. 65)
riae @ W B NPUHHMAIOT BCEBOSMOXKHLIE JAeliCTBUTEAbHBIE 3HATCHHSA

(a8 45 £ O).
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Ypasuenne (4. 65) moxno sammcars Tak:
A 4By 4+ Cyz 4 Dy (A% + By + Ciz + D) = 0,

l Eome k==L, an0.

(4. 65)

‘ a«

Nprmepu

) ;15,1\ " 1. Haittt yron mexay npsamoft x =5 - §, g=—3 4t 2=
'«’E’L = 4—2¢ n mAOCKOCTbIO 4% — 2y — 22 + 7 = 0,
;g,, Hpm.éenaem g:opuyny (4.60). Takkak =1, m=1, n=— 2,

; = = =—2 ro

41+ (=D1H (== _ _ 6
VIF1+4dyiet+dt-a Yey e
CrepoBateasho, ¢ = 30°,
. 2. HaRTu T1ouky nepecesenns maockoct 3x— 4y 4- 52 s
16 =0 1 npavolt x = —~6 4 2%, y=7—¢, 2=8—23.
Peminy cosmecrio cuetemy ypasHeHHA mpaAMOll N MJAaCKOCTH,
OJICTaBIM BLIDAXEHHA ANA X, ¢, 2 B YPaBHEHUE MJGCKOCTH

' 3(—6-+20—4(7T—H+5B—3H+16=0.
OCAIe YOpOeHAd HoNygHm

wb5f + 10 =0,

o1kyaa ¢ = 2. W3 ypapuerufi mpavofi npy f =2 Haxogum KOOp/1a~

Thl TOGKH MepeceqeHiid ¥ == — 2, y =15, 7292,
(Taé{ﬂué 062];a9w, HCKOMOH TOYROHR TepecedeHHs ABJASETCH TOYKA
3. Hafitu npoexmtio Toarr P (3, 2, — 1) Ha nsockocTs'

x—by+42—31 =0,

3aana cBoxHTCS K OTWICKAHIMIO OCHOBAHHA W@ NeHpHKyAapa,
PONYIEHROr0 M3 Touk# P Ha faHRylo miaockocts, HammweM ypase
FBEHMA 3TOTO MeprneHAnKYy.asipa {(cM. § 4. 2, npumep 3): '
x=3+1 y=2—="5¢ 2=—1- 4.
g Haxoamv Touky mepeceuenns mepneHamkyaspa H Aanwoil njo-
feROCTH: »
+8H—5C—5)+4(—1+44)—31=0,42t—42=0, =1,
Cnejoparensro, npoekDmell ToukH P Ha M/IOCKOCTH ABjsercs
ka Q{4, —3, 3).
4. Haftn npoexumo Toukn P(5, —6, 7) Ha npamyw x =
7—2% y=1+3 z=4+4¢

Hexomas mpoekuiin apagetcs Touxoi nepecedeHns faHHol npa-
Off ¥ TJIOCKOCTH, MPOBEACHHON 4epes TO4KY P NepneHAuKyAApHO
of npamoil. CocTaBuM ypaBHeHHE  YKASAHHON NMIOCKOCTH
M. § 4.1, npumep 1)
2(x—5+3y+6)+(z—7)=0 um 2x—3y—2—21 =0,
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Haxonum TOUKy fepecedeHus AaHHofl mnpAMOH H NoMYyeHHOH

ANOCKOCTH:
2(7—2H—3(1 +3t)—(4+t)1—2l =0, —14—14 =0,
fom—1.

Wax, Touka Q(9, —2, 3) sBamerca npoekuuedf ToukH P Ha
ARRHYIO TAOCKOCTD, -

5. Hafiru TouKy, cuMMerpuunyio Touke P (2, 7, 1) OTHOCHTe/D-
g0 agockoeTt x—4y +24+7=0.

VickoMast TOUKa { ABAAETCA BTOPHM KOHMUOM oTpeska PQ, And
KoToporo cepeputofi Gyaer To4ka R -—MNpoeKuHa TOUKH P ma
Aansyio naockocrs, Hafpem Touky R. YpaBueHnd nepneERHKyNs-
P2 K MIOCKOCTH, MPOBEACHHOTo Yepes TOUKY P, HMEIOT BHA

x=2+¢ y=7—4, 2=144¢
PeilliIM COBMECTHO CHCTeMY YpaBHeHH Meprenpukyaspa H januoft
'RI0CKOCTH
QLH—4T@—4)+(1+0H+7=0um 18 —18=0, t=1.

CnenoBatenbio, R(3, 3, 2)— Touxka nepeceyenHd. [lo dopuy-
aam (3. 29), xoToppie B RaHHOM CAyuae nesecoofpasHo npefcTa-
BUTL B BUAC

K= 2K — iy Ya=2— Y B=22—%
uaxonuM Toury Q(4, —1, 3).

6. Ilpu kakom snavenHu 7 mpamad x =2+ &, y=— 342,

2 =5+ nt napannenbHa TUIOCKOCTH 2% -4y — 624 7=0.

O6pamaemMcs K ycnosio (4. 61) mapaaienbHOCTH npsamoit H

pnockoceTH. [TORCTABNAA COOTBETCTRYIOIIHE SHAUEHHA B 3TO ypaB-
penye, MonyduM
2.5+4.24(—6n=0 um 18—6n=0,

OTKyRa n = 3.

7. Tpu kaknx sHadenuax B uw D npamasa

x—1_y+2 z—4
58 -3 7

REXUT B nuockoeTH 4x + By—2z-+-D=0?

Ioacrapasa B ypasHenus (4. 62) cooTBeTcTBYONMe SHAUCHHHA,
ROAYIBM CHCTEMY YpaBHeHuH
4.5+ B(—3)+(—7=0, 414+B(—2+(—24+D=0,
us Kotopoht onpegenseM B=2 u D=38.

8. Ipr kaknx smavenusx m u A mpaMan x =3+ 2, y=
= —5 4 mf, z= 16/ nepnenpuKyNApHa MIOCKOCTH Ax — 2y +

F32—5=0?
¥Yenosue (4. 63) B 1aEHOM Cayuae NPHMET BHA
A —2 3
4 . "§"1= “m 6
—2
T, & '—2-=-2—H =2 OTKYJa A=1, m=—4,
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9. CocTaBHTh YpaBHEHHE MAOCKOCTH, It
P Ty e poxopAmed gepes Touxky
2x—3y+5z—7 =0
u x4+ 2y —6z—5=0,
AMMIIeM ypaBHeHHE NYUKE IJIOCKOCTRH, NMPOXONSIIMX 1 -
HYIO TPAMYIO. E COOTBeTCTBHE C ypasueuuerl? (4. 65%) no:gg::\ca !
(@x—3y+52—7)+2(4x 42y — 62~ 5) =0,

HOJICTaBHﬂﬂ B 3T0 YpaBHeHHE KOO P 6
JUHATHL TOYKH B
P. » OYAEN

2-4—3(—1)+51—-7] 4+ A[4:4 4 2(—1)—6.1—5) =0,
: 943 =0, A==—3.
Vs ypabHeHHs nydyka npH A = — 3 HaXOZMM ypaBHeHHE HCKO-

Mol MIOCKOCTH
10x -}- 9y — 232 — 8 =0,

Sanaam

1. Haitta yron Mexpy npamoft
x=8—2 y=7—2 2=9-} 4

':}35

"5 B IMIOCKOCTBIO
6x—3y—3z--1=0.

; 2, Hafitn npoexumio Touku P(l, 2, —3) Ba nn By —
g #%+§:ﬁ_41 Poci ( ) OCKOCTL. Bx
& . TH TOUKY, CHMMETPHYHYIO Toure P(2, —4, 5 -
%k TeNbHO MpAMOi PHIRYI® @ N ) omock
| “s - x=1—3, y==3t, 2=3—4L
L . LlpopecTH Wepe3s TOUKY nepecevenus MJAOCKOCTH X+ y + z—

;ﬁ? ~—1=0c¢npamoft y=1, 2+ 1=0 npamyo, Jle}KalI.lyIOyB 3TOM
£ TAIDCKOCTH H TIepnesKyIIpHYio RanHOH mpaMoii,
&, 0, [Tpu kakoM snavenunt I npamad
¥x—8 _y+2 25
i 7 4 T 6
napajnenbia MIOCKOCTH 2x — S5+ 32—7=0.
6. CocTaButh ypaBueHWe MIOCKOCTH, KOTOpas MPOXOZHT wUepes

fipAMYIO
3¢—y+224-9=0, x+2z—3=0m
1) gepes Toury N (4, —2, —3);
2) nmapaaneabHo ocd Ox;
3) napaaneabro ocd Oy
4) mapannenvro ocy Oz

Orzernt .
™ 3%
L 9=30 2.Q(7, 1, 0) 8. Q(I—s-, -5 %) Lxtgtr—i=

N n==0, X-—1=0 5 t=1. 6. 1) 23x-——2 2z — e o
HYxdz—3=0; 4) x—y+)15=o. Y+ 21z —3=0Py+2—-18=0;

BY/



§ 4.4. Tlosepxuocrn B npocrpancrse, Ciepa. HosepxuocTs
ppamenna. LinmBApHYecKie # KOHHYECKHE NOBEPXHOCTH

[losepxrocrneto B NPOCTPAHCTBE HASHIBAETCH TEOMETPHUSCKOS
MECTO TO4Y€K, KOOpAHHATH KOTOPHIX YAOBJESTBOPAIOT YPABHEHHIO
' F(x, y, 9)=0. (4.66)
Junua B NPOCTPAHCTBE Kak nepeceyeHie ABYX MOBEPXHOCTEH
onpeseasieTc ABYMS YpaBHEHHSAMH:
F;()C, ® A= 0;
Fa(x, 3, 2=0., (4.67)
YpaBHenue
(x—aP + (=0 +@—cf=R (4.68)
onpeneaset chepy papgyca R ¢ UEHTpOM B TOUKe S, b o).
" Beom a=b=c=0, nomyuaeMm Yypaphcnue cdeps panyca R
¢ HEHTpPOM B Hayafe KOOpAHHAT:
P4yt E=R (4.69)
YpapHeHHE
At 4 Ap -+ A+ Bx++Cy-+ Dz +E=0 (4.70)

C MOMOINLI0 SOTONHEHHA RO MOAHHX KBajpaToB MOXHC MNPHBRCTH

X BURY
x—al+—+@e—cP=d 4.70)
Eomt d> 0, To ypasneHue (4.71) onpenenser cepy paguyca
R=vy4d. Ecm d=0, T0 ypaBHEeHHIO (4.71% YAOBNETBOPAIOT KO-
OpAHHATH eguncTRenHoll Touke S(a, b, ¢). Ecam d <0, TO Yypae-
pemmo (4.71) He YROBNETBOPAIOT KOOPAHHATH HH OJHCH TOUKH
NpOCTPAHCTEA.

TlopepxHOCTh, OCPASOBAHHAA BpAMICHHEM JITHHH l
x=0,0) ]
y= 0 “.72)
sokpyr ocu Oz (puc. 4.9), onpefenserca ypaBlcHIEM
24P =6 @+ e @) (4.73)

Huaundpudeckolt NOBEPXHOCTHIO HA3HIBACTCH NOBEPXHOCTL, OMH-
chiRacMasi TIpAMOlt (oGpasylomteft), napannesbHoll AaHHOMY Hanpap/e-
HHIO W TICPEeceKaiolled Jauuywo JHEHIO (HanpasnAOULYI0).

YpasHeHHe UHNHHAPHIECKON NOBEPXHOCTH, olpasyiomue KoTopoil
napaynenbib ocH Oz, MMeeT BHJ

Fix, ) =0. 4.74)

YpapHenns HanpapJsIouIeH IMMHHAPHIECKO MoBepXHOCTH (4.74)
F (xsy ) =0, ] 1=

20, (4.79)
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% Konuneckod NOBSPXHOCTBIO HASMBASTCH NOBEPXHOCTH, OMUCH-
g aeMast npsMofl, nNpoXonsmefl uepes NAHRYIO TOYKY (BePIIMHY KO-
: Hyca) ¥ TepeceKalomell AaHHYIO JHHWIO (HATPABASIOWYIO KoHyca)
;,'f:' [pnsepst
b :
o 14 Cograsu'rb ypaBHeHKe C¢ephl, ecaH NSBeCTHO, YTO TOYKH
L M, (4, —3,7), My(2, 1, 3) ABnAIOTCA KOHUAMH OfHOrO U3 €& Rua-
B

Pue 4.9

smeTpoB. JleXaT JH Ha stolt ¢ —_

M‘ (]i' “3’4)' Mﬁ (7,ﬁ2’ 3)? qJEPQ TCYKH M’ (4' 2! + 7)’
SHTpPOM HCKOMoR cdepbl ABAfETCA cepeguHA

B ee pagHyC paBeH TONOBHHE JUIIMHLL orrpesrljc?M, Agp ?ﬁogpni{:aﬂ:;

cepeaibl o'rgesxa MM, naxonum no dopmyiam (3.29), mony-
Toury C(3, —1,5). Tlo dopmyne (3.19) maxopum paguyc

R=CMy=)V2—=3pP+ 1+ 1+ E8—0pF=3.
Iogcrapnas B ¢opmyny (4.68) spasenust @ =3, b= —|
e -~ 5, R=238, nonyunM ypaBHeHue cdephi: ’
: (k=38P + @+ 1P+ ~5F=9.

BrisicHUM, JeXaT AH ToWKH M, M
, » M, M Ha s1oit chepe. IMag.
aBNiAA KOODAUHATH! TOYEK B YpaBHeHHe cdeph, Haxonlgf(l:) o

U3+ (=24 1P+ (T—5f =l +1+4=6<9;
G 3P (=84 P F (P —dfdp1ms
T—3P+ Q@+ 1P+ B—5P=16+9+4=29>09,

Caepopatenso, Touka M, &

¢ JEXKHT Ha cdepe
8 Chess s mow ¢epe, Toukn My n M,
' Samevanne Touxa M, semar
chepu MERBIDE pPAANYCA; TOURA
Hue Jo Uentpa chepul

chepti, HOO ee paccromuie 0

MeXHT
“Goatuue pa 3 B¢ cepl, TaK Kax ¢ pace
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sHeHHe cdepbl, MpoXojsAmeR de TeTHIPS
roren Ha L0 e, —11, 0%, M010, 1, 9), Mo(—2, — 11,

g).
VYpasnenne cdepbl HiteM 8 BHAC
(x—aP 4+ @—bF+—o* =R
opAHHaThi ToweR M,, M, M, M, B 3TO Yypam.
neuggn?oi?::u I::(:!c?remy qeThlpex ypa;nem:ﬁ OTROCHTEAbHO YeThl-
pex HemspecTHHX @, b, ¢ ¥ R:
(1—ayX+ (1 —56+0—cf =Ry
T—aP +(—11 =84 0—cP=R%4
(10—a) + (1 —bP + (O — ) = R%
(—2—af + (=1 =B+ (9—cf =R~

Pewag 3Ty CcucrteMy ypapHenufi, Haxomum: a=4, b=—5,,

c= 6, R=9. )
CriepoBaTenbao, ypagHeHue cdepbl HMeeT BuR
(x— '+ + 5P+ (z—6)*= 8L,
8. Hafite uentp # paguyc cdepsl
242404 228 — 12— 10y 4- 824 1 = 0.

aHHOR gHekHe ‘o6najaer caefyiomefi ocoGennocTbIOf KO3d-
qmu%emu 1'31’;‘)): KBapaTaXx KOOPAHHAT PaBHW MEeXAYy Colofi, ypae-
HeHHe He COfIEPICHT UNEHOB C IPOM3BEJCHHAMH KOOPHMHAT. 3ro
ypaBHeHHE MOXKHO NMPHBECTH K BHAY (4.71). Paspenus o6e gacri

YpapHeHHA HaA 2, MONYTHM 1
Bt P+ —06x=by+ 4245 =0.
JIonoNHAM JEBYIO YACTb YPABHEHMA KO FOMRUX KBajpaTos:
26 25
(@—br+9+ (P =25y + %)+ @+ 2+ H-9—F—
HAH , .
w3+ (p—2) rerr=3
CpasuuBas TMONyYeHHOE YpaBHeHMe ¢ ypabHeuueMm (4.68), naxo-

TN
) 75 5% 3
a=3, b=3 c=—2 R=Y =312

4. Haltts Touky nepecedeHHs cephl
(x~P+{E+5+—60=81
nonpamoll x=3—1, y=—38+2%, 2=4—2%,
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~ UYroGu HaflTH TOUKY nepeceuenHs cdePw K npaAMoi, Heoxo-
AHMO PEIUKTL COBMECTHO CHCTeMY HX ypaBHemnm#t. IToACTaBHM Bhi
paXeHHd AN X, y, Z 4epes napaMerp { B ypasHenue Cepel:
(—1 =1 + @+ 20 4 (—2 — 2 = 8.
PackpuiBa cko6kH H npuBOAR NMoRoGHbIE Uiems, noay UM
O+ 18 —72 =0 uan 24 % —8 =0.
13'emas;:l nocmngee ypannenne,4 HaXopuM H=—4, 4, =2 M3
BHEHEH NpAMOR NpH §; = — 4 nNonydaeM TOMKY MepeceqeHHs
W{?, —ll,pill2). npH £, = 2— Touky M,(l, 1, 01;.3’ pece
5. Kakyio noBepXHOCTb OOpEJeNACT ypaBHeHne
24y =25?
IlanHoe ypasHeHWE He CONEpPXHT WUICHOB C Koopnunatolt z.
B cootserctauu ¢ dopMynolt (4.74) sakmouaem, wTO YpaeHeHHe
¥4 =20 onmpejenseT UHNUHAPHUECKYIO NMOBepXRoCTh ¢ 0OGpa-
sylomedl, napannensHolt ocy Oz. B nnockoctw Oxy ypasreHue Ha-
npaBASIOmed 3Tofl] HAHHAPHIeCKofl ‘MoBepXxuoCTH GyRer X% 4- P =

= =25, D70 OKPYXKHOCTb pagnyca R=D5. DTa e muHus B npoc-
| TPAHCTBE B COOTBETCTBHH ¢ dopmynamu (4.75) onpemensierca

YPABHEHHIMH:
X8y = 25; }
z2=0,
CnenosatenbHo, faHHOE YPaBHEHHE OMNpEHENAeT npaMoll Kpyro-

I,d_c BOH WMAMHED.

6. Han snnunc .
x&
w=t+tm=15
. , Y=l
Bpamasa sTor sanunc sokpyT oci Oz, MOAYUMM NOBEPXHOCTH, Ha-

2i-SHIBAEMYIO  SANMNCOMAOM BpamieRHA. CoCraputh ee YParHeHHe.

Ypaenennd annunca npuBefeM K Bugy (4.72), 1. e. BHEIDA3UM
% B y KaK QyHKuMH MepeMesRolt 2, HafifieM Keajppatel x H i

za [+

#=ofi- 2} |
y¥=0

B coorsetctBun ¢ dopmynoRt (4.73) nonyuuM ypaeHeHme smmun-

HAA BpAIEHHS:
K4P=ad (l —_ -%-)

3 28
TtEtE=1

7. CocraBuTb ypaBHeHHe OFHONOJOCTHOTO THIEPGONOHA Bpaue-
HRsl, MOMYyYeHHOTO Bpamenngu rHnepGonm:
3!.

?“?=“}
y=0

BOKpyr ocu Oz
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Vs ypasuennfi rumeplo/bs HmeeM

. z‘
v=a (l + ?-);
=0

CkaaanBas NMOYJICHHO 3TH YpaBHeHHs, noaydaeM HCKOMOE Ypap-
HEHHE OJHONONOCTHOTO runepGosionpa:

x’+y’=a*(l+-,’-:-)

: 3 ] 3
Hah—fa
8. ana och Kpyraoro DuamHppa x=9—1f, y=4—21 z=
=72 1 1ouka Mo(l, —2, 3) Ha ero nopepxnocTH. CoCTaBHTD

ypaBHeHBe LRJIRHIPA.
Nyets M(x, y, z)— NpOHSBOJBHAA TOYKA JAHHOrO KpYrJoro

nuaunxpa. Paccrosnue sToft TOUKHM JO OCH UWNMEADa PaBHO pac-
cTospBo Touks M, Jo ol ke ocu. Hafizem 3TH paccToAHuS.
o dopmyae (4.54) nonyuaenm:

AR S P e

dy= =
° V=T —+%
_ VIR L 10 _ VIO
V144414 Yo'
4—yT—zP |9—xT—z (9—x4—y|t
N A STl P i P el
VP44 B
_VEO— 20 —ar+ 20— 0+ 0 = [0 FE=gl' _
‘ YiF441d
_V@z_ay—azys-;-ms—zx—:;ﬂ-]-_éx-—y-14)s
= = .

Tak kak d, = d, T0 ypasHeHWe KpYIJIOTG LMAMHAPZ NMEET BUR
V=3 —02f — @~ 2 — 2 | @x— y— 14y = Y F00.
: ¥npoiaa sto ypaBHeRHe, NONTY4HM
82 + 5y® + 52 — 4xy -} 4x2 -} 8yz — 156x — 60y—13824-405=0.
9. CocvasuTh YpasHeHWe KOHYCa, OMHCAHHOIO OKOMO cCdepl
g‘(g— 56’-}8-2’= 4, ecAM BEPIUMHA KOHYCZ HAXOAHTCA B TOUKe
, 0, 8). )
Hanuwen napameTpuseckue YypasHEHHSH npamoil, npoxoasmeit
yepes Touky S(0, 0, 8) '
x=Ul y=m, z2=84nt (h)
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Hafipes Touky nepeceweHun aToft npamoli co cdepoii '
_ H

‘Gyem, 9TO0n! STH TOYKH COBMAJANH, T. €. YTOOH ntlt:’;l:m xacr:no:lTapci-
chepts. Tloncrasnss ypaphenus (A) B ypapuenue chepsr, nonyuim
KBajpaTHOe ypaBHeHHEe OTHOCHTENLHO !

(OF+ (m)* + B+ )t =4

., (B4t 4 nD B+ 16n 4+ 60 = 0. ®)
pa:;fu}gfeT{.Bg. HMEET paBHbIe KOPHH, KOTAZ €r0 AMCKPHMHHAHT
. 64n* —60 (Lm0 =0

R 15(84-m2) =0, Q)
 WTaK, KOOpAMHATH HANpaBRAMOMETO BeKTOpa mpsmMof, npoxo-
anlefl 4epes TOUKY S # kacaiouneficn Aanuod cdeps, YIOBMETBO-
mor ypastiennio (C). Tlopctasnns 8 570 ypasuenme peipaenna
I, m, n us ypasHenufi (A), noaysum
(e—8F—15(x2yh) =0,
CrepopatenbHO, YpaBHEHHE KOHYCa HMeEET Bij
15(x% -+ ¢5) —(z—8)2 =0,
10, Hanpapasiomas KoHyca 3agana ypaBheHHsAMH
x3 2t
'y + 95 = l’ Y= 0'
::a Haxoputes B Touke S (0, — 3, 4). Cocrasure ypasHeHue
andiueM ypasHenus ofpasylomleli Komyca Kak npamolt
'amen gepe3s TOWKY S n%maao.nbuyio TO4Ky N (:I:, % ;:) ngg:
pasasiromest, Ecom M (X, Y, Z) — mo6as Touxa ofpasyomeit u Tem
bIM A106aA TOYKA KOHYCa, TO YpaBHeHHe o6pasyiomeft ApHMET BHJ,
X—=0_Y+3 z—4
x—=0 v+3_ 7—4
: X=xt, Y +3=(y+3t, Z—4=0z—4¢
Hs nocnepHux ypasuenuit onpeseanm X, y, z
=X 4= _‘:l:.{;.:ﬂ; 2= Z_—._:_ﬂ‘
Enoncmsnu HIJ’{ ﬁb;pameunn B ypasHeHHA Hanpasamomefi. Tak kag
0, 1o { =——. Hcrmouans ¢ u3 nepsoro YpaBHeHua Ha-

soueli, noayqaeM

_?;_' 1 [z... 4+;5(Y_;;3)]_a - (Y-;-a)‘

H

£+(_3Z+_ R _ ¥ +3p
9 ¥ 0B - 9



PackpsiBasi CKOGKH, MpHBOXA K OOMEMY SHAMEHATEN:O H Npi-
BOAR TIOAOCHHE UACHH, NONYYAM YpABHEHHC KOHYCA

05X® .— OY? - 972 | 24ZY -~ 160Y — 226 = 0.

3aueuarne. Ecrn Hanpasnmollas BomKueckoll NOBEPXHOCTH SaflaHa ypas
peruaun Fy (2, 9 2=0, Fy(x, . £=0 70 ypasHenrs 06pasylomAx srofl no-
BEPXHOCTE MOMMHO SarHcaTh 8 BHAE
X—sg Y—th __Z—2%
I—% H#—% z2—2’° .
FRe X, ¥, 2 — KOOpAMHATH TGUKH, npUAANEeRAed Hanpasaswmed; X, o Zo—
KoOpAHHATH Bepmimdl Komyca; X, ¥, Z — TeKyilge KOODARHATH TOTKH KOHM
ueckoR nogepxuocth. Mckmouas x, ¢, 2 B3 JAHAHX SeTRIpEX ypapHeHuH, nNONyIHM
HCRONOE YPABAGHHE KOHRUECKON MOBEpXHOCTE.
11, Hanucats ypaBHEHHE UHNHHAPUUECKOH NOBEPXHOCTH, Ha-
NpAaBAAIONAA KOTOpOA JIAHA YPaBHEHHAMH

N4 yt=25 2=0,
a oGBpaayiomaa COCTARNAET paBHEE YTIIH C OCAMH KOOpAHHAT.
¢

WAy YCNOBHA ypasHeH#si OGpasyioilieH MOXKHO 3amHCATH TAK:,

Xmt Y—y Z-~2
[

HAH
X=x4+8 Y=g+l Z=2414,
me X, Y, Z—KoopauHAaTH /0G0 TOUKM oGpasyiomed; X, g,
Z — KOOpAHHATH TOUKH Hanpasnsiomedl; /= m =1, Tak Kak oGpa-
8ylomas COCTABAACT PABHHE YIAW C OCAMH KOOpAHHAT. .
BripasuM HS TOCASRHHX ypasHeHuH x, ¥, Z
x= X~ y=Y—=lt2=2-—U
¥ MOJCTABHM HX B YpaBHEHHS Hanpasasomen.
Tak kKak 2=0, 10 Z = l{, CNefOBaTE/LHO,
x=X—2Z, y=Y—2,
NOSTOMY ypapHEHHE OUAHHAPHIECKOA NOBEPXHOCTH APHMET BHA
(X—2p4 (¥ —2)f=25

X+ Y24 222 —2XZ—2¥Z—25=0.

Saueuanne Fcam ypassennd Hanpapasiomel RckoMoll HEJMRHApHUECKOR
nomepxHoCTH sajaHM B Bage Fy (x g 2)=0, Fa(x, 1 ) =10, 10 ypasnenss
oGpasylowed srrqﬁ NOBEPXHOCTH MOXKHO 3aNHCAThL Yok

X=x Y—y 2Z-—2
T =" m ~ a°
rae x, §, 2= KOOPRUAATH TOUKR nan;annmmeﬁ; I, m, B KOOpAAHATH HArF
PaBNAOMETO BEKTOPA fr X, ¥V, Z-—Texyome KCOpARHATI TOHKH
obpasytoured, BAH TOUKH HEARBAPUYECKOH NOBEPXHOCTR.
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HJH

:’apamenuem napagonsl

T

‘ Hickaionan 63 :;c‘:n .ypanaennﬂ X, ¥, 2, HOZYyWHM FCHOMO® YDIBHEHNE HRAHHADE:

Sazaun

e Bl:. CocTaBuTb ypasHeHue CepH B KaKAOM M9 CACXYIOUIHX CJ1y-
1
C(l.) f_@gp% ; NpOXOJAT 9epes TOUKY Mo(3, — 1,4) u umeer pentp
' 2) chepa umeer uentp C(4,2,3) M KacaeTcs nAOCKOCTH
. — 6x—3y+2:4+4=0;
- cpepa mpoxoanT vepes Tpr  ToukM M, (3, —1
. M _ 1 * ] 9)’
-4 i;’;.ﬁ: ;_ ?)_.__ 3?',(4, 2, 5) n ee uentp nexur B nacckocTH
B H HeHTp B pauyc cdepst 3x°+4-3y® - 322 — 12¢ 4 15
4:' —924 33=0. Jlexxar am Ha 3708 ¢ T o
‘ffMS (1’ 0, 0)' MS (2' ls 3)? qJepe T Ml(s, _2' 1)’

w0  3. Vimeer s obume TOUKR cfepa x4 4P b 20y
¥4 82—28=0 ¢ Kamnof n9 cnenyxg?u,ux -rtpgm.i;xf Wt
Nx=746/ y=—1—23, 2= =242 P ax=2-t,

' %’;'y“ﬂ-—%. 2=—1—=-2.

% 4. Cocramure ypaswenwe cdept, mpox el

N3, —2, 2) 1 oxpyxuocts £* 4 yf 4 22 E- 9?%?14 Y q_ege_s}_ 2TO:EJY

5. Kaxite nOBEpXHOCTH OMPEREASIOTCH YpPABHEHHSM: )
DA+8=92 P +25=16; 3) 22422 =25,

6. CocrasrTh ypasHeHHE ABYNONOCTHOYO THIEDGO
JI0H
fl, TMOJNYYEHHOTO BpAMSHHEM THNEPGONLL: P aa mhame

P
& Bokpyr ocu Oz
- 7. CocTasHTb YpaBHEHHE napaGONOMAA BPAIEHHE, nonyueHroro

KBoKpyr ocu Oz,

-I: 8. Hanucate ypasnente Kpyraoro H -
it Apa, BaHH Yypas:

Xx=f g=142% 2m 3%

-3 touka N (1, —2,1) Ha ero noeepxHocTH.

9. Hanncars ypashenne KoHyca ¢ sepumHoli B Toaxe S(1

- Y 4)
wO0pasylomte KOTOPOro COCTABASOT ¢ IJIOCK o g
L+ 2:—83=0 yrau ¢ = 45 bee 42449 b
k10, Hanpasnaouian koHyca safaHa ypasHeHUSMH:

T =hz=0,
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BepillHAA KOHYCA HAXORUTCA B TOUKe 8(5, 0, 3). CocraBurs ypas-
HeHue KoHyCa.

11. Hanpcath YypaBHEHHE KpYrJjoro uH/IHNApa, ofipasylomie
KOTOpOro KacaioTc cdeph 244 28=1 H cocraprsior pas-
gbie yrasl ¢ OcaMH KOODAMHAT.

12, CocTasuTh YpaBHEHHE KPYMIOTO UHJNHIPA, OMHCAHHOTO
oxo10 JiByx coep:

(s— P+ (=2 + G+ 2P =36 *+ "+ =36

Orsertd

1) =14+ +E=0=9 ) (-G —2+(z—
— 3= 16 ¥ xasanse Paneyc chepu paseR pacCTORRAIO OT meHTPa cdepu Ko

prockoers, B) (f— 1P L@ 4P+ —37=40 2 am2, b —gs oo
--3—-, R-V.%. Ha cfepe aemur touka M. 3 1) M@ -1, =2,
Al (=B, 5, —6); 2) ofmmEx Tclek HeT. 4 :'+y'+z’-4x--'2y+2z-

13=0, ¥ kasange Ypasgeane chephl MOKEO RCKATH B BRRE o4t —
-9+1(2x+g-z+2)=-0. S, 1) Kpyrauft uBAuBAp ¢ OOpasyiomled, mapan-
aenbtofi oca Oz 2) Epyraw® muaaaap € ofpazyiomed, napa.nae.nbm:ﬁ ocH ’Ox;
$) xpyraufl nuaaHAp ¢ obpaayiomell, napaanesbiofi ocA Oy.. 6 %; +%-..
—%:-'-—l. 7. 2804+ 22 8 8x* 4 5yt -} 5% — dxy - 8yz 4 45z -+ 1624~

i 997 =89m0, 9, 24y 788 — 182y —Bxz —8 62x 4 d4y —
'_"3522'.';;_& 10. 9X'+iSY'+QZ'+30XZ-+¥QSZ—M4f§ll. xT+4g'+

oz — g K. 12, 117284 184" - 182° - B2y —G2y1—1458=0,

§ 4.5. MosepxuoCTH BTOPOro nopaaxa

fTosepxrocmsio  6HIOPOZO nopROKA HasHIBACTCR MOBEPXHOCTS,
onpegenaemas ypaBHEHUEM BTOpOA CTENEHH OTHOCHTE/LHO TeKY-
muX KOODPAHHAT X, ¥, 2. :

Tlpn  CcOOTBRICTBYIOWEM phifope  NPAMOYTONLHOA Aekaprosofl
cHOTeMH KOODAMHAT B NPOCTPAHCTBE YPABHEHHE MOBEPXHOCTH BTO-
POFO NOPSAAKA MONHEO NMPHBECTH X ORHOMY U3 BH/10B:

%‘;..!. %;. + % w | (3nmunconn, puc. 4.10) (4.76)
-::— + %:- -—% = | (ogrononocTuu runepGonous, puc. 4.1 1% 4.77)
% + %.:__.;‘;.:, =—1 (aeynonocTnwf cunepGomoup, pue. 4.12%

(4.78)
A yr ? o 13 79
E+L - (komye, puc. 4.13% (4.79) _
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Uad
+ v = 2 (3annntuyeckufi napaGonong, puc. 4.14);

LN

a y'
=+ + 55 =1 (snnuntuvecku wnaungp, puc. 4.16);

(4.80)

» 9 9z
@ — ¥ = 2 (runepGonmueckuft napaGosonn, puc, 4.15); (4.81)

(4.82)

Pre. 4.10

Pue. 411

Pre 4.12

W



]
-
¥ = 2px

=1 (runepbonuueckufl uuausgp, puc. 4.17)
(napaGonnveckuli unmuHap, pue. 4.18)

«
rd
%;_ - %:— = 0 (napa nepecekalomuxcn nacckocrefl, puc. 4.19); (4.85)

(4.83)
(4.84)

Pac 4,13

Pre. 414

Pue, 415
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.?.=I (napa napaanenpsbix nacckocred, puc. 4.20); (4.86)
x*=0 (napa cosrazaomux nnockocrefl, puc. 4.21), (4.87)
z
a8
|
1’51_‘\‘- __g
5 |
T Puc. 4.18
“I
Y h
. —— 0 TTTH P~ o
i
Puc. 4.17
Z /U
A
Y
IR X
(Wil
Puc. 4.18
189



Ypabuenun (4.76) — (4.87) HaswlBAIOTCH KANONUWECKUMI Ypas-
BeHHAMA MNOBEPXHOCTE BTOPOro nOpAAKA.

YpasHenna BTOpONl CTenewd MOIYT BHpAXaTh, KpoMe fOBEpX-
pocTell B COOGCTBEHHOM CMHICHe, H JpyrHe 00pasui, KOTOpHe Mllb
YCAOBHO MOMHO HA3BaTh MOBEPXHOCTAMH.

OGuiee ypasHeHue BTODPOA CTENEHH OTHOCHTENLHO X, Y, 2 MOKET

Z
Pure. 4.19
z
|
I .
/)é/ &
0 .
ﬂ/__ Pue. 4.20
Z
¥
g
X Paue 4.2
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6uTh TpUBENIGHO K OAHOMY B3 YpasheHuil (4.76) — (4.87) wam
K OZHOMY H3 CHIERYIOMX YpaBHeHW[L:

' .’g. + % + -:-:- =0 (MHEMHA Komyc); (4.88)
! .E;.. + %;- = 0 (napa MHUMWX NepecexaolWNXen nJockocTed); (4.89)
! .5;._;- -%;- + %;- = — 1 (MauMuA annuncoun); 4.90)
% + -g-:; = - 1 (MHUMHE SAmIITHYCCKRA LRAHHIP); (4.91)
%;-= — 1 (nmapa MHHMBIX napaIeNbLHLIX DA0ckocTell), (4.92)

Ypasuenuio (4.88) yIoBNeTBOPSIOT KOOPAMHATEL eNHHCTBeHHORN
‘rouknt 0(0, 0, 0), ypasnenuio (4.89) — KoopmHHATLI TOuek, Jexa-
mux Ha npamoil x=0, y=0. Ypasseminm (4.90)— (4.92) wue
 YAOBJETBOPHIOT KOODAMHATHI HH ORHOM TOUKN npOCTPaRCTBA.
NoeepxHocTH, oOpasoBannbie ABHIKEHHEM NPAMON, HASHLIBAIOTCA
Aunetuanibimi, 2 TPAMbIE, LEJHKOM Jeallie HA NOBepXHOCTH,
HASLIBAIOTCH NPAMOAURECIHOIMG 00DABYIOWLIMY,

Onuononoctusift runepGononn (4.77) mmeer fBa cemelicTsa nps-

' MOMTHHeAHbIX 00pasyiolllx:
7 (5 =2)=a (10 4)

#E=3)=dli—4)
a5 +E)=p(t+4) @ (5+3)=r(1-4)
(4.94)

Funep6Goangecknit napabomouy (4.81) uMmeer Takwke xpa cemeil
‘crBa o0pasylollEX:

oi=%)=) g 7le—%)=20
o(£+4) =2 ¢(2+4)=pe

a

(4.93)

) (4.96)

g Dopmyant npeobpasosants MPAMOYTONbHOH LEKapTOBON CHCTEeMW
KOODAHHAT B NPAMOYIOJNBHYIO AEKAPTOBY CHCTEMY:
' Npu NAapasAesbHOM Nepenoce KOOPAMHATHHX ocell:

x=X+4a y=Y+0b z2=2Z+c¢ (4.97)

(4.98)

TAe X, Y, 2— KOODAMHATH HEKOTOPOR TOUKH B CTADOA CHCTeME Ko-
opauHatr Oxyz, X, YV, Z-— KOOpDAUHATH TOH e TOYKH B HOBOH
cucreme Koopauvar O'XYZ; a, b, ¢-— KOOpAMHATH HOBOro0 Havyana
0' B erapoit cHCTeMe KOOPAMNAT;

H
X=x—a, Y=y—b Z=z—u¢,
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npu nogopome KOOPAHHATHHIX oceil:
x= X cosa; + Y cosa, 4 Zcosag 4.99)
y=X cosp;+ Y cosB, + Zcosfs .
2= X cost, + Ycosys+ ZcosTe
TIe a5 O %— YTIAR, obpasyeMete 0cbio Ox COOTBETCTBEHHO C HO-

o OX., OY, OZ; By, Ba By Ty To o= YOUH. 0Gpasy-
:::: COOTRETCTECHHO OCBIO Bbyp; OChIO bz ¢ HoBHMH oCAMH (1M
@, By Yy— Yrau, oGpasyemule HoBoli ocbio OX COOTBETCTBEHHO

co crapsiMu ocamn Ox, Oy, Oz 1 ™ A).

Tpussepht
1. YpasHeHHE NOBEPXHOCTH
9x® 4 16y° + 3622 — 18x + 64y — 2162 - 263 =0

BECT b BHJ MOBEPXHOCTH.
M K KaHOHMIECKOMY BHAY U ONPeRemiT .
np“l'lpeoﬁpasyeu JieBY10 UACTb YpaBHEeHMd, ROMOJHAR COOTBETCTBY
jotmue 9/eRbl AO TOMHHX KBagpaToB:

oA —2x+ 1)+ 16(* + ggfﬁ%s"é 36(z* — 62+ 9) — 9 — 64 —
9(x— 1) + 16y + 2 -+ 36z — 3P = 144,

Paspenmp o0e 4acTH ypaBHeAus Ha 144, nonydeM
(x'_‘), (9+2)’+(2'— s=l.
st 9 i

Baoad HOBHE KOOPAMHATHL MO (OPMyJaM (4.98)
X=zx—1, Y=y-+2 Z=2z—3,
[oC/ICAHee ypaBHEHue NCpenuiieM B Zl:u,u,e
Y? _
Tt ="l o )
9AKJIOYAEM,
CpasHHBaA 9T0 ypaBHemue ¢ YpaBueHWeM (3.70), ;
410 ,:l::mlaﬂ NOBEPXHOCTE — BIUINCOKA C NOMYOCAMH & == 4, b=3,
=& enser SAnun-
pATENBHO, HCXOAHOE YPABHEHHE TAKKE OMPEA
coltﬁeﬁasammun HapaMeTpaMu H UEHTPOM B TOUKE o{,—2, 93).
3gmenaune Ecan a= b To ypasHeune (4.76) onpepenmer SJAHMCOIL
menns, [lpn @ = b= ¢ = R ypabaeune (4.76) asamercs ypasueHmen cdephl
;g?myca R ¢ nenTpoM B Havane ECOpJREST,
3, Kaxyio NOBEPXHOCTH ONpefeNAeT ypaBHeHHS
452 — 9y 4- 362° — 165 — B4y —T72:—65=0,

TipeoGpasyeM JAeByio-4acTb ypaBHeHH L.
4(2—4x + H—9 + 6%3—9)6-%-360(23-—2234- 1)—16 4 81—

e 4(x— 2P —9(y + 3 + 36(z —1)* = 36.
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Fremen

Paspenus ofe wactd ypapHenus Ha 36 M BBegs HOBble KOODAHATHI
no dopmynam
X=x—2,Y=y+38, Z=2—1,
Ro1y4aeM
Xz y: 72
T tT=1L
v Haygum opMy 57001 NOBEPXHOCTH ¢ TMOMOUILIO METOAA CEUEHHIl.

Haiigem rnasabie ceuenud. B cewesnu mopepxmocTd NAOCKOCTHIO
OXY mnonyuum runepGony

X y

T—T=L2=6
B CeyeHHH niockoethio OYZ — runepony

Y 72
—T T =L X=0
§ B ceuedul miocKoctbio OXZ — snaunc
: X2 Z

T +1T=1Y=0
[lnockocts, napamnensman naockocTH OXY, mepecekaer Ho-
£ Bepxuocth no runepone
-3 X y3 “h

— =1

9 4_ _T’ Z&h-

s R 5

Inocrocts, napaniensuas nnockoctd OYZ, Hepecekaer HOBepx-
E nocts 1o runepbone

. y: zZa ha

T Tl X=h

&  Ilhockocrs, mapannembnast nnockoctd OXZ, mepecexaer nosepx-
B-HOCTD 10 WIITHICY
xa 78 h
TrT=1+5¥V=h
b Ana/usHpya CeueHHs, $aK/IOYAEM, YTO JAaHHA# NOBEPXHOCTH
RABNAETCA ORHOMONOCTHHIM [HNEPGONOHAOM.

a ] 2 £
3ameuanne Ypasuenus 'z_s'__g;"i‘ﬁ—a=1, _%z"'f“%'{"

g, 2°
- g F=l ONpenessaioT CAUONONIOCTHLE T HHQDGOJIDH}I.H. ItH YpaBHeHla Toro

ke TH2, uTo ypauenwe (4.77). B opasoll uacTE Bee STH ypaBuemds CoepKat
ABQHEHIY, B /B0l HACTH — TOJIbKO KEBAAPSTH BOEX  KOOPAHMHAT, NPHUEM ABa
PRONDPHICHERTA TOIDERTENBIL, OJHY — OTPHUATE/ICH.

3. Onpegenuts Bua NMOBEPXHOCTH
35— 4y |- 62° -1 24% - By — 362 4- 122 = 0,

k- Ynpowas ypaBheHue, NONYYHM
B 3004801 16)~ 4P —2 + 1)+ 62— 624 9) —48 44—
E —54 - 122 =0,
x4+ —4(y— 1P +6(z—3)*=—24,
Tycan A. A, i9s




(x4 47 = | =3 _ __
8 - — T < L

Sro ypaBHEHWE MOKHO SaNMCATH Tak:
xi Yﬂ z!
FT—wt+T=""
e X =x+4, Y=y—1, Z=2-3
C [OMOHGIO MET0ja CcedeHuit MOKHO yGeanthed B TOM, HTO
ypaBHeHHe ONpEfe/IAeT ABY OSMOCTHLIH runepGonona.
x2 yt 2

X I
Samevanne YpapHenns —g-«b—g+?=—.-—l, _“a_’+‘F+

2
+ ~67-==-—-1 ABAAIOTCA  YPABHENHAMH JBYROAOCTHHIX runep0osOnAcE. OTH

YpaBHeKHA, KAK A Ypasilexpe (4.78). B npasoff waCTi CojlepXat OTpPURATE/NBH Y10
enHHHIy, B Aesol wacTH — ABA AOJORATEAbHRY 0 ONEH orpanawenbnmﬁ ko3~
¢HIACHT NpH KBAApATAX KOOPMHHAT. ¥ PaPHCIHE {4.78) MOMHO 2aNHCATD B BHAS

2
R
f7é B Tpasoll JaCTH CTOMT €JNHHIA, HO B regoil 4acTH TOABKG ORME EOS(-
HIHERT MOAGKHTENSH, ABR APYTHX — OTpHNATEALHBL
4, YpaBHeHHe NOBEPXROCTI
452 — Qy® — 8x — 36y — 722 + 184=0
IPHBECTH K KAHONHUECKOMY BHZY. Onpepe/tith, KaKyw NOBEPXHOCTE
NPELCTARIAET STO YPABHCHHE.
TipeoGpasyeM JeBYIO UACTh ypaBHEHM:L:
4(x2—2x-1 -9+ 4y + 4)—T722—4 436+ 184 =10,
4(x—1P2—9(y+ P =T72&—3)
Pasfenup ofe wacTi YpaBHeHHA HA 36, momy4uMm
oo 192
‘f"—gﬂ- —Q-'!—;ﬁ =2{z—3)
ann
x_r.
9 4 ’
e X=x—1, Y=y+2 Z=2—3.
CpapunBasg NOJYSEHHOS ypaBHeHHe ¢ YpaBHEHHEM (4.81), sakmon-
yaeMm, GT0 JaH#asl MOBEPXHOCTD ABAASTCH THOCPGOMIYECKHM  Népt-

" (ONOMAOM, AJA KOTOpOro @ = 3, b=2.
& 2z %t 22
JgmenanHe YpaBueRHa i @ T 2%, = 9y onpede-

psioT runeplonnveckHe papaGonounb. Kakossl ocoGeanocTH BX PACNIGAGIKENHL
CTHOCHTENIBHO CHCTEMBE KOOpAHHAT?

5. Kakylo MOBepXHOCTD MpeACTARVIET ypaBHeHHE
' o5t AP — 65+ 16y + 9 =07
INpeoGpasyeM JAeBylo 9acTh ypaBHEHUS! .
(@ — 6% +9)+ 4{s* + 4y +H—16=0,
(x—32+ 4@+ =16
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(x=3 |, g+
T3 +y+4)=l.
X1
F+T=1

rae X = x—
il x—3, Y=y+42. llpuuivas so BauMaHne ypaeneune

- (4.82), sarmiouaeM, uyro

' ; JaHHOE YpamHeHile It B

. elc ;
YECKH# UHIUHAP, ANA KOTOPOrS & =4, b _B TABIAET sdarit-

3aveqanme V) x z i A
paswen —3 +-F =1, 55
& v gt =1lon
. BANHNTHIECK b 5] peaenaIoT
Oy ocr Ox. T8 QEARIPY ¢ oOpasyiomed, NapaNAeAbHON ' COOTBETCTBERRO OCH
6. Onpesemuts BHJ| NOBEPXHOCTH
yt - 4x -6y + 17 == 0,

Prac. 4.22

IlpeoGpasys pansoe ypasHenwe, nosayanm
(*—6y 49N —4xr—94+17=0, (y—8)* = 4{x —9)

§ BBeaem HoBule Koopanuats ¥ =
P y==_—4g{*3' X = x—2, nonygam

-

L Cuenosatemsio, za paGon "

"mnﬂnpg:am s HHAA NOBEPXHOCTH #ABJAeTCH Na THeCKUM

! » AR KOTOpOro p= 2 (cM, ypasnenne (4.84))
aMezanue YpasdeuHs y®— 2pz, x? = 2nz onpeneas;lo?) :

u Ee DEAMHADH ¢ oOpasyiouledl, Dapan
¢ 7. IokasaTs, uTo y panneabiofi COOTBETCTRENHO OCH

Ineckuft napabonona.

[epefinem x HoBoR cucteme xoopanwar OXYZ, nonyuenuoft

cHcTeNH Ox
i §2 TyTeM BpameHHs €& BOKpYr ocH Oz Wa yroa

T Bocnonbsyemes  opuynami npeofpazopania KOOpAHHAT

fmpa noropore oceft. Tax kax (pic. 4.22) @y = T Ga= 3 ayemn
] 4 4 ==

2

Gosnse-
X,0CH .
paBHEeHHe 2 = xy onpegensAeT mnepﬁomf-

, - % BS . Ba x Y - -
g ' [ =g = T = _‘:'g _—
§(4.99) npuuyr ua 2 W= W=7 =0, 1 dopuyau

=xYZ_yYZ T 3
*=4% _YT'-"=X%+Y1§-?.sz.
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MopcTaBasisi BHPAKCHNS AT X, Y, 2 B YpaBHeRHe Z= Xy,
NOAYYHM _
2=YZx—nLEX+1)=5(C=Y)
wm Xt —Y?=2Z,
DTo ypapHeHWe TWOJYUaeTCs 113 ypaBHEHHA 481) npu a="5H=
== 1. Tak kax ypapuenne (4.81) ompenesnaer runepGoaugecknii na-
paGonoufl, TO YpaBHEHHE Z= xj SBIACTCA YpaBHEHHEM runepto-

Anueckoro napatosonpa.
8. Hafitu yron mexnpy np;rma.mneﬁﬂumu oOpasyiollHMH THIep-
3
Gomnueckoro nmapadoonna -f—ﬁ--———%-= 22, nNpOXoAMHHMYA  Uepes

TOYRY N(4, l,%).
[Ipexne Beero Touka N JIEKHT HA AAHHOM runepGoMIEHeCKOM Ha~
pabosolize, TAK KaK ¢e KOOPAHHATHI YROBJCTBORSIOT €70 YPaBHEHHIO:
2
6 4
IlpeoGpasyeM ypaBHeHHe K BHAY

(-5 +4)-2

Ilsa cemeiicTea mnpaMoaniefiHbX  OOPasyIOUIX OMPEASAAIOTCH
cHCTeMaMH yDaBHeHHH:

3
m2"’8—.

p(E—4) =0 o (%—4) =20
A
TloacTasaas KOOPAMHATH Toukn N B 97i YpaBHeHuS, naxSamM:
4 1 3, (4 _ 1 .
pli—1)=0% v (5—5) =2
4 1 o f 4 1 , 3
Q(T+§)=2P; 4(1;+‘§‘)=P°'3*'

4 ,
OTRYIa ¢ =3 P P = 44,
CrnegoBaTe/bilo, ypaBHeRws NpAMOAUHEHRBIX OGPasylomux mpil-

MYT BHZ
x ] . x* #1__ o
3(Im§}=u. 4(1—3)_2
t(+4) =20 (F+4)-e
HAIY
) 3x-——6y—162=0;} x—2—2=0 }
X 2y—~6=0; x4+ 2y —162=0.
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Tlepsast MpAMas UMeeT Han -
d PABJTAILHE BEKTO = {8 —
sTopast az= {8, 4, 1}, nosromy P a={8—43,

51
COS @ = grgg
3anaan

1. Kakge reomerpmue
. CKHe of
HHAMI: R Pastl TMPCACTABJAAIOTCH YpaBiC.

x! yﬂ A
) ~ft+=02 %_i}=2z; 3 LB =l?

a

2. Kakue noBepxHOCTH ONDEACASIOT YPABHEHHS:
1) x? =2py, 2) 2* =2py, 3) £ = 2px?

B 3agawax 3-~10 npisectu
BH1Y W Ompepmesurb BHA nc?scpxuouripamelme * HaHoiectouy
3. 22— 6y -} 322 — 12x — 24y — 242 + 30 = 0.
4. :xs+ 2¢? -} 322 — 4x + 4y — 242 4- 52 = 0,
5, ¥+ 24232 —2x 4- 8y 272 — 18 =0,
6. 24+ 202 6x—18y— 824 49 =0,
7. 88 —3y* - 8x4-6y +10=0,
8 xX®4-4x—0Gy4-22=0,
9. 2—22—-8x—7=0,
:(l) ﬁ-{— 4z 4+ 6y 20 =0,
+ Al0Ka3aTh, UTO YpaBuemie 2= xy onpefenser .
12. Hafitu npamosiHefinste oﬁpasyroiliv.ne pgfﬂononoggﬂng:o THs

¢ nepGosioraa

X i 3
wre—T=h

¥ npoxofAmue 9epes ToUkY N (4, —3, —2).

OrBetnt

1. 1) konye, 2) runepSonnvecknd napaGonons, 3) runepSomduecknll -

2 owanp. 2 1) —3) napaGosuveckut wmmMRNp. 3. ONHOTONOCTHWA ruMtepson
A o "
3 ; I;[:wnouocnmﬂ ranepGononn. 5. Kowye. 6 2aaunrisecynd r:apaﬁono::;'
£ 7. TunepGonngecknit gunmexp. 8. [lapaSonuveckns uuauuaap. 9. TlapaGomuvec-
g Knfl unaHEAp. 10, INapabonuueckudl wuAnwap. 11. Yuazaupe Tlopepuyrs cuc-

¥ feMy HOOpHuNST BOKpyr oci Oz ua yrom ¢ — -} (en. mpusep 7),

12 Sx 4+ 4g—6:—12=0 | gy 3=0
3x-—4y+62—12=0 | ¥ x}- 22 = .
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Faaga 5. MaTpuubl H BX BPHMEHCHHC
§ 5. 1. Matpuupl, ocnoshue NefiCTBHA HAJ HHMH

Marnpuiyeil HasHBaeTCs CHCTeMa 7/l BeAHUMH, PACHONOMEHHBLIX
B NPAMOYIOAbHYI0 TabnHuy H3 m CTpoK H n cTonbuos, Bemiuymel,
H3 KOTOPBIX COCTAB/NEHA MATDHLA, HASHIBAIOTCH €€ SAeMENmMaMuy.
DAzMEHT MATPHLE!, CTOAMME HA FepecedyeHrH CTPOKH C HOMEpOM k
(HoMepa CUHTAIOTCH CBEPXY BHH3) H CTOAGHZ C HOMEPOM ! {momepa
CYMTAIOTCA CJ€Ba HAHpaBo) 0GO3HAYACTCS Hepes dy. ducha k, | Ba-
SHIBAIOTCR UROeKCOMU BJIEMEHTa,

Marpuua 0603HAUACTCS OXHHM H3 CHMBOJOB!

au a]g als raw alﬂ

Qg Qg Uyg oo Gap ) 00 | G210 G2z O3 o Qon .

+ L] L] L]

a]l alz als LTTd am

. 1)

TR T T T T R ] & s =

Ay Opn Opg voe L oy Op2 Qg ee arm-;

Ksadpamuod wmartpulefi A-ro NOPAAKA HA3LIBAETCA MATpHIA,
HMEIOLLAs 72 CTPOK H A cTONONOB:

all ﬂw 013 LLL) am
Qg (yg Tgg vve G2y

L N O

{5. 2)

Ay Qs Gz o Gy,

Onpedeaumenes KBaipaTHON MaTPULLl HASHIBAETCA Takofl ompe-
AeNHTeNb, ¥ KOTOPOro 3JIeMEHTH Te Ke, YTO M ¥ MATPHUB H CTOAT

HAa TeX JKe MeCTax.
Taaerort  Ouo20rnasetd KBaAPATHOH MATPUUL] H&3biBaeTCH ANArO-

pajb ee, COCTARJICHHAS HZ BJEMEHTOB dyy, Gpay -+« o Gy

Cummempudeckoii marpuuefi HaspiBaeTcs KBagpaTHas MaTpula,

Y KOTOPOH BJIEMEHTH, PACNONOMKEHHHE CHMMETPHYHO OTHOCHTEJIBHO
raapnoli AuaroHasn, paenel Apyr Apyry, 1. &

Ry = Qype {5. 3)

Huaezonaasrol MaTpanell HASLIBAETCA KBANDATHAA Mavpuua, y

KOTOpOli BCE SMeMCHTH, He UAXOAAIIHECA HA [NABHOM AHATOHANH,

TABHBI HYJIO.
Edunuynol MaTpinefl HaSHBACTCA AUATOHANbHASL MATPHIA, ¥ KO-
Topofi KAWnufl 5AEMEHT, HAXOARUIMACH HA TAJBHONH AMArOHAMH, pa-

BeH eANRHIE. .
Hyaesod- maTpuieil HASHIBACTCA MATPHIA, BCE SNIEMEHTLI KOTOpOit

PABIILL HYJIO,
Cymmoii wmarpin A M B, uMCOMIX OfHHAKOBOE SHCRO CTPOK
¥ OARIAKOBOE YHCAD CTOAGLOB

K8

Ty i Oy voe Oy, by by by - by,
R SN (Lo e
nasunae(:\g; ig:'a::s Ma'l']:!l;:.’l‘a c b b bms‘ bmu
::__. i C1a Oy v Gy \
£ C Cay Cog Cag one Cay ] &5

* L] - * - - - -
p cﬂﬂ Cmg cms 11 cm,,
__I.waxmuﬁ S/MICMEHT KOTOPOR DPaBeH CYMMe COOTBETCTBYIOULHX 3/eMEH-
OB CAaraeMblX MATpHL, T. e.

; P Cu=au+by k=1, 2 .., m I=1, 2, ..., n) (. 6)
Cymma MaTpul A u B c6osnagaercs Tak:
C=A4+4B8B. 5.7
Ananornyro onpepennercs paswocms matpum A u B
C=A4—B, (5. 8)
Cnt = Qs ~— gy (5. 9

. ITpousgedentiem mampuyst A ud wucao ) HasblBaeTes mMatpuua B,
orropaﬂlnonyqaerca uz Marpunsl A yMHONKEHiHEM BCEX €8 HIeMelH-
DB Ha Al

A b = dag. 5. 10
:OGosHavenme: ©-19

Marpuust A u B naswmatores pasnoim
A=B8B, (5. 12)

M OHH HMCIOT OZHO H TO XK YHCJAO CTPOK H ORHO H TO Xe
CNO CTONOUOB ¥ €C/IH NPU 3TOM KAKAHRA SJeMEHT ay MATPHIL
paBeH COOTBETCTBYIOUIEMY SJIeMeNTY &y MarpHubl B.

IIpoussedermiem AB Qeyx readpamusx sampuy A u B opsoro
HOPSAKA HASHIBASTCH TPeTbA KBajpaTHam Marpulla C TOro Xe mo-
PAAKA, COCTABMENNIAR 0 CACAYIOUIOMY NPABHAY: SAGMEHT Cy, CTO-
N B Matpulle C Ha mepeceYeHHH k-§ CTPOKH ¢ I-M cToaGHoM
b CyMMa mpoli3BeeHHR aneMentoB k-ii  cTpoku maTpuuw A ua
FOOTBCTCTBYIONUIHE 3eMEHTH £-r0 CToAOUa MaTprubt B:

Cpp = @by -+ Qpabyy + Gpobyy + oo -+ 0,5, (5. 13)
Orpenienutent npoussegerns AB  KBagpaTHEIX Matput A u B
PABCE NPOH3BEACHHIO WX oOnpefenutenci:

Dag = Dy.Dg, 5. 149)
Onpesienenue ApOMSBENEHHT MOXKHO DACHIPOCTPAHHTS H HA He-
PATHLIC MATPHILGL, ¥ KOTOPLIX HHC/O CMOAGL08 MATPHILE MHOMKH-
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poro A pasuo WCAY CMPOK MATPHUEL MEOKUTEIA B. Tpn coSawo-
ACHUN 9TOFO YCJOBH? MHOXHMOS A moxeT nmerh moGoe tn:\c‘:no l(m)
CTPOK, @ MaTpHia B — mofoe uncao (n) cronduos. AHarTplua
C = AB 6yner wMeThb # CTPOK 1 CcTONGLOB, €& SJeMeHTH BhuIl-

casiores no gopmyne (5. 13).
OcHoBHBME CBOiiCTBA JeficTahil HaH MATPHUAMH:
A4+B=B+4
A+ (B+O=(A+B+C
NS B)=}\A—l—lB;
O+ ) A=2A+pA;
A(BC) = (AB)C;
A(B+ C)=AB+ AC,

D oD

Dpumert
1. Hafitn cymmy MarpHul

2-3 4 -1 3 -4
A=| 7 6 —5) B=|—7-5 5}
-1 8 9 1 —8 -8

OGe MATpHLLI HMEIOT ORHNAKOBOE UHCIO CTPOK (rpu) M oxiHA-
KoROe wuCao CToa6os (rpH). Taxie MATPHUL-MOMKHO CKINAIbIBATL.

Mo gopmyne (5. 6) nosnyuaeM
24 (—1) —3+3  4+(=9
—1+1 8+(—8) 9+(—9)
100) 4
=010}
(001

CyMMa MaTpHIl OKa3aliach eRHHHYHOM Marpuued.
2, Jlaubl TpH MaTpHHLL

1 0 2 1—10 3 4 5
A=|3—2 5| B={2 384} C={1 -3 2}
2 1 =3 1 -5 6 8 6 —7

Hafitn marpuny 34+ 48— 2C.
Tlo ompefiefesio NPOH3BEAEHIIA MATPHIE HA UHCJIO, MOVYHaeM:

3 0 6 4 —4 0
34={9 —12 15) 4B=18 12 16},
6 3 -— 4 —20 24

6 8 10
W= 26 4}
16 12 —14
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Ha ocuosamin dopmysn (5. 6) u (5. 9) naxommm

3+4—6  0—4—8 6-+ 0—10
3A4+4B—2C=(918—2 —I12412—(—6) 15+16—4 -
6+4—16  34(—20)—12 —94924 (—14)

1 —12 —4
={ 15 6 27}
—6 —29 29

3. Hafiti mpoussenenne AB asyX KeaIpaTHEIX MaTpaL

(3 0=

Ofe MaTpHilbl SABJSIOTCS KBAAPATHHIMH MATPHIAMH BTOPOTO O-
. panka. Takne MaTpHUH MOMHO YMHOXATL, 1IpnMeHuM tdopmyny
(D, 13). Dta dopMyna uMeer cheAYIOMAI CMBC: 4TOGH NoJAYyYuThH
;, QVICMEHT MATpHIM mpoussefienns AB, crommuéi wa nepecevenun
~ CTPOKH K M CTOnGua [/, HY)XHO B3ATh CYMMY TNpOH3BENEHUR suie-
; MEHTOB CTPOKI %2 MaTpuibl A HA COOTBETCTBEHHHEIC BSJEMEHTHI
§,; cronbua ! matpiue B («cxanfipHoe NPOH3BEICHHE» CTPOKH K MaT-
- piibl A Ha cronder| ! Marpuus B).
# B cooteercteuu ¢ dopmysoli (5. 13) snement ¢;, nonyuaercs
§  KaK CyMMa TpPOM3BEJEHINH 3NIEMEHTOB MepBOil CTPOKM MATpuubl A
R, Ha SJIeMeHTH fepBoTo cTonbua MaTpHUbl B, saeMenr ¢ -- Kak

!

.-',13‘ e,

¥ CyMMa TpOHM3BEACHHH SJIEMEHTOB BTOPOH CTPOKI Matphuni A Ha
. SVIEMEHTHI NIepBOTO CTONGUA MATpHUE! B:

¢y =1.3+27=17, ¢, =5.34+(—6)7 =—27.
| AHAJNOrHHO ODPEENSIOTCH SJCMEHTEL Cpp U Cay:
a3 Cp=1(—4)+2.8=12, ¢ = (—4)§} (—6)8 = — 68,

CrepoBatensHo,
17 — 27
C= (12 - 63)-

4. Hafttn npomspenennn AB u BA matpu

5 3 -7 4 —1 3
2—4 1 2 0 3

Ilo gopmyae (5. 13) monyyaem assiements ¢, MaTpmup AB:
';c,1=5-4+3-4+(—7)2=18; Cq=(—1)4+ 6.4 4-{— 3)2=14;
3 ey =244 (—44+1.2=—¢
2=5(—1)+3(—2) - (—=7N0= — 15 cp=(—1)(—1) +
. +6(—2)+(—3) 0= —11; £ = 2(—1) 4+ (— 4)(—2) + 1.0 =6;
6 =5343(—6)+(—7N3=—24; cp=1—1)3+6(—6) +
+(—3)3=—48;, ¢=2.34(—4)(—6)+1.3=33,

s
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Hrax,

—6 6 33

ITo Tok xe dopuyde (5. 13) HaXOZMM SJACMEHTH €y MATPHILLL
BA. Menas mecraMy Matphusl A H B, yMuoxas MOCHEROBATENLHO
NepByio, BTOPYIO, TPETHIO CTPORH MaTPHL B na nepsiii crondel
MaTpiit A, MOMYUHM SJIeMEHTH NEpRoro croaGua marpnist BA:

18 —11 —24
AB==| 14 —11 —48 |}

Cly== 4.5 4 (— I{—1) +3.2=27 ca=4-54+ (=2(— D+~

4 (=6)2=10; ey =2:54+0(—1+3-2=16.

Auanoriyyo BSYHC,IFIOTCH S7eMeHTH BTOPOro c10.36ia:

(=434 (—1)B+3(—4=—6 x=43+(—2)6+
g (—6)(—4) = 2% Cpp=2-3-+0.64-3(—4)=—8

H a7eMeHTH TpCThero cToabia MaTpHus BA:

Ca=4 (=T (=1} (—3) £3- 1=—22; n=4(—T) H=2=3)+
(=61 =—28 cu=2(-7+0(=+31=—IL
CaejoBaTeLo,

/97 — 6 —22)
3.4::(10 24 —28 ).
16 — 6 — LI

Cpaganaast Matpiitst AB 11 BA ¥ nonbsysch ompefeciiieM pa-
BencTBA MaTpul, sak/odaeM, uto AB = BA.

T~ .

Fageuwange I Yunowesne waTpial HE NOATRUASTCA 9AKOHY HEpEArd.
o P

CTHTENBHOCTH.
Famevarne 2. [Jr NpOBCPKA RPABUIETOCTH Pedy./IBTATOB, MOIYUEHMUEIX
IIpH YMHOKENUH KBATDATHRX MATPHL, MOXHO BOCTIOAB3IOBATECH papescTaeat (5, 14)

4K kaK
5 3-—-7 . f-1 3
Dy=|—1 6 —al=1i, Dg=i4 —2 —6|=12

2—4 1 2 0 3

13 - 11 — 24

Dap=} 14 —11 —48|=13%
. — B 6 33
70 pasenctso (5. 14) mefCTBHTENRNO BREOIATETCH.
3amevanne 3, Ha dopayam (B 14) crenyer pazencino v

Dea=DaDp. _

B RAHHOM NPAMEPE MORHO HEMOCPeACTBEHHO YOeg#Tntd, 4TO Dga=132 cae
A¢ 57TeNBRO, YKAJARNOE PABEHCTBO BHIMOAHPCTTL

w2

" 8. Haittu npoussenenus AB u BA psyx MaTpHL

102 —1 A
= - I 0,
4 (310 2)' B=3_..2)

4 —1

Hueno cronbuos  matpuukt A pasHo wicay crpox marpius B,

NOITOMY MOKHO YMHOXKATb MaT
pyae (5. 13) maxopum: puty A wa warpriuy . Tlo gop-

Cp=124+01+2.3 (- 1d4=4;

en=32+1-140-3+2.4 =15
Cp=1-1-F0.042(—2) 4 (= 1){— = —2
=314 104 0(—2) £ 2 (=l =1,

ChnejosaTenbHo,
_f 4 =2
AB = ( 5 1 )

Uneno eTonGuor matpuusi B paHo wueny crpox MaTpuuH 4,

FH09TOMY MOXKHO YMHOMATH MaTpHUY B Ha matpuuy A:

5 14 0
-3 -26-=7Ff
1 —18 —6

6. Cucremy ABYX ypaBHesufi ¢ ABYMS HEH3BECTHMIMU
2%, 4+ 34, = —5; }

2 Tr,— 45, = 26 @
fsanncats B MaTpHUHOM Bige, ’
g CucTeMy STY MOXHO NMpeHCTABHTL Tak:
(2x 1 + sxg) I B 5
T, —45,] =\ 26 ) ®

JLefiCTBHTEAbHO, COTMaCHO OMpefeNieHHio, PABEHCTBO ABYX MaT-
EPHL HMEET MeCTO B TOM H TOJbKO B TOM Ciydae, Korja HX COOT-

: _-rcrneﬁuue snementhi  pasHul. Ilostomy -nocnensee pamencrso

:-.“'.. TOT m% CMHCH, 4TO ¥ HCXOfHAA cHcTeMa. Marpmuy, cro-
GRULYIO B JICBOM MACTH DaBEHCTEA (B), MOXHO NMpeACTaBHTL B BHAS
Enponssefenys AX ABYX marpuu

= ) x=(3)

B papnente (A) npuwpvaer Bua

AX = B, B= —5
e



3ansvn
1. Janbt MaTpHUBI
9 1 —3 10 2
A=f4—2 1) B=|31—4;
5 6 —7 25 6

Cocrasute Martpany 34 - 2B.
2, Hafitr n%owj:;seneunﬂ AB u BA pByX KBaApaTHHIX MaTPHIL

4 —3 6 1
a= (272 s=(5_3)
3. Ha#kru nponssenenie AB maTpHL
01 {1 0)
A=(o 0)’ B““(o o/

4. BuuncauTh onpeje/RiTe s MATPRIL NPONSBCACHIA ABYX MaT-
H

2 3 4 4 6 —1
A={—5 6 7] B=| 0—-5 1}
2 —3 —4 -1 3 1
5. Hafitu npoussezenne AB ABYX MaTPHIL
1 4
3 1 21 5 0
A=12 0-—1 1], B= .
1 -3 -~
i—3 06 4 4 —1
MosKHO AM YMHOXKATH Marpuuy B Ha Marpuny A?
6, 3anmucath B MATpHUHOR (opMe CHCTeMy ypaeHeHuf
52, + 2%, = ll;}
OtBeTH
1. /38 8—5\ 2 3
3 10 26 — 13 00
18 —4 =5 |, AB=(47 —a)' BA=(24 __31) (00).
19 28 —9

3 7

4, DAB=396' 5. AB= 510 +
1 0

Marpimy B Ha matpuny A yuHOMATH feAnan, TAK Kak 4 |
5 2 x
PABIO YHCAY crpok A. 6 AX=8B, rae A=(7 —6} X=( %) B=( g)‘
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§ 5. 2. Jlunefinoie npeoBpasoranys HA MIOCKOCTH H B npocTpaw-
cree. Adpunnnie npeoGpazosannsa. CocTeennnie BEKTOPH - MATPHIE!

Econ kaxpoil Touke M mAOCKOCTH (mpocTpaHCTEa) mocTaBne-
Ha B COOTBETCTBHE OMpeAe/eHHas TouKa M’ Tol e miockocTH (po-
CTPAaHCTBA), TO TOBOPAT, YTO 3afaU0 Rpeolpasosaniic MAOCKOCTIH

»  (TIPOCTPaNHCTBA).

Eenu nnockocts (MpoCTpaHeTBo) NOABEprHYTH HEKOTOpOMY Tipe-
ofpasopanitio A, MOTOM NpeoSpasoBaHKIO 5 TO B pesysbTaTe BO3-
HHKaeT HOBOE NpeolpasonaHile, KOTOPOC HASHIBAETCH /poidsedeHien
npeoGpasopanus A Ha npeoGpasoBanne B u o6osHauaeres Cumpo-
noM BA.

IMpeo6pasosanne, Koropoe Kamnoli Todke M crasur B cooTmeT-
cTBHE TOMKY M’, coBnagaioylo ¢ M, RasuiBaeTca moocfecmeennsiit.

b Ecan nponssesienne BA npeoGpasoanun A ma npeoSpazona-
%} Hwe B AsAfnerca TOMICCTBEGHHBIM, TO MNpeoBpasosanwe B Hasbl-
= paerca ofpamnuis N0 OTHOWEHHIO K A
i IlpeoGpasosanne WAOCKOCTH, Bhiparaemoe GOPMyJaMil Biga
Bl ’
X = ayx + apy 4 a5 -
g; , o + ]SJ_}" 18} (5. lD)
f; Y = GyX -} QY - Oy,
% HASBIBACTCA AUNeEiiNbLM.
Marpuua . @

) 1 %} (5. 16)

a2 G

§ cocrapieHHAd U3 KOS(QUINEHTOB P X H ¥, HaSLIBACTCH MATpH-
® uek aunehHoro npeobpasoBanua (5. 15), a ee ompeneantens —
I ONpEejendTeNeM YKa3aHHOTO NpeobpasosaHnsd.

B Jlunefinoe npeobpasosanne naockoctd (5. 15) nasmBaercs ag-
L. QUNRLIM, €CIH €TO ONPeRCNHTENb OTJHYEH OF HYJAA, T. €.

Gy G|
. 5.1

oy 0 |™ 6. 17)

Adpdunnoe npeolpazoBanHie NAOCKOCTH BIOJHE ONpERE/ACTCH
SajaHHeM TPeX HeKONIHHeAPHBIX TOYEK, B KOTOpHE AWLKHH Ine-
PEHTH TPH AAHHHE HOCKOJNHHEAPHLIE TOWKH,

Junedrnoe NpeoGpasosanie npocTpaHCTBa onpefenserca dop:y-
JaaMu

X' = ayx byl + a2 + 4y
Y = Qo X -} Ay ;- Qg2 - asy: (. 18)
2\ = ayx + gy + G2 - Ay

-Jlinefinoe npeoGpasosanne (5. 18) HasbipaeTca adghuntoim npe-

06pazoBaricM BPOCTPAHCTRA, €CJAH €ro onpeaenirenb OTAHYel OT
Hynqas, 1. e,
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Addunnoe npeobpasoBanHe DPOCTPAHCTBA BIONHE ONpEReJACTCH
saflaiieM UeTHPEeX HeKOMIARApHHLIX TOUEK, B KOTOpble AOKHLL
nepeliTH ueTHIpe AaHHLIE HEKOMILIaHapHbe TOMKH.

Ipit adPHHHEIX NPecSpasoBakiAX MIOCKOCTH:

1) npsMwie JUAHH NEPEXOAAT B IIPAMbIE;

2) mapainenbHbie NipAMble npeopasyoTCs B NApaNeabHMe
npAMHE;

3) coXpaHAeTCH MPOCTOE OTHOIUEHIE TPeX TOUYeK;

4) AKHME BTOPOTO MNOPAAKZ NpPeoOpasywTcd B JHHHIH BTOPOrO
nopaaka (npuyeM SJJHNC NEPEXCANT B 3JVI4NC, THNEpOona — B ri-
nep6oay, napadoia— B napaboay)

5) coxpaHsieTcs OTHOIIEHIE ODHEHTHDOBARHMIX N.lomAaAeH COOT-
BeTCTBEHFHX (HUryp, 5TO OTHOIIEHHE PAaBHO OMPEACJNTENO npeob-
pasosanun {5. 17). .

Mpi adppuHELIX 1Peo6pascBaHHAX HPOCTPAHCTEA:

1) npsAMEE TCPEXOHAT B NPAMLIE, IIOCKOCTH — B HJOCKOCTH;

2) coxpanfeTcs NMApaIeJpHOCTb HIPAMBIX H IIOCKOCTEN;

3) coxpausfeTca NMPOCTOE OTHOIIEHIIE TPEX TOUEK;

4) nosepXHOCTH BTOPOTO MOPANKA NpeobpasyiOTCs B NOBEPXIOCTI
BTOpOro IOPAAKA (MPHYEM COXPAHAECTCH THI NOBEPXHOCTH)

) COXPAHAETCH OTHONIEHHE OPUEHTHPOBAHHBIX OUDBEMOB COOT-
BETCTBEHHBIX T&JI, 3TO OTHOMICHIE PABHO ONpPERENHTENIO Npeolpa-
soannst (5. 19). _ ~.

HeRyqeBoit BeKTOp P HASBIBACTCH  COOCMBENHMWM  GEKMOPOM
KBalpaTHON MaTpmubi A, eCH JAHHeitHoe npeobpasopaHiie C MaTpH-

ne#t A nEpeBOAHT BEKTOP p B KOJIIHHeapHEH eMY BEKTOp p', T. e.

p = 1ip. (5. 20)
Usicsio ) HASHBACTCA CcoGCcmeennbiM  ducAom (I «coGCTBeHHBIM
SHayeHreM») MaTpHUB! A, COOTBETCTBYIOUIHM COGCTBEHHOMY BeK-

TopY P
KoopaitaTsl I, m co06CTBEHHBX BeKTOpOB MaTphusl (9. 16) haxo-

AATCS B3 CHCTEMbl YpaBHEHHH

(5. 19}

N = ayl -+ apm; }
= Gml -} dggmt (5o 21)
HhAHA
(ay—W{ + agn=0, }
a&l’ + (aga -_ }-) Fil - 0, (5- 22)

rae l‘-KOpEHb XapaKTEPHCTHYECKOTO YpaBHEHNA JAAA MAaTPHIEI A
ay—>* oy

azl an—"“)k #0‘

(5. 23)

) Gyl + agtn 4 (@ — N1t = 0,

i Cocrerniie BEKTODH MATPHIE

€ | Iy Gy Ay
A={ ay ay ay
@31 Qpy Ggs

%. HAXOAATCA H3 CHCTEMH YpaBHeHUR

3 @y —Nltam+tan=0
5 anl + (@ —Nm -+ agn = 0;

(5. 24)

(. 25)

TA¢ A — KOpeHb XapaKTepHCTHUECKOTO YpaBHEHHS

u—* ay 3t
Gy Ayu—X ay
[ 1 Qga am—l
Ecan matpuua  A— CHMMETpHIECKAn, TO BCe KOpHH ee¢ Xapax-
TEPHCTHYECKOTO ypaBHeHHA IelCTBHTENLHLL

ColcrBenmbie  BeKTopsl, COOTBETCTBYIOWUE ABYM PAazHIHEM
EODHAM XapaKTEPHCTHYECKOrO YPABHEHMH, BIAHMHO NepheHAHKY-

=0. (5. 26)

Hbl.
Ins Bearofi cummerpuueckofi matpuust (D, 24) cymecTsyer
TPOAKA BSAHMHO NEPNEHAHKYAAPHbIX COGCTBEHHHIX BEKTOPOB.

Npamepu

\ 1. Haiiru npeoﬁpasopanne, nepeBoAsillee TOUKH My (0, 1), My (1, 03,

Ma(l, 1) B roukn M\ (2, —1), Mo(l, 4), Ma(5, 6). Kakyio

TOUKY MepeXoUT INpPH STOM npeolpazoRasmi TOgKa N (= 1, 2)?

Kakan Toyka mpeoGpasyercsi B TOMRY L'(—2, —3)?

{ 3Janaua CBOEHTCA K ONpEHENeHHIO KoaddpHUMEHTOR JmuelHoro
ipeoBpasoBama

X = an% + Gy + oy (&)

Y = ayx + apy + az

OACTABNAA KOOPANHATH COOTBETCTBEHHHX TOYeR M, B M, B-oTH

¥YDaBHEHHA, MOJYYIM

. 2=Gu'o+au‘l+al$ —l=a21‘0+a23'l+a33-

HOBKA KOOpaHHAT Todek M, W M; mpiisofuT K ypasHeisu
l =a1“l +au'0+als, 4=a="l +azg'0 —I-a,,.

‘-‘ OACTABAAS KOOPAMHATH TOUSK M; M s ypasrenns (A), wHa-
XOMHM '

o.nc'ra

5 nall.l +a15.l +als. 6 = 0'21‘1 +au°l +033.



WUTaK, 174 onpefiesieHus MeCTH HeHSBECTHHIX KOX(pUIKEHTOB RONY-
yeHO IieCTh YpaBHeHUH:
G+ ay=2 O+ an=—18 oy +ap=1an+ 0:8*4?} (®B)
@y + Qg+ @y = 55 @y -+ G+ an=6.
Peinaa sty cucreMy (aAf Wero MOMHO, HanpHMep, WS NepBOro
I MSTOTO YPABHEHNS BHIYECTH TPeThe, M3 IIECTOrO— BTOpOE H
YeTBEPTOE), NOJMYYHM
=3, ap=4, tp=—2, ay=17, @p=2, ap=—3.
CaepgoBaTenbHo, GOpMY/IH AaHHOTC NpeobpasoBaHUS HMEIOT BHI

x = 3x+4y——2;}
y' n7x+2y—-3.

1o npéobpasosanve ABAAETCR adMHHBIM, TAK KaK ero onpepes-
TeNb OTAHUEH OT HYJR.

HaiigeM, B Kakyilo TOUYKY [ePeXoinT MpH jaHHOM npeolpaso-
gamn Touka N (— 3, 2). TogcraBnas ee KoopauuaTel B GOpMYJInl
npeofipasoBannst, HAXOLHM:

¥ =m3(—1) 442 -2=3 f =T7—1)+2.2—3=—6,

Hrak, touka N (— 1, 2) nepexoaut e touky N’ {3, —06).
TMogeraBnag KoopnuHATE TOWKH L' B 5TH QOpMYJH, nOJyduM:

—2=3x-f4y—2, —3=Tx+42y¢—3
3x+ 4y=0; 7x-+24=0,

otkyra x =0, y = 0. Creposarenbho, B T04ky L' (—2, — 3) nepe-
xoaur touka L (0, 0). ) .
2, Hafru npeoGpasoBaniie, 05paTHOE JMHHEHHOMY NpeolpasoRaNMIO

x’=2x+3y—7;}

3710 npeofpasosantie ABAAETCH a(pUHHBIM, TAK Kak ero onpe-
aeauTenb oTsiHuen oT Hyas. Ecau pannoe npeolpasosaHde Nepeso-
aur Touky M(x, y) B Touky M’ (x ¥), To ofpaTHoe emy npeobpa-
soBaNde Ilepesogut Touky M’ (x’, ') B Touky M (x, y). HUrobut
peuluTh Sajnady, HYXKHO BHpasuTh X H y uepes x', y'. Tak kax
OnpeReNHTeNs npeofpazoBanust OTIMYEH OT HYJA, TO cHcreMa (A)
paspenniMa OTHOCHTEALHO X H f. Peienpe moxuo sHafiti ¢ 1mo-
MOWBI0 Oonpefeanteieli MM CnoCoGOM HMCKJIOYEHHA ORHOTO N3
BEH3BECTHBIX.

YMHOXKAA TepBoe ypaBHehie Ha 5, BTOpoe Ha — 3, CKaajbi-
Bas NowjeHHo, noayunMd 5x’ —3y =x—8, otkyma x =5y —
—3y + 8

YMHOXaA Teppoe YypaBHere Ha — 3, BTOPOE Ha 2 W CKJa-
AuBag nounenHo, nonyuud — 3x° -2y =y -+ 3, oTkyma y=
=—3x" + 2y —3.
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oy

g OTKyna

X2=0,

g Matpuus

CacpoaTebio, ofpatHoe npeoGpasoranue IMeeT Bild

x=bx—3y 4 8 }
Yy=3x 42y —3.
3. Hafitn coGcrennble wicaa u cobeTBeHRME BEKTOpH MaTt-

pHIH
52
1=(32)
XapaKTeprcTuueckoe YpaBHeHHe (5. 23) B panHoM caywae npu-

HHMAET BIHJ,
5—x 2
I 2 8—-—1,'""0'

Packpuisan onpenenurens, NOJYIHM
W~ 138 436 =0,

=4, ,=9

Cucrema ypasuenudi (5. 22)
ANf ONpefieNcHKA KOOPAHHAT .
BEHHLIX BEKTOPOB NpPH A; = 4 samnne'r%a TaK; P coser

(5-—4)t+2m=0;] 1+ 2m=0;
U+ B—m=0 | MH 2£+4m=0.]

Bropoe ypasnenue sBaserca caexcTsueM nepsoro. Us nepeoro

YPaBHCHHA HAXOAWM OTHOLICHHE KOOPRHHAT COGCTBEHHOrO BeKTOpa
g lim=2:—1. Tloayuen cobcrrennsil Bektop Py = {2,

Ipu )3 ==9 monydaem cucremy ypasnenuft —
(5-—9)£+2m=0;] — 4 4-2m =
A4+ B8—9m=0f "M o m==0,}

. OTKYZa HAXOZMM BTOPOf coSCTBEHEMA BexTOp Py = {1, 2]

Kak 1 clieposanc oxuuath, p, L p,, H60 pypy = 2-1 4- (—1)X

3amevanwe 3uam ofun coboTBEH
HHAl  BERTOP, MH TeM CaMHM SHaeM
Henelioe MHOXKECTRO APYTHX, BGO Beskmil BEKTOp, KoAnHReapumli ¢ cober-

i

- Gecy

3 _neuuuu. CEM ABAAETCA COOCTBEHHHIM H HMEET TO M CAMOE COSCTBEHHO® WHCAO,
ljanpnueg npa llai-w& COOCTBEHHLMH SBJHIOTCA BEKTOPH gy = {20, =10},

E " s

COOCTBEHHHE BHAYeHHA B COOCTBEHHBIC BEKTOpH

i)

4, Hafitn

[ I I
=



Xapaxrepiuctugeckoe ypasuenue (5. 26) B faHHOM CAywae sadi-
[eTcA TaK:

. =X 1 3
1 b—x 1| [=0
3 1 1=2

TIpnmensn npasnio, onpeensemoe dgopmysofi (2. 2), maxoanM
A=N6—-N(1—N+3+3-86—N—(1=N=(1=-1=0.

Packpeisast CKOOKH M NPHBOAS MOACOHEIE WIEHH, NOAYIHM KY-
Gugeckoe ypasHenne
W 7N+ 36=0. (A)

UroGu pewuTs 5T0 YpaBREHHE, NOCTYIIMM CACAYIOMHM OOpasoM.
MerogoM npo§ HalfifeM OAHH H3 KopHell ypamHeHHA ), paspenMs
NOTOM JNeBYI0 4ACTh YPAaBHERHA HA \-—A, B TPHPABHAB HYMO pe-
8yJbTaT, ROJAYYHM KBAJpaTHOS YpasReHue. Koxeab A, HIOEM Cpexrt
ZennTenell csoBogHoro uwiena ypasmenna (A). Ilas  ypastienua
Tpetheli CTemenH MMeeT MecTo Teopema Bileta, B COOTBeTCTBHH
C KOTOpoll nponssefigHHe KOpPHed paBHO CBOGOAHOMY W/CHY.
Herpynso yGesutscs, 910 Ay =3 ecTs KOpeHb Yypasenus (A).
Tax Kak

MN—T 4 36): (A =N =22—4r 12,
TO puA onpefeneHus JABYX APYTHX KopHell MOAydHM KBz1paTHOE
ypagﬁelmepk’—n — 12 =0, oTkYA2 Ay =6, Ay = —2.

Halizem coGcTreRBmit BeKTOP p;, COOTBETCTRYWOMIN COOTTBEH-
HOMY 8Bawemmio A, = 3, CucTeMa ypaeuenwit (5. 25) mpumeT 8

A=l 4+m4-3n=0 =AU +m4+-3n=0,
I+8=3)m4n=0 ;um I+2m+n=0
3+m-(1—3n=0 M4m-—2n=0,

Ha nocnegnell cHCTeMB EaXopuM
tmin=1:=1:1, p,={1l, —1, 1}
ARanornuno onpegenseM
p=1l, 2 1}, p=1{1, 0, —1}.
Jlerko BHEEeTb, 9TO
Py LPy P2 LlPs Py LDy
5. Haflru cofcTBenunle 3uaveita H co0CTBeHHLIE BEXTOPLL

MaTpHILL
b —2 —1
A=|{ -2 2 =21}
—1 -2 b
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XapaKTepHCTHYECKOT YpaBHEHHE
F—Xk =2 —1
—2 2=} 2
~1 —2 b5—=x
T. & A(32- 121 4-36) = 0,
HMEET KOpHH b, =)k, =6, by =10,
Cucrema ypasuennft (5. 25) npn Ay = 0 sanumercs Tak:
Bl—2m-—n=0
—2A4+2m—n=0 }
—l—2m+5n =0, .
Orciopa HaxoauM OTHOWIEHIE KOOPAMHAT COGCTBEHHOTO BEKTOpA
Iimin=1:2:1, p,= {1, 2, 1}
Mpu »y =k, =6 cucrema ypasrenuit
BO—6)—=2m—n=0 ~l=2m—n=0
—2A 4 Q2B m—2n= 0;' M —2{—4m—2n= 0;]
—d—=2m-4-(5~Gn=10 —l—2m—n=10
. CBOAHTCA K OgHOMY YypaBHeHIO I+ 2m 4 n =10, nostoMy O7THO-
. 1UeHue KOOpAWHAT COOCTBEHHBIX REKTOPOB OAHO3HAYHO onpejeNiTh

Henbsn, CoOCTBEHHOMY 3HaUeHHI A = 6 COOTBETCTBYET GecHHCIeH-
HOE MHOMECTBO HEKOAAUHEapHbIX COGCTBEHHBIX BEKTOPOB, fleplieH-
K- IUKYAADHLX K BEKTOPY Py = (1, 2, 1}. Us srux BEKTOPOB MOXKHO
 MPOHMSBOJLHLIM 00pasoM Bbi6paTh f1BA OPTOTOHANGHWIX BEKTOPA.
. Hanpumep, B KavecTse p, BOsbMeM BEKTOp ¢ KoopaHHATAMH lp =
, =1, my= =1, ny =1 (onn ynosnersopnior ypasnenuio I -+ 2m +-
'+ n=0). Torsa XoopHHATL COOCTEEHHOrO BEKTOPA Py = {I;, My, Mg},

OPTOTCHANBHOMO Py H Py, ONPEASNIATCA YPaBHENHAMY
b+2mg+nyg =0, U1 +mg(—1) 4-15-1 =0,

=0 um ¥ — 1202 4360 =0,

. OTKYIa .
1 =1, =0, nye=—1.

."HTaK, NONYYEHO TPH B3aHMHO NEPNEHARKYJAPUbIX COGCTBEHHNLIX
BEKTOpa;

' po={L 2 1}, py=(1, =1, 1}, pp= (1, 0, -1}
Janaum

1. Hafitu npeoGpasosasme, neperogamee touku M, (0, 0, 0),
My (1, 0, 0), M0, 1, 0), My(0, 0, 1) B TOURM M, (6, —B, 2),
My (8, —1, 3), M;(4, —2, 5), Mi(l, —3, —5). B kakyio Tou-
Y nepefiner npu stom Touka N (2, 3, 1) Kaxas touxa npeoGpa-
erca B TOouky L'(l, 4, — 1)

211



2, Haittu npeoGpasopaune, ofpaTioe JAHHOMY npeo6pasoBanilo:
£ =x 2y —5 ]
Y =2x +3y—A4A.
B sagawax 3—9 onpeneints cOGCTBeHHMe SHATEHWA H CcoGCT-
BEHHDLIE BEKTOpHI MATPHILBL

13 5 03
3. A=( 513). 4. A=(3 8).

221
5- A——-"(? —T)- 60 A= 2 2 l).
113

OtaeTnt

L a0 —2%=bz4+6 y=4e-3422-5 Y=g4 3727
N{—L M6, L{L1L1D 22=2—32"=7 g=24" =g +6 8 } =
=8 l=18 p={l, —1} py={1L 1}. 4 4 =9 Ry=—1, p, = {1, 3},
pp={3, —1}. 5 Her colcreensnz suatennft 6. 4 =2 k=5 1} =0, p,=
={LL =2 m=(lL L1} pg={l, =1 0} 7. =3 d=6 =0
=l I, —1). pp={), =2, —I}, py=1{1,0, 1}. 8 ,, =3 X =6 lI=0
A={1.22. p=(2 1 =2} p={2 =2 1} & A =0 k=18
M= =9 py={l, 2 2}, pp=1{—2 2 =1}, pg= {2, 1, —2).

§ 5. 3. Hpusexenne oGuiero ypapHenus JHHHH BTOPOTO TOPSAK:
K KaHOHHYeCKOMY BHILY

Ofmee ypaBHeHHe BTOPOrO TODPAAKA OTHOCHTENLHO X H i
a1+ Gyt + 20500y - 2045% - 20y + G =0 (5. 27)
C NOMOHBIO NpeoGpasoBaHHil NPAMOYTOABHON CHCTEMBI KOOPJHILAT
x=x’cosa—y’sina;] X=x’—xo;}
y=x'sina +y cosa (5.28) m Y=¢—y (6. 29)
DPIBOAHTCA K OZHOMY H3 KaHOHHUECKHX YpaBReHHil: .
(5. 30)

—f—;—+ —;—;:-= l‘ (snnunc);
-—fzi---—g,i = 1 (rumepGoza); (5. 31)
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¥ oy 2pX (napaGona);

-g })2 (5‘ 32)
3 .%‘,_.—?3-= 0 (18 nepecekawmpecs npaube); (5. 33)
" X?=a® (aBe mapalsienbHble npaMbe); (5. 34)
¢ X®=0 (aBe comnafawiuue NpAMBICL); (5. 35)
9 1
g "fr % = 1 (Munvuil snbnc); - (5. 36)
T oxe Y2
g .):T + =7 =0 (xBe MuuMbie nepecekaomuecs npamue), (5. 37)
*':;_ X? = —a® (aBe MHHMBIE MapamnenbHbe NPAMbIE). (5. 38)

i Ecnu RoopmumaTHHe ocu HOBOH cHeTeMEr Ox’y’ wanpaeute no
ABYM BIARMHO NEPNERANKYNAPHBIM COGCTBEHHBIM BEKTOPAM MATPHILE

a a
A = (a;i a;:), agl - alﬁl (5. 39)

- COCTABJIEHION N3 Kosdkpumpento ypasuenna (5. 27), 710 wieHnt

BTOpOTO NOpPAZKA
D6 Y) = a4+ axy® + 2ay5xy (5. 40)

npeoGpasyioTeA B WICHHL BTOPOTO MOpANKA
oy ‘I)' (x" 4 ’) == )"lx’2 + lzy'g, (5° 41)
& rae iy, by — KOPHH XapaKTEPHCTHYECKOrO YpaBHEHHS STOM MATPUILH.

Ionyuennoe ypasnenue

Wt o+ 2gy’® 4 20108 + 2y’ - gy = 0 (5. 42)
,€ MoMOmbIO TIpeoGpasoBanna Napa//esbHOTO TepeHoca (5. 29) npr-

- BOMHTCA K KAHOHHYECKOMY BHIY, T. €.'K OJNHOMY RKS YpapHeHw#

Tpnmeprs

A

) 1. Onpegennts BHp, MapameTphl H PACHONOMKEHNE JRHUH No oo
' YpaBHeHHIO

¢ Boinnmem  kosgxpuumientsl  ypasnenns: 4y =13, 2a,=10,
=05, au=13, ay=-—72 a3=0, Gyu=0 u cocrabmy

MaTpuiy
13 5
A“( 5 .13)'

3 Marpiiua A nmeer cgﬁc-rse}mue shayenna k=28, ;=18
B coGcTBeHHble BeKTOpH py = {1, —1}, p,={1, 1}. Bexrop p,
obpasyer ¢ ocbio Ox yroa a, onpenensemuil paeencTBaMu (cMm. 3. 20):
!

cos:x=—_l_—_.; sing = — ——,
Y 2 V2
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Crenosateabro, @ = — 45°. Tlosepnem cucremy Oxy BOKpYr Hauana
HA yrox « = — 45° (1. e. HanpaeuM O0Cb Ox’ mO ReKTOpY p,, OCh

Oy —no p;). B Hoeofi cucréme Ox'y’ ypasHeRne JHHMH B COOT-
percrsu ¢ opuyiofi (5. 41) mpuuuMaer Bua

8% 4 1842 = 72,
Paagenus ofé waCTH ypasHerus Ha 72, moaydum
-2 2
5+ =1
Sro ypaBHeHie SITMNCA ¢ TOAYOCAMH @ == 3, b == 2,
2. OnpepennTe BHA, MAPaMETPs! H PACTIONONCHME JHIHIN
5x% 4- dxy 4 8% — 32x — 56y 4 80 = 0,

Marpuua A, cocrapnennans s xox(xpHineHTOB mpu CTAPIIHK
9NeHAX H €€ XapaKTEePHCTHYSCKOe YpaBHeHNe COOTBETCTBEHHO mpi-

MYT BIJ
A (5 2\ |s—=2 2
28/ 2 8-
XapaxTepticTiyeckoe ypasuexue
M 130 436 =0
HMeeT Kopun X, =4, Ay =9,
Haxopum coGcrseinibie BeKTOpE: py = {2, — 1}, py= {1, 2.

Bektop p, ofpasyer ¢ ocbio Ox yron a, onpexenseMui pasencr-
BaMi: -

=00

2 . 1
cosa———yfa_; SiNa == = —0, (&)

| 45

Floseprem cucremy Oxy Ha maunbit yroa a, T. €. COBepuInM npe-
cOpasopaHue Koopauuat (5. 28):

p) 1,
£= "__"’.'Tx +1'/—-5=9 ’ (B
| 2
y=— ]7"—5-—"" -+ ,7?-!/ . )
B cooteeretsnn ¢ dopmynod (5. 41) unens BrOpoft cremeny
npecOpasylores CAeyiomEM 06pasos:
5x% -+ 4xy -+ Byt = 4x’% - 9y,
[loacrasnas swipaenna ana x ¥ y w3 dopMynut (B) B ocran-
IHeCH SMEHH YpaBHeHHs, MOSYTIHM
— 325 =56y 4+ 80 = — 32 (-2 ¥ + 1y} (___‘,.:‘
p y-{;O 32(V5x+'/5y) 56 (~ =k’
. o8 W
V_g.y )+ 80 7 x 7! + 80,
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CliefioBaTe/ILHO, HCXOAHOS YpABHEHHE TIpHMeT BHA
2 2 8 ’ 144
’ 2 — kel * 0 =0,
4x'° -9y ; =% VT y +80=0
IpeoGipasys 970 ypaBHeHWe, NOJYIHM
2 9 1 1 g('ﬂ_hir 64y 4
(" -2+ L Oy — ey 4+ ) L
9 64 1 \% 8 \3
—23 180 = ,4(*-——__) ( —-—._.)= .
z 1—8_ 0 \x V3 +9 73 36. (©)
(fonepmmi TENepb NPeoGpasoBanie NapaNeNbsHOTO MepeHoca no

dopmyam

X= x5 — —_—,
Ve ®)
Y=¢ — Ty
Yp:imremie (C) nepennuien B BHze
4X? 3-9Y2% = 36 nau —a‘;—-}-—?—=l. (B

Crenosarensho, HCXOJNOE YpaBHEHUE fABASETCA YpABHEHHeM
SAMHNCA C MOJAYOCAMH g =3, b= 2.

Bua xkpusoil 11 ee mapamerpsl @ u b onpegenens. Uto6u Bbisic-
HHTb PacloJOMKeHUE JHHIM, HafiaeM TOuKY, B KoTopofl maxomnres
_Hagan0 Hopol cHCTeMbl xkoopaniaT O'XY. Tak kax Bas touxu O
{Havano CIICTEhlIbI oOXY) X 8= 0, Y =0, o 13 dopmyn (D) onpe-
* L e S e e =
peiM X 75 Y e a u3 dopuyn (B} nafigem x =2,
== 3. Wrak, uavanoM cucremnl O'XY cayxnr touka O (2, 3).

. Toctpons B crapolt cucteMe koopannat Oxy rouky O (2, 3),
OTAOKHB OT Hee BeXTOPH p, = {2, — 1}, p, == (1, 2} u nanpasus
0 HHM KoopaunaTHsie ocH O'X, OY, nocrpomM sanune (E) 8 Ho-
ol cucteme O'XY. Tem camuiM  onpefeseHo pacnoONOMeHHS
JLIMTICA OTUOCHTEIbHO CTapoll clicTeMui KQopanHaT Oxy.

3. Onpemeanth Bij, MapaMeTPHl H PACTIONONEHHE JHHHH

Tx%—24xy — 38x 4+ 24y + 175 = 0.

. XapakTepucTHYeckoe YpaBHCHHE MaTpuun! A, cocTaBientoff m3
KOpHHIHEHTOB IPYU CTAPWIMX WieHAX,

T} —12
—12 0—2

Weer KODHA My = —0, kg =16, OruM COOCTBEHHWM SHAYCHHAM
COOTRETCTBYIOT COOCTBeHHEle BekTophl py = (3, 4}, py = |4, = 3).
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Bexrop p, o6pasyer ¢ oceio Ox YroA o, OUPEASAAEMLIN paBeHCT-

BaMi:

. 4

=2,
cCOsq = 5

[TosepreM cncreMy KoopiunaT Oxy Ha yroa a. PopMynn npeolpa-
aopannn (5. 28) sammryrea Tax:

’ 4 3
x=—2-x’-—--‘-§-—y; y=—-x+5y. (A)
Hexonroe ypasHeHne JHEHH TPHMET BHJL
R 3 4 4 3 . —_
— 0t 4 16y — 38 (L v — £y )+ 24w + Fy)4175=0
HAH
— 9 4 167 — ¥ + 2y 4 175 = 0.
TpeoGpasya 910 ypasHenHe, WOSyGHM
, 2 o | 2, 4 g 49
"9("‘2'1“5"“ +W)+16(9 +5Y ‘*?f)ﬂ"g'—zs-—
—16. - +175=0

HAH ]
1 \? A
_g(x’+?)+1e(y + 1)+ 144 =0, ®)
IMocne npeo6pasosanis NapanienbHEOrO NEPeROCa
Xt +g Y=y +g ~ ©

ypasnenze (B) sanmmietcs Tar
—9X24-16Y2 4 144 =0 wm 9X2 - 16Y%-- 144 = 0,

OTKY A3

XX 1 ,

&9 =" ()

Vpaenenne (D) ofipenenser rumeplosy ¢ MOAyocsMH a = 4,

b =3. Hafizem TouKy, B KOTOpoH NAXOANTCA HAYAN0 CHCTEMDI

O'XY. Tak Kak aas stoit ToukH X =0, YV =10, 10 s dopumy.i

(C) 1 (A) maxonuM x =1, y=— 1. Tloctpoun Touky O'(l, — 1)

OTHOCHTE/LHO CTapoit cucTembl Oxy, OTNOKUE H3 3TOH TOUKH BOK-

TOpH py={3, 4}, ps = {4, — 3] H HaNPaBHB O 1M KOOPAHHKATHLIS

ocn O’X, O'Y, moctpoum rauepbony (D) B Bowoit cuereme O'XY.
4, Oupefenuts BN, MapaMmeTpH M PacnosiomeHne JHHIH

42y 42 —8x+4 =0,
XapakTepHCTHYECKOE YpPaBHEIHE
Il-—x 1

= ] =
i 1—}-1_0]”“{(1 Wi 1l=0
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'!’kr o

AMeET KOpHH Ay =2, %, = 0. Hn COOTBETCTBYIOT COGCTBEHIEE BeK-
ropat py=1{1, 1}, pp={—1, 1} Bexkrop p; ofipasyer ¢ ochio Ox
yroa o, ONpefieaeMblil paBeHCTBamMu:

1 1

' c0sa = e sina=-—V-T—. (A)
’ Tloveprem cucteMy Oxy H3 yroar @, T. e. cosepuiliv mpeodpa-
BOBARYE
1 ’ 1 ’
A== ——=1
v TvEY ®)
=d_ye 1y
vz Yygl
B Homoft cucreme Ox’y’ ypaBuenne KpHpoll NpuMET BHA
28y L ) a0,
£ 7 vt 4
% TlpeoSpasya sTo ypasHenne, noayun
2(x*—2. L. ) 2 y—t44=
( 2 U+ Aoy — 4440,
r 1 o = — _ﬁf_ ’
2(«/ —V'2) Tl
C moMompio nmpeoGpasoBaHus NapasifesbHOIO meperoca
X=x—V 2 }
v ©
nioc/IeHee YpapHeline NPHBOANTCA K KaHOHHYECKOMY BHAY
J
Xt = 7 Y. (D)

Ypaerenue (D) ompepenser napaGony € NapaMeTpOM p =
-:——g?=-—-]/-2_. Hs ypaesenuft (C} u (B) naxogum TOUKy

B o (1, 1) — nauano Hoeo# cuctemel KoopauHar O°XY, B stoit Touxe
. HaXOAWTCA BEPILHHA TapaGonbl.
5. Onpepenuts GopMy U pacnojoKeHHe JHHHH

Bt pP-2y—xy—2=0,
XapaKTepHCTHIECKOE YpaBHEHHE
1_“'1)L i__ll=0 i (I~ —1=0
[ HMeeT KOpHM A, =2, )y == 0. OTuM COGCTBEHHHM 3HAUERHAM COOT-
B BeTCTBYIOT cofCTBEHHME BekTOpH py = {1, —1}, p= {1, 1.
& Bexrop p, ofpaayer ¢ ochio Ox yroni a, onpeneiseMsit pageHct-

B Bamu:

cosa.-_-———-l_; sing = — -»—-——I_
V2 VY2
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Gopuyndl penGpansanyst KOOPAHHAT NPH foBOpOTe OCell Ha
Yros o-sanmillyTcsl Tax:

. !
Tyt (A

VpaBHenHe AHHHH B HOBOM CICTEME KOODIMHAT MPUMET BIX
(1 oy ey Y —2 =0,
2~ (mp? + gt [ (et ey
2 2 - 2_ 1 .
2x —-ﬁx’ 2 O.x’ V__——a—x.._ln(}_
TTpeoGpasyeM nocaentiee ypasHenye:

(=2 5ig 5+ H b0 (=g

22 8
iy
g9
Xt=3., ®)
e
1 .
Xe g — YR ©

3
Vpaeuenne (B) onpemenser mapy npaMux X mW—T X=

, Mapaanensesx Hosoft xoopAmHatHOA ocn O° X, <

3
T TR
Hanwuuiem ypaeHeRna sTéx NpaMuiXx B crapofi cHCreMe KOOpaH-
uar Oxy. Ws ypashenuft (A) naxopum
o
¥ = % {(x~y)
y =5+
:Ha dopuya (G) u (D) nomyuaem
Y e 1

Ypasuenue (B) npHBOgHTCR K BHAY
V2 1 ]‘ 9 ( _1V¥_5
[‘T x= -"2') =T \FTY 2)‘ T

e=s=1)=4][(o=s=)+ $]-0
(x=—y—=2x—yg+H=0,
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‘oru}'na NONYHAeM YPABHEHHA npAMBIX:
: Xwpy—2=0, x~y+1=0,

Sameuwanne | Jlauus er NOPAAKS, COCTOAINSA HI ABYX MDAMKE,
masuBaeTCA pacnadawoweden. HeobXopaMoe W mocTaTouHOE YCIOBHE PacNageHus
Aunnn (5. 27) pupakaerca peencraoM A =, rpe

@y 81 G5,
O Oy Gay
Ay Gy dyg
Samevanune 2 YCIaHOBHE, 9TO ARRNA paciiafaiomanca, ¥DSBHEHRA CO-
CTARJAIOIEHR €€ APAMELY MOMHO HaATH NPURCAEHNEN MHOTOMACHA K CYMME KBAA-
E:m no  cnocoly Jlarpamma. [lpumennM eTor enocel X Kanuosy ypapHERRI0.

THILEN BCE UREHEL Coaepainiie X, BONCAHHY BE J0 NGIH0r0 KBagpaTs, Op-
GapAsAa ¥ BLiYHT2% COOTHETCTBYMIEME YACHE:

w’+y’—2xy-x+y-2-=[x’—2x (y+—i',—)+(y+ ﬁ;—)a]—

A=

L]

v+ -%-)s+ys+y—2=[x—(y+§)j ~pr—y= L ppry—2a=

1y _ 9 1 _ 3 1, 3
-s"("‘”"'z—) ) "’( o= T'T) ("‘”"“ﬁ‘“i)’“"'
OTRYAa ¥ —p—2=0 x =y} 1 =0

6. doxasats, ur0 mumMa 2x — 4y —2xy—x—4y—1=0
CHafaeTCA Ha mapy nepecexalomuXca npametx. Hafitu ypapuwenns

X MPAMBIX ¢ noMOmbio criocofa Jlarpauka,

Brinmmem xosgdmuentsr aaunoro  ypasHewna gy = 2, @y =

B — 1, @gp = 4, Qg = — =5, Gy = 2, Qg = — | W cocTaBuM
g onpejennTens:
3 2 —1—
A=] =1 —4 -3
i
—t 2

. Tak xak A =0 {pTopaa u Tpertha CTPOKH NPONOPUHOHAALHEL),

70 NaHHAS JIHHUA Pacrnafaercs Ha Mapy upaMbix {cM. samewanne 1),

¥,  Halizem ypasrenns oTHX npaMbix ¢ moMOWbIO cnoco6a Jlar-
PRHIKA.

2x’—4y’-—2xy—x-—4y-—- l =2 [x’—-xy-.—.-;_ x]_..q.yﬂ_

-"-:—4y—l =2[x3--2x(-%-y+ -&l-) -+ (.'_.y+."r)2]_ 2(—.};5;-&



—y—g—1= 2(x—-—§—y—%)g—%(y‘+2--.}-y +
e T I 1 R
1 3

4(x—-;—y— —i—)‘-— 9(y+ T) == {),

[2(s=Fo—4)=3l+ 32— Fv =)+
+3(p++)|=0

(%—y——;—-3y--§-)(2x-y —% +3y+ -Z—) =0,
@x—4y=—2)2x+2y+1)=0,
W —4y—2=02x+2y+1=0.
Hrax, ypapHSHHA UPAMEX MMEIOT BHA
x—2—1=0, 2x 4294+ 1=20,
7. Hoxasars, uTO ypaBHeHue
4P 4y —2x—4y+1=0
onpejeAseT mapy COBNAjalOMEX npaMbix. G momomsio cmocoSa
JlarpaH:ka HalTH ypaBHeHWs ITPAMHX.

aK K3k
1 2 =1
A== 2 4 —-2|=0, -
-] —2 l

¥0 JFEAHA — pacnajaiouanca. »

Hafijem ypasHeHHs npAMHX C RoMmomeio cnocofa Jlarpamxa:
2 45 + dxy —2x — 4y + 1 = (¥ 22 (2 — 1) + Ry — 1)} —
— @ =14 4 = g+ 1=+ Q= DP—UF — 4y + 1)+
) 44—yt l=(x42y— 12 =0.
CrepoBaTeNlbHo, NPAMHE ONPERGIAIOTCA YpapHEHHAMH:
£+2==1=0, x+2y-—1=0,
Jamenanne. C nomomuio cnocola Jlarpamxka MOKHO ONPeNEAuTH eBild
mofolt kpupoli BPTOPONG NOPAAKA,
8. Tloapsyack npHBexeRAEM MHOTOYJEHA BTOPOH CTENSHH K CyMMe
KpappaToB no cnocofy Jlarpasxka, onpefesuTh BUE KpHsoH
4 —4xy 4 p—8x4- 6y —2 =0,
TMpeolipasysn seBYylo 9acTb YpaBHEHHSA, NORYIHM
4yt — 4xy + 4 = 8% - By = 2 = 4 (2% = Xy — 20) 4 P - Oy —~2 =

a[r=2(fre 1)+ (gor )] a(ro+ ) +rv0—
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—2=dfr— Tyt ) =1ty + 1)+ 26y~
-—2=4(x-——-—;-y—- l)g+2y-—6=0,

4( —ly— 1)’=-2(y-3),

1 2 {
(i go—=1) = -3 (A)
Beoas HOBWeE NepeMernbie MO hopryaaM

X=x———é~y—-—l; ’

Vey—3 8)
ypaguenie (A) nepenmmeM B BHge
1

2@ onpelensior adwpunnoe npeodpasosanue. [Ipu addusHoM npeotpa-
£ sopanny napaGona mepexonnt B mapaGouny. CrenoBaTesbHO, HCXOQHOE
. YpaBHeHHe TaKKe ompenenser napaGony, )

4
% Ypasuenne (C) nsagercss ypasuenneM napaGoau. Dopmyas (B)

3anaun

§  Onpenesmith Bug MRUNHE, NMOMB3YACh MpUBEfeHNEM MHOrQYCHA
¥ BIOPOii CTENeHW K CyMMe KBaapaToB 1o Chocoly Jlarpamxa:

' « X2 By —2xy - 2¢ 4 14y + 13 =0,

s K% — 3 Oxy 4 2¢ — 18y — 19 =0,

s 0 R 2%y — 2% —8y + T =0,

. 54% 4 By?— 26xy — 10x + 265+ 5 = 0.
PP 2+ 20+ 2y—3=0.

Bl — ey L 2% —4y 4 1 =0,

5x% 4 by* — 26xy — 10x 4 26y — 41 = 0,
P52y 2 - 14y 417 = 0.

13x% 4 13y® — 10xy — 26x -}- 10y -+ 49 =0,

1. 2x2 2 L 4y + 2+ 9+ 5 =0,

Onpeneants BHA, NapaMeTphi, DPacTOOMeHHE JNHHA BTOPOrO

©PNB G0

g topsaka U NOCTPOHTE HX:

11, 17x% 4 1742 — 16xy = 250,

12, 3x2 4 342 4 10xy = 8,

13, 9x? 4 24xy 4 164 + 120x— 90y = (.
14. 5x® 4 6xy 4- 52 — 16x — 16y — 16 = 0.
15, 547 4 12xp — 22x— 129~ 19 = 0,
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16, 4t —4xy + P —2x— My +7=0,
17 X2 — 2 —xy + 3y — 1 =0
18. 4t 4 P —dxy f 4x -2y 4 1 =0,

Creetht

1. Banmne, 2. FanepSona. 8 Tapafona. 4 Tlapa mepecexsioMAXCH MPAMLIX.
8. Tlapa napannenbAWx mux‘ 6. cosflanacmAx mpaMmx. 7. Tanepoan.
8 Tlaps MEAMHX NePecexaOmMXCd OPAMUX ’9. Mnsnmn sanane 10, Tlam

MHRMBIX TapasdeqbiuX npaMex. 11 nsane o= - g-=1, 000, tgam 1,
t ]
12, TrnepGona XT’_%_ 1. 0/ (0, 0), tgz = 1. 13 Tapatoia; pe= 3, 0’ (0, 0.
I
g2 % 14. S.rmnnc% + =% O’ (L, 1) tga===1 15 [aneplon:

x_y ) B (L d
T-_B_’l' oD, tga:n-3—. 16. l'lapadona; ,O-_'/—? o (—so '5').

tgam 2 17 Tlapa mpasmis =2y 1=0, £} y—=1=0 18 Ilapa coo-
AAA0ILAR ODAMBIX 2X =~y -1 we O

§ 5. 4. Mpupencuue ofuiero ypanueHHA [OBEPXHOCTH BTOPOro
NOPAAKA K KAHOHHYCCKOMY BHAY

O6mee ypasHenHe BTOPOro MOPAAKA OTHOCHTENBHO X, ¥, 2
@yt - G+ Ags2? -+ 20108 + 2001582 - 20582 -+ 201 + Moy +
o+ 2052 + =0 (5.43.
¢ moMOmbI0 Npeo0pasonaHnil NPAMOYTONLHONA REKapTOBRON CRCTEM::
xoopauraT (4, 97) m (4. 99) MOXEO NPHBECTH K KaHOHHYECKOMY
BHAY, T. € K OJHOMY M3 ypapHeruft (4. 760)— (4. 92).
Ecan ‘HoBwe koopnEHaTHHe ocH Ox', Oy, Of Hampapute 1>
TPEM BIaNMHO NEPNEHEUKYJAPHEIM COOCTBEHHHIM BEKTOPAM CHMe:
gprgecKofl MaTpHUH

ayy Gy s
A=|ay ay ag |{a;= ap)
(g Qs G

COCTABJICHHONI H3 COOTBETCTBYWOMEX KoshOHUUEHTOR ypanellt:
(5.43); TO uneHsl BTOPOro HOPAAKa

D (x, §, 2) = QX+ Aol Qpst*+ 2ap%y -+ 20502 + 20042 (5,45
npeolpasyiores B WIGHH BTOPOroe NOpAaKa ,

O (W, ¢, )= A Ayt L 02, (5.46)
£2e My Mgy Ay — KOpHH XapaKTEPHCTHYECKOTO YPABHEHHA JAHHOH A
TpHLEL

222

(5.44;

" VYpasnesue (5.43) npeoGpasyercs npm sTOM B ypasHeHne
A&t Rt o Mzt 20}, X420, i + 20,2 b 2y =0, (5.47)

HUHEHTH @y, @;,, Gy, KOTOPOTO ONPEefensioTea ¢ MOMOMbIO
dopmyn (4.99).

YpasHenue (5.47) ¢ noMOmMBIO NpPeOGPasOBANHS NAPANAENLHOTO
nepeHoca

X=x'—a
Y=y —b (5.48)
Ze=7 g

- NPUBORATCA K KAHOHNYCCKOMY BRAY.

Mprsepn

¢ 1. Onpepenutb sHj, napaveTpsl H PACNOACKEHHE NOBEPXHOCTH
N0 €¢ YPaBHEHHIO

5x% - 11y 4 222 — 16xy - 20x2 3 4yz = 18,
Hansoe ypaederlue He COAGPIKNT UAGHOB C TIEPBON CTENeHHIO

(%, Y, 2, MOSTOMY NS €FO YNPOILIEHHA [OCTATOMHO HaiiTH colCTBeH-
WHE SHATeHUR )y, Ay, kg MATPHUE A, cOCTaBAEHHOA 3 Koadhu-
HCHTOB NpH 4JeHAX BTOPOFO MOPANKA @y = B, dp = 11, ag =2,
s — —8, g = 10, (g = 2.

Marpuua A M ee XapakTepHCTHYECKOC ypaBhemie MpIMYT BRI

5 —8 10 5—h —8 10
A=|—-8 11 2} [ —81l—1 2|=0
y 0 2 2 0 22

{npu COCTABJICHNH M&;‘&Hﬂﬂ NpHHATO BO BHHMaHIe, UTO fy,=@;4,
By = Qya Qgg = dyg). XAPAKTEPHUCTHUESCROE YpaBHeHHe A8 — lh L
81k 4 18:81 =0 mnmeer wopHr M =18, 2, =9, Aj==~9,
Hailiem co6CTBeHHHE BeXTODH, COOTBETCTBYIOMIHE JaHHHM COG-

eHHBM sHaveHUsM. [lpm A, = 18 cucrema (5. 25) sannwerca Tax:
—8l—Tm+2n=0

}um
10/ 4 2m —16n=0.

Orciona waxopnm py=[—2, 2,—1). Amanornuno nosyvaem

CTECHHHE BeXTOPH p, = {1, 2, 2}, ps = {2, 1,-2).

[lepefinem x Hopol crmereme xoopaumat Ox' ¢ 2 ¢ HaganoM

B Toft Ke TOUKe, oci koTopofi Ox', Oy, Oz HanpapsienH cOOTBeT-
BEHHO N0 BEKTOPAM py, fp, Pp. B coOTBetcTBHE € opMyZamy

.45) u (5.46) nce wneHH! BTOPOTO NOPAAKA HCXOAHOMO YpaBHEHHH
IpeoGpasylorcs B 4AeHH BTOporc nopsgka 18x’2 - 95’2 —9z'2,
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{5—18)! — 8m + 10n = 0;
— 814+ (11—=18)m+2n =0,

— 13/ —8m + 10n =0;}
101 + 2m 4+ 2—18)n =0



5.47) npumer sup 18x'% 4 9y'* — 072 =18.
‘ mmi (oﬁe Zlacgu sTOr0 ypasuenus Ha 18, mosymiM

x’s + "'2_ —— = Ll .
4.77), sagmo-
nomyucHHoe YpaBHeliie ¢ YpasHeHHEM ( ) :
Sgea;m::: nggaa TIOBEPXHOCTD nanne;‘/cg onuo%ocmum THHep
oami a=1, b=V2, ¢= .
mgmgﬁpingiﬂiﬁeaﬁn. napaMeTpl U PacmonoKeHHe TOBEPXHOCTIL
Ta2 - 6y* 5zt — 4xy — 4yz — 6x — 24y + 182+ 30=0.

Matpuua A, COCTaB/eHHAR H3 ﬁxw@@mgemgn npu 2ca1'apgnx

= = TR Ayl T MV
qneHax YpaBHEHNA &y =7, Qs =0, dp =9, O , -
az =-—§[,)  ee XapaKTepHCTHUECKOE YDaBHEHHE sanHuyTca TaK:

7—2 © T—h —2 0
a=|—2 6-—2) |26 —2;=0.
0—-2 5 0 —25—h ~

XapakTepHCTHYECKOE YpaBHeHue
W12 9N —162 =0
HMeeT KopHH )y =3, ha = 6, hg= 9._HM COOTBETCTBYIOT {;0&;3&;1;-
bl Ma “'-“"E" = {1, 2, 2}, po= {2» l,-—2}', Pg == 14— 20
Huef?:;e%?em KTgoaoﬁ 1cucfelue ROOpAHBAT x'y'Z, 0cH KOTOpOil
HANpAB/CHH N0 BEKTOPAM Py, Dy D @ HA4al0 OCTACTCA HPEIRHIHM.
GopMyan npeolpasoBanis KOOPIHHAT (4.99) npuMyT BHA

2 r 2 N ___I_ ’ 22!,
x=i3x’+'§'y +‘§'2, x—?(x'+29+ )’
y=%x’+%y'—%2'; wan gy =5 @ +y —2% A

’ 2 s l =_I_ ?__2 zr
2= Ty —%y+37 2= (@5 —2 +7)
2 [
(Tak KaK COS% = —:13- cosp, = %, CoSTy = g-—nanpaanmomu
KOCHHYCH BEKTOpa Py ©0Sd3 =7, cos By = 3 2 3
s 2 - Cos Py =
HAMPABASIOINE KOCHHYCH [ €O8 0g == 7 cosBg="—"7»

P =
=-;——Hanpaanmomﬂe Kocusycsl BekTopa Py). Vicxomuoe ypab

pue ¢ yUeToM SHaueHsd )y, A, hg B oOpMYA (&) lsannmechl B :,HA.:
3 4 By’ o 028 — 6.1 (¢ 4 29 +27) — 2 F @Y HY 2T

+ 18 ¥ —2¢ +2)+30=0
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nay

e

3x'2 4 6y2 4 922 —6x — 24y 4 182 -+ 30 =0,
INpeoBpasys 210 ypaBHeHHe, NOAYWHM

S( =2 + D)L 6y — 4y + H 492+ 24 1) —3—24—

va

_ -—9+30=0
.

B — 1P+ 6@ — P+ + 1P —6 =0, (B)
Tlpumenas eme ORHO nNPeoGPAIOBAHHE KOOPEHHAT, a4 HMEHHQ,

§ npeoSpasosadue NapaANE/LHOTG Mepenoca

X=x=1]1"
Y=y —% ©

LZ=2 +1,
* ypaeuenne (B) npreegeM K sEAy

3X*+6ri 497 =6 ums 4+ L4 2oy, D)

3
Ypasuese (D) onpenensier saauncony ¢ napaverpaMu

a=VZ b=1, =} 2.

UTofs! ONMpeRenHTh DACHONOMEHNE NINHNCOHAA OTHOCHTONBUG
© erTapofl CIICTEMEI KOODAMHAT, HeoOXOAHMO HAfATH TOURY O — Hawasio
{: cacTeMbl O'XYZ, Hopne KoopauHatsl 5Tofft TOUKH pasHHl HYmo,

i T. e X=0,Y =0, Z=0.Hs popmys (C) u (A) HaxonuM Koopzau-
HaTsl 5TOH TOUKY B cTapoll cHeteMe: £ =1, y=2, 2=—1,

. 3. OnpefenHTe KaHOHUTECKOE YpaBHEHHE W PACHONOMKSHHE HO-
& BepxHOCTH

2 4+ 22 4 3P+ Ay + 202 4 22 — A - By — 22 -3 =0,
Coctapud mMaTpHuy A U e XapaKTEPHCTHYECKOS YpapHOHUe

221 2—\ 2 1
A=1221),
113

2 2—x 1}
1" 1 3=
XapakTepHcTHYECKOR YpaBlicHHe
M =704 [0 =0 mm (2 — 714 10) =0,
HMeeT KOpHU by =2, Ay =5, by = 0, KoTophiM COOTBETCTBYIOT COG-
grsenuue BeKTOPHl oy = {1, 1, — 2}, py={1, 1, 1}, pg == {1, —1, O},

BSAeM HOBYIO CHCTeMY KooOpAMHar Ox'y’2', nanpasue oca Ox',
Oy, 0z’ no sextopam py, Pa, P

Dopmyns mpeoBpasosanun KOODAHHAT NPH TOBOPOTE Oceil npH-
MYT BHZ

8 Tycax A. A,

=Dc
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1 1, 1,

1 1 1 .

e e gf e e (A)
p=y5¥ TyzY Ty

2 1,

z=—y—€~x'+7—'§y.

Ypanuenue MOBEPXHOCTH C YUCTOM 3HAYEHMHA Xy, Ay, Ao W top-
wmya (A) npeoGpasyeTca C/eNyIOmEM 00pasou:

2% 5yf‘#4(7]6=r+7%y’+%5)+6(—&§x’ + -}i—i f—
—-—‘%z')—-2(——2-x'+%y')+3=0.

143
2x'8+5y’3+—6—x’ —!-(—)-Z'+3$0- (B)

ver Ve SN

Ypasuenue (B) npusefieM K KaHOHHYECKOMY BHAY:
8 9 30,2 i3
2(f’+7—§f+qzr)+5y 5? —y +3=0,

3 \? ,___10_ '__9_".2-_'
2(x'+§?ﬁ—) + 54 —VXQ;(Z y’4.10)
V2 V¥ _
e Xt Y=y, Z=2' 9::)2 . (D)

2V6
Vpasuerne (C) ompelienfer sSAAWNTHYeCKUR mapaGoliodf, Znst

KoToporo a® = 2'/5,5 , b= ,}5 Hauganoum nosoit cucreMul 0'XY/Z

. 1 19 1
apagerca Touka O’ [— & — 5 T)’ ee KOOpAHHATH OmpezAe-

asuorest us paseners X =90, Y =0, Z=0 1 u3 dopmya (D), (A)
B 3700 TOUKe HAXOMHTCA BepIHHA SJAAHNTHYECKOro mapabononaa.

4, OnpepenuTs KAHOHHYECKOE YPABHEHHe H PaCHONIONKEHHE NG

BEPXHOCTH
Ox® 1 5yt -+ 222 — 2xy 4 2yz — Axz - 2x— 10y — 22— 1 = 0.
CoctabuM MaTpuuy A B ee XapakTepACTHUSCKO® YPaBHEHil:

9—1—2 91 —1 —2
A=l —1 5 11} —1 5—2 1 = 0.
—2 1 2 —2 12—

XapaKkTepHCTHUECKOe YpaBHEHHE
-0 18 =0
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HMeeT KOPHM Ay == 3, Xy = 6, Ay =0, KorophM COOTBETCTBYIOT COb-
% (TBEHHBIE BEeKTOpEL

=il I, =1}, pym (), —2, —1}, = {l, 0, 1.
- Ocn HosoR cucreMu Ox'y’Z mampasum mo Bektopam p,, Pa s

; ®opMyns NpeolpasoBanis KOOPAWHAT NpH ToBopoTe oceil npum';’;'

BHA

2
73X s oW

t 1,
v ¥3 Vﬁ_ ¥+ ?2=Z .J
: paBpetie TOBEPXHOCTH C yYeTOM aHadeHuil A, ), X .
; Myn (A) npeoOpasyercs CeAyIOntM 06pagom: Ay ke 25 1 hop
QEETCNNCHLNODY i SRV SN BR W 4 I
VX gyt yp¥) = 10(pr —

2 AN e 1 ST NP
13 ) 2( ¥3 Ve Y V“‘Fz') t=0
3y'2 LN R
1y + 6y yix -+ Vﬁ_y’ 1=0. (B

Ypasueune (B) npusogum K KAHOHHYECKOMY BHEY:
3frtm ey LByt oy AN
(*—g5¥ +5) o[ 4shy +4)—1—1-120,

3(x'—¢ oy -2V

vs) +o(v +75) =6
Xs ys

3X*4-6Y*=6 umu S+ =1 ... ©

e X = x’ -—-—1_-, = —2-

3 CaefioBarenbHo, AaHHOe YpaBHeHHe onpefendeT SANMATHASCKHT

guanHap ¢ napaverpamu a=V12, b=1. O WHMEEPA KOs
eapHa BeKTopy py = (1, 0, I}

§. OnpenenuTs BHA moBepXnoCTH

=0,

x’+4y‘-{-92‘—-4xy+6xz—l2yz-—-x+2y—32——6=0.
1—2 3 I—, —2 3
A={| —2 46 |
3—6 9 3 —6 9-—
XapaKTepHCTHYECKOR YypaBierye

Cocrasim matpuuy A W ee XapaKTepneTIMCCKOR ypaBHemtie:
-2 4\ —6
W 142 =0




umeet koprd =14, =0, ).5=0. Kopmo = 14 cootBercreyer co-

cTBeRHBIt BexTOp Py = {1, —2, 3}. IlBoknoMy KOpHIO A = 0 coor-
BETCTBYET GeCUHMC/IEHHOE MHOMKECTBO COGCTBEHHbIX HERO/MHEAPHLIX

BEKTOPOB, OPTOTOHANLHBIX BEKTOPY Py _Cpepu HuX BHOEpeM ABa
BzaUMHO MepTeRAUKYJAPHBIX, Hanpumep, pa= {1, — 1, —1}, pe=
=[5, 4, 1}. Tlepeiizem K HOBOfl cuCTeME KOOPAWHAT Ox'y'z, oct
KOTOpOf KOJJIHUEAPNH BEKTOPaM Py, Pgs Py

$opmysi NpeoGpasoBaHla APH NOBOPOTE ocefi mpHUMyT BilT

=yt tyEl tym
2 , 1 y 4 .
3 ; 1 1
2= Vi._x—-ﬁg/*l-—ya.z’. ’ .

YpapHenHe MNOBEPXHOCTH ¢ YYETOM aHaueRUR hp, hg, As W GoOp-
Mya (A) npeoGpasyercs Clie]yiomuM o6pasoM:

m_ Ly __E_) (____2_ -

14x (VlTLx [-V:?y’+VEz +2 Vﬁx’

1 4 3 1 1
Yt N e ——y +——2 ) —6=0,

y§y+]/42 z) 3(V14x V3y+]/42 z) ‘0

n_ 1 o 6
14x T ¥ —6=0, (B}
TpuBeaeM K KaHOHHYECKOMY BHAY YpaBHeHHE (B

14(x'2—-—¥_-x'-;-§‘€)—14-—5‘-§—-6=0, l4(x’— ) -

Vid 2) 14
5 25 . 25
— 5 =0 WX — =0, X* =g,
rae X =x"— L YpapHenue X2 = -%% onpeflesigeT mapy na-

PRATY
PAIEABHLIX TIOCKOCTEH, YpaBHeHHS 9THX naockocTeli B €Tapoil
cucTeMe KOODAHHAT MOMHO HaliTH ¢ ToMoUbio cnocoGa Jlarpamxa.
BuinuchiBasg BHAYANE BCE UMCHH YpaBHCHMA MOBEPXHOCTH, COAepHka-
mMe X, ACHOJHAR HX A0 NMOAHOTO KBaApatra, NOJYTHM:

1 — dxy 4 6xz — x - 44 - 9% — 12yz - 2y — 3z — 6=[x‘-’—-
—2x(2p—3e-p )+ (29— 3 + 5 | — (2 — 32+ 7) 4
92— 1242+ 2y—32—6= [x— (2y—-— 32+ —;-)]2 --—_(ély2 1

2t o — 122+ 2y — B2} + 4t 92 — 12z 4 2y — -
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—6= (x_—2y+32_..|_)2_.2£=0’

1 5
(*—2y+3—3)(x~2y4+324+2)=0.
CaepoBaTesIbHO, YpaBHEHHA NAOCKOCTed;
X—2%4+32—3=0, X—2+4+324+2=0.

Janxevanne YpapEOEEA STHX NAOCKOCTeH MOKOO ObAo BafTH o Apyram

cnocobor,  Paspewast ypassenns (A) oraocutenvso ¥ ® 4. Bupaman X

=g —-

= N¢pe3 X M ¥ W NOACTasand B ypspHende X% = =, nomyuus

56° Y4
1yv2 25

17 (x-2y+3z—-—2-) = =2y OTKYRA ¥ CAGAYIOT YDABHORHS OAOCKOCTedl.

6. [lonbsysich mpusefenneM NeBOR 49acTH YypasueHus K ¢

KeaapatoB no cnocofy Jlarpamka, onpepenuth pnn,n, uoaepxnjgg'rmg

X84y — B2 2xy — Bxz — Byz - 26 + 2y - 42 = 0.
IlpeoGpasys feeyio 9acTb ypaBHEHHS, MONYYHM

2 e 20 e 642 -+ 20 -y — 322 — Oyz - 29+ 42 =[x — 2x(y +

32— 1)+ g+ 32— 1M — (@ + 32— 1P+ 4* — 322 — 6z +

+ 2t = [ — -+ 32— P — (4 + 928 + 1 + Bz — 2y —

—62)+ =3 —byz - Y+ bz = (x—y—Bz 4 1P — 1222 —

e — 12y 4 102 Ay —1 = (x—y— 324 1)2_12[zs+2z(,%.y__

B -3 (o) (i)t = 1oy

— 824 1P —12 (z+%y—%)s+ 12(—;-5’*—1—52_1; +%) +

” +Ady—l=x—yg—324+ 1P~ l2(z+_;__y_’_52)z+3yg_y+

13

¥ o =C—y—3z+ 1)~ 12(2-1-%3—-,%)34- 3(y’--::—y+

1 3 13
o+ ?ﬁs’) ~%+ 1
Cneporarenbho, YpaBHEHHE NPHBEACHO K BHAY

g G—y—d+1y— 12(’--*' T}y-*%)s+ S(y---é-)s+ 1=0. (&)

Boejem noBuie KoOpAuHAIN Mo dopMynam
X=sx—y—3241;
Y= y—
y 6t (B)

1 5
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Ypasnenye (A) mepemuiuerca TaK:
X, ys D
X’+3Y’_—I2Z’==--l a4 -7 =" )
]
TTosryuertioe ypaBHEHHE ompeReaset ABYDOJOCTHR THIIEpGOIONL.
Jluneiutoe npeoGpasopanve (B) ssnsercs adprnasiM (ero onpe-
AcANTENL OT/AWYEH OT ayan). Tak xag npu apuHHOM npeo6paso-
BAHHE ABYNOJOCTHBIfl FHNEPOOJICHIL NEPEXOAUT B IBYROAOCTHRN TH-
nepo/ion), TO HCXOAHOE YpaBHEHHE TOHE ONpeaeiAcT ABYNOGAOCT-

ublfi runepGosiond.
7. C noMoULI0 Ccnocoba Jlarpamxa onpeaeaiTs BHA RoBepX-

HOCTH
dxy 4 2x - 4y—062—3 = 0.
Jlepan uaCTb YpPaBHEHHS He CONEPKHT UJEHOB C Kaajpataumll
goopaunat. [lonomuM X = K4y, y=x-—y, =2, Toraa
ypaBienue Nepenuimerca TaK \

4+ )E —f)+ 2 )+ A — )6 —3=0

B
4yt — 4y 4 61 — 2 —62 —3=0.

TpeoGpasys 910 YPAaBHEHHE, TOJYUHM
" 6 9 L 1 9
LAt ke Sl &)= 4+ 7y +16)— 1+ T3
—6z=0 '
Hamn
, . 3\2 1\8
4(x +) —4(¢ +7) =6(z+)
Booas HOBbie KOODJHKATH 1O (hOpMYnaM
3 -
X= x + g
Y=y +
Z=2+4 %
HoAYWIM YPABHEHWE THNEpGONHIECKOro napabonouza
s -4y =62 XL =9z,
T i
8. Onpenenuts BUA NOBEPXHOCTH
4 2xy - Axz + 2z — 4x - 29 = 0.
ITpeoGpasyem JIeBYIO BaCTh YPABHEHUS:
P2y -yt — =1+ 2y 2=+ (ot
tz— M=tz tdm—dx=ly+(x+2— DI —
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B3 =0

— (222 1 242 =25 —22) + 4x2 — 41 = —1R—
. — e 22— P =25+ 22— 1 ~_-(y+x+z-(f.l+)-3{-_+(;_ z)+

+ 1=+t 2—)—x—2+ Dy + 2 +2—1) + (x—
. —2+ D= +22-2)(y+2x)=0.

ChepoBaTesibho, ypasse
HIT o
NA0CKOCTY yP € oupelenAcT AB2 NepeceKanuuecH

gy+2:—2=0, 2c+y=0,
Baxaud

Onpefenuts BiA NOBEPXHOCTH, NOMBIYACH TpHBeZeuHeM Jepofi
WACTH €& YPABHCHHA K CyumMe KBajipatoB 1o crniocoy Jlarpamxa:

1L 2x%4- 32+ 12 —dxy + 4yz— 8241 =0,

2, P2 —42 -y J 4y + 82 —2 =0,

3. 8x¥ L9y —12:2—16ay +dyz 4- 122 —4 < O

4, 200 4 2 — 1222 - qxy —4yz + 82— 3 = 0, .

5. T+ Tyt —2xy—22: + 2 =0.

g. xg+xzs+yz+2x+29—2z=0.

At =22 2 L Ay — 10524y -+ 20 -4y — 107 — 1 ==
8. B+t 482 4 2xy L Az L 4;?; —t 6z '4}:41'; O%Oz =0
9. 45% 5- 404° 4 2% — 28uy + 4xz — 1442 4 8y — 28y - 42 4-

10. x® 4 44° + 92° — dry -- 6az — \

l — 0- J 'I‘ Vy T 6-‘2 12yz — 2x - 4y je— 62 +
Onpegenuts Kauo 08 VpABHY

- 'ru:p HIYECKOR YPABHAIIE W PACTOJIOHEHIe noBepX-

1, *—22 +2° L 4oy — 8y —dyz — l4v — 4y + 142 4

12, 20 + 29 — 52 L 24y —2vy — 4y — 4212 =0,

3. Bt — - P Ay + Ba2 +2x -4y + 62 —8 =0

14 257 4 %+ 22— 2xy + 2yz 4- 45 — 2y = 0. )

15, 2— 2t L2+ 4oy — 10x2+4yz L+ 2x4-4y— 102 —1 =0
18, X+t 442+ 2xy - 4xr 4y —6z4+ 1 =0, o
Orsetnl

L Saaumcons 2 Konye. 3. Oawonoaoctinlt ranepbo.o

I‘ ou. 5. Sasantudeckuft napabosown, G Om%nonﬁa:ﬁﬂfg:eoﬁac::ﬂ
bmgﬁamqecxuﬁ uannuap. 8. [lapaGosmaecknlt wuannap. 9. Iapa napasie
A glocxomi 10, {lapa cosnagaomux nyockocred 1L Kou 3:|-
_ -- 9Z* =0, Kopn# XapaKxTepacTHYECKOT0 YPaBHeHHA Ay = by = — 3, X, =6,

igAHa & Touke O (1 1, — 1) ocn i Ds
" ) xot;{fa m}r] ';uuealfznua BEKTOPY py = {2, |, —2}.
YLOAO THLM  [UACPSOOH] —g— -} — "7 = — L Kopunw xapag-
5 b B
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1, A== 3, Ay == — 5 Ocp ponnmneapra BERTOPY
re——2l/ B

—_—— = 0. Cct-
=0 Kopun XxapaKTepHCTEUECKOTO YpamHeliil 1‘1=L 1:{_1 2 ?’_?}, BepinKHa
cTeenHbe PEKTOPH Py = {4 é‘:’.m"???g:‘{-.l' 214 P ’

paxopurcs B Touke O’ | =55 9B ~ TG [

'!’GIEIICTB‘IQCKOI'O ypapHenna }\1 =
=10, G 1} 13 TunepGoauyeckuil  napadozod

14, SniBnTHUECKER WHIRRAD

X + —Yli = 1. KopHE XapakTepHCTHIECKOro ypanHERHA M==3 Mg=2 Ag=0
3
o P P = — 1%L
Ccfjcrneuume pextopd py={—15L 1 i}, pa={1 0 1}, ps= {1 2 | }
Xt-_Yi=— I6 TlapaGoanyeckuil LHAHRAD
15. T'unepGonuyeCKRi BHARAAD 3

y=¥3 X%

-a.e_ﬁ.‘é‘-;

1. BBepeune B anauns

LR Rt

¥ Inasa 6. Dynkius

3 § 6.1. Mounrae Qynxuun. OGaacts onpenenems dyHxuuy

COBOKYMHOCTL BCEX PALMOMAMLHEIX H HPPALHOHATBHHX WHCET Ha-
] BEIBACTCA MHOXKECTBOM Jeticmaumensisis (HIlll 6eUECITGeRHbIX) THCET.
HeficTBuTe/IbHEIE QHCAA MOXKHO H306DaXaTh TOUKAMH HA WHCJOBOH
npaMofl.

Abcorromnoil eerunuinott (MAH M00YAeH) AEACTRATENLHOTO YHCAA ¥
t HA3bIBACTCH HEOTPHUATENBHOE JIEACTBHTENBHOE UHCAO, OHpefiesiseMos

* paBeHCTEAMIL
H j¥[=x e x>0 [x[=—x, ecom x <O, 6.1
3 Hepapencreo

. x| <a @>0) (6.2)
{:. paBHOCHABHO HepaBecTRaM
—a << xa, . {6.3)
CaoiicTBa a6COMOTHON BeHUMHEL
Letyl<{xl+ 1y
2. |x—y[>|x] =1yl

+

3. |xgl=|xl|yl.
4. [}"-I=%} (y + O). (6.49)

. [epemennioll eentitinoi HasbiBaeTCs BEJNYAHA, KOTOPAT HpHIN-
E. MAeT Pas/MUNLIC YHCJOBBIE 3HAYCHHS.

B CoBOKYNHOCTL BCeX UHC/AOBHIX 3HAYEHHA MepeMenHON BeNHUHHLI
P RasuBacTes obaacmord uaMeNenus STOH TepeMemHoll, Passmuatot
" ehefylomue npocTeintiie ofNacTH HIMEHEHHA NepeMeHHol x:
X 1) omrpvumsil npomexcymox Wt uwmepsar (a, b), T. e. cOBo-
¥ KYNHOCTL BCeX wHCesd, 3AKJIOUCHHEIX MEXIY @ H & a < x < b
¥ (TOURH a N O HCKJIOUEHHI);

8 2) samknymoul nposexcymor Wi ceemenm [a, b), . e. a L x b
k- (Toukn a u & BRIIOUYEHR);

;3 3) noayunmepeasst [a, ), 1. e a<<x<b u (g b, 1T e
b 4 < x < b
£ Ilepemennan sennuuHa y HasmiBaeTed Qywicyueri nepeMentoll se-
U MYHIBL X, €CAH KOKAOMY SHAUCHWIO ¥, KOTOPOE OHA MOMET Mpir
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. [lepementHan x
COOTBETCTBYET AMHCTBEHHOE SHaueHue i
lx::::lg'ema NeaTAUCUMOL NepeMeNnoll UAH apey HERmOst.
QOyHRuMA 0003HAYAETCA OHHM H3 CHMBOJIOB:
g=f), y=gxh y=F y=9x T L .
Hns yHkuul § = f(x) [(a)—sHaueHHE, KoTOpoe OHa MPHH

npH X = 4a. , '
uae&)ygxuna y apryMeHT MOryT o6o3sHauatThed H APYTHMH GyKBaMH,

== = r=r().

anpumep & == f(0) S =0 .
" g(opn%n (unmie KyAeM) l.';JYHKlu{c;I y= p;(aga;lua:u:;iga sHaUSHH

KUH :
rVMEHTA X = 4, TIpH KOTOpOM QYH
P fay="0. @(6.5}
npd KOTOPHIX (PYHK-

CoROKYMHOCTb BCEX SHaueHufl apryMmenrta,

i mueeg onpejienieHEbie  AeHCTBHTE/IbHAE sHaueHud, nasuaaef}rﬁ;l
oOAQCTMBIO CHUIECMBOBARIIE HAH obaacmon onpederenus cbyum;ﬂ -

@YHKINA MOXKET 6LlTh 33jaHa TaGAHUHbIM, rpaduuecKHM,

* CTGECKHM HAH APYTHM CIIOCOGOM.
mmﬂeuoa dbyHKiHell Ha3HBACTCA dYHKIHSA, SajARHAR dopMyaoit

y = (6.6)
Heserolt dynxiyeil 11asblsacTes dyHKuuA, 3ajaRtan ypaaﬂeune;t
Flx, h= 0, 6.7)

MBHO Y.
He paspellieHitbM OTHOCHTE |
' ﬁ)ygxmm, onpenenennas B obracTi —a < x < @, HasblEaeTeh

wemioll, echl AJs o6oro x U3 o6AacTi onpelenerus BbINOAUACTCA

paseiieTe® () = [ (— . 6.8
Dynxuis HasusaercA Aewemwoll, ecAtt ATA nOBOT0 X BHIOI-
' BEHCTBO

HACTCH pa f(x) o f(__ x). (6'9)

@YHKLNA RASHIBACTCA neptioduseckoil ¢ NEPHOJOM 21, ecan npu
xioGoM X 3 o6aactd ompeienediii BEIMOARACTCA PABEHCTBO

flx+ 2= f (o) (6.10)

Eeann y=1F) u=0x)— 6.1h
(pyHKUMH CBOHX apTYMEHTOR, 10 GYHKUHA

y=Flp) {6.12)

il

ercA ynkt om PyrKyuil 1 CAOMCHOL (hynKyLet.
HaBbéﬁn y;igneﬁ‘:{tga y = [ (x) paspelinMO omocate_.nbﬂo x,q;r.ﬁs:
cymecTyer QyHKUiA X = @ (y) Takad, 4TO flo(gi=y, O QyHK

i & = @{y) HAsHBACTCA obparmnod N0 OTHOWIGHAHIO K GyHKII
y = [x)
Mpumetra

1. Hafitn ofnacts HSMEHeHHA X, €C/H lx—2] <3
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Io onpefenenmo aGcomoTHoN BEANYNHE
¥ —2]=x—2 ecmt (x—2)>0 yan x> 2

1 |t =2} = ~—(x—2), ecoms (*x—2) <0 nm x < 2,
§° DnOSTOMY COOTBETCTBERNO NOMYWMM HepaBexcTEa

$—2<3 0 —(x—2 <3,

OTKYJA x<hux>~—1
( %&;JlOBaTe.'IbHO, —1<x<5, 1 e x MeHserca B mureppane

310T NpuMEp MOMKHO DelMTb W no-Apyromy. H
dopuya (6.2) u (6.3) MoKHO samucaTts pyromy. Ha ocuopanuxt

—3<x—2 <3,
TprGapass 2 Ko BCeM uacTAM HepaBeHCTBA, NOTyUM
2-3<x<342 nu —1<x<5.
2. Hafitu ofnacth lsMenensa x, ecan Jx—1]>2
Io onpefenesnio aGCoMOTHON BesHIHHE
x—1>20py (x—=1)>0, 1. e. x> 1t
—E=—D>2mp (x—1) <0, 1. e, x<1.

.x<H3 ilepaaeucm x—1>2 8 —x-+1>2 nonyuaeM x> 3,

_ CrlefioBaTeNbHO, 001aCTHIO HBMEHEHNUS NepeMeHHoll X aBisercs

| COBOKYMHOCTh  IBYX  GeCKOHEUHLIX  KHTepBAIOB: (— 00, — 1),
‘3’+ m)‘ '

- 3. Peumnte ypaBmenne |x—1|4lx—2| =1,

Paccmortpuy Tpu cyuas: 1) x< 1; 2 )
B mepeoM cnyuae ) #< )1 <2< Y a>2

[t—=1f=—(x—1nlx—2|=—(x—9,
 MOSTOMY YPaBHeHHe MepeNHIIeTcs B Blje
: - —=D—@x—2)=1 um —2x+2=0,

“OTRYA2 X = [, 9TO MPOTHBOPEHHT llepaBeHcTBY X < 1. B 5T0M cve
gae peweind wen < “y

~ Bo Bropom cayuae
|x=1|=x—11|r—2|=—(x—29), -

' IOSTOMY YPABHEHHE DPHIHMACT BH
E—D—E—2=1,

€. CBOAMTCA K TomAecTByY. ChemoBaTensno, VpapHeHHIO
(TBOPHIOT BCE X H3 OTpesKa it 21 yp Yaosae-
- B Tperhem cayuae nonyuaeM

=D+ x—2)=1nm 2x—4=0,

 OTKYAR X == 2, 9T0 MPOTHBOPEUHT YCJAOBIIO X > 2.

. TakaM o0pasoM, YDaBIEHHIO YIOBJCTBODHIOT BCE 3HAUEH
LAe KoTopuX 1 <Cx 2. P %
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ks f(x) = x*—10x + 16.
?—ia%":xnasnﬁgrmn (b{’l(il{llﬂﬂ UpH  3HAYCHMAX APTYMEHTA, DPABHEIX

COOTBETCTEEHAO CPEHEMY T'COMETPHUECKOMY H CpefHeMy apndme-

oMYy ee¢ KOpHeH.
Taq::ﬁngm KOlef, wii myaH, yakuwn, [IpupasuuBag QYHKIHIO

yum KBajaparuoe ypassenue x®— 10x - 16 =0, xopmu
ﬁg:‘:ol;ogfn¥1= 2, X ?__a& Cpennee apudMeTHUSCKOE Koprelt ¥ =

_mt% 5y cpenuee reomerpmueckoe X' =V xm=4 |
Hoicraa:mn nafifenvible 3HAUCHWSl apryMeRTa B BHpaiKeHHe NI
f (x), moayuaeM COOTBETCTBEHHO
f(4)=142—10-4 +-16 = —8, ) =52—10-8 16 =—9.
5. Ilokasats, uT0 QymKmas f(x) = VaTar +vVx—of

ABASICTCH ueTHOR.
Y6enHMCca B TOM,
pue (6.8). IMopcramnss — X BMeC

AYIHM .
f(—0=V(—xF+V(—x—ap.

410 AJ8 JAHAcH GYHKUHMH BHIOOJHACTCH YCAO-
TO X B BHpamenue Anf f(x), no-

b Kal({"‘ x4+ 0)2 = (x - a)sv ('_' x— a)s = (x "|" a)g,

TOf(~-x) VG VAT =V ET &+ V—af =

= f{x).
i %
6. Iokasarth, 9T0 QynKuHs Fix) = x_T+T ABJRETCH He-
qm?gémmcn g ToM, uto Bemousierca yeaosie (6.9):
(o 2P ("—xP———x-}-f-—-£-=
f—R)=(—9— g~ +—5 = s

(=2 +%) -

7. Tlokasats, uto yskuus f(x)=tg«x sin 3x - clg 2x apaserca
NepHOARUECKOH, H HAliTH e¢ NEPUOA.

Taxk Kak
lgx = 1g(x+ ),

1. e Gyuxkuus fgx umeer mepuol w,
. 2
sin (3x + 2r) = sin [ 3(x + T")],
T, & OyHruuA sin 3x umeer nepnon—2§-,

ctg(2x + @) =cig [2 (x + %)],

AT S WS SR

7. e (pynxums ctg2x mveer neproa %, 10 hyRKUNA f (x) HMeer ne.

POL, PaBHLIH HAMMEHLUICMY KPaTHOMY wucen %, &, ., 7. e, 2m,
B cavoM nene,

f(x + 2m)=tg (x + 2n) sin (3% + 2x) -+ ctg (2% - 2m) =t xsin3x 4
+ctg2x =f(x).
8. Haiits ofnacth onpefienesns dynxuum
x—8

F0 =g

JauHasd GyHKURSA He ompelenieHa A TeX sHadeHuft i, RpH
KOTOpPLIX BHAMeHATe]b O0pallaercs B HYAb (TaK KaK fedenie ma
Hy/b Re HMeer cMbiciia). IlpHpaBHUBAA HYJMO 3HAMEHaTeNb, mno:y-
qud x2—7x + 12 = 0, okyma x, =3, x;=4. Hnax, byHKLENA
onpenesiena Ha Beedl JefiCTBUTENBHON 0CH — 00 < ¥ < 4 00, Kpoue
TOUEK Xy =3, X, = 4. IIpyrEMu csioBamu, 064aCThIO onpefeness
ABIACTCA COBOKYMIOCTh TPeX MHTepBanos: (—oo, 3), (3, 4),
(4, + o0). (

3ameuarne [ipoGuas pauuonassias @ynrius f (x):a-gm—((g-, Tie
Py (¥} B Qp (X) — NOIREOMEI COOTLOTCTECHHO CTENERE M1 W 1, onpen;.nena Ads
ex % KpoMe Hyneii dywkumn Q (<) '

9. Haira ofaacTh cyiecTeoBamiA (hyHKIHY

fW=V0O—x3)(*—4) - 7/Bx7.

Pyuruua npeacrapager coboli cymMy AByX ymwuuil, Bropaa
N3 HHX ONpEeNENCHAa NPH BCeX X, TAK KaK KOpeHb Tpertwedi cremenu
cymectsyer npit jiioGom x. Ilepsas dymkuua V' (9 — )% —4)
ONpele/Iena JINIb MpH TeX 3HAYEHHSIX X, NPH KOTOPHX NORKOpeH-

HOe BEIDAXKEHHE HEOTPHIATE]bHO (KOPeHh KBAApPATHHIl CYMmecTByer
TONBKO sl HEOTPNLATENBHBIX uucen). Hrak, pomxno Gwrre
@—x):—42=0.
ITO BOSMOKHO, KOTHAA:
9—x220, x2—420; 2) 9—x2<0, 22—4.<0.

Paccmorpim  mepeoe  yenosine: x2.C9, 1. e |21 <3 B
=334 e X2 x<—2 0 £322 Ta
KHM 0o0pasoM, 370 YCJIOBHE BHINOJIHAETCH, KOFAA

—3ILxL—2 0 2LxLK3.

Tlepexofnm Ko BTOpOMY YCJ/IOBHIO, KOTOPOE NEpEMMIIETC TaK:
B2 refs|23mmrL—3nx23 02T e x| <2
‘W —2 < x<< 2. Cheosartesbio, 370 YCNOBHE He BLINOAHHMO
(He MOryT ONHODPEMCHHO BLIMOAHATBLCR HepaBeHcTBa — 2. x<C 2,

i % <=3, x>3).
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obnacTbio onpeneenis  GYHKUNH fL () =
IBYX CerMesros:

Taxum 006pasoM,
=V (9— %) (x* —4) sBaserca COBOKYNHOCTS
[—3, —2} 12, 3] _

Cymma 1BYX dymxuuit onpezenena Ta™, TIAe onpeseneHo KaK-
JOG CaraeMoe, MOITOMY HCXORHAR YUK TaKike OMpeAenel:
B YKA3aHHBIX JBYX CErMeHTaX (puc. 6.1).

Pac. 6.1 l

=3-2-t 012 3 %

Yameuanne Ecay QyHKuRA COAPHUT paanxans ueTHofl crenens, To
oHa onpenenena JElb OpE TeX gRAUeHHAX X DPH KOTOpLIX I!OIII{OPEI{HHQ BL1-
paxeHHa HEOTlelaTeJlebL

10. Hafitu obnacts onpexenenusl GynKIHHE

. 2x-—1
y = arcsin —5—

@yHKINIs U = arcsin{ onpefeaena mpn — 1Lt L Chenosa-

reNbi0, AAHHas GYHKIHS OnpenefieHa TOMbKO A7 Tex 3Hauenuii x,

AAsl KOTOPLIX
9% — 1

—1gL—3 < 1, orKyAa —3L2—13.

Pemmp 3TH HepABRHCTBA, NOAYUIM — 1 £ x 2 Hrag, gyu-
nus onpefleieHa Ha OTpesKe —1, 2}
11, Hafin c6ractb OmpeieeHHA (QYHKIHIL

f(x) = log {4 — ).

Jorapudmiyeckan dyHKOua onpejeseHa NpH HOMOKUTEBHL™
aHAuEHHUAX CBOEro aprymeHTa, T. €. IpA 4 - x2> 0, otryga x% < 4
nau | x] < 2. Chepopareabo, AAHHAR dYHKWIA OnpefeneHa I
-2 k<2, 1. & B HUTEPBANE (—2, 2).

12, Hanma Fle(x)) n 9[f(x)], ecaH f(x)=sinx, p(x)=2°

IMo onpegeneHnio JAHHLIX BYRKIHH HMeeM f) =sin{, ¢(u) =
" e Y%, FOITOMY ;

flg (1)) = sing (x) = sinx%,
-3 (F ()] = ¢ {x) = sin’x.

13, Jan TpeyroabHUK ABC, octosasne Koroporo AB = ¢ ¥ Bui-
cora KC=h (puc. 6.2). B TpeyroabHrk BRHCAH NPAMOYTOJNBHILK
DENM, Brcota koroporo DM = x. BirpasnTh TAOWAAR TIPAMG:

yrofbHilKa Kak HYHKIHIO BBICOTEL
OGostiaunm ocHopaiie MN BIICAHHOrO NPAMOYTOMLIHKE yepes .

[aomaxs BHpasutcs dopmyaod
S =z (A
TlepcMeHnBIe X N Y IIe ABANIOTCH HC3ABHCHMEIMH, OHR CBA3AL i
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ﬁfxﬁaﬁu cooTHotterned. M3 nonobus Tpeyroabuuros DEC u ABQ
CL DE

CK T TAB: ®)

Tak kak CL=h—x, DE=y, CK=h, AB=0¢,

(B) npuMer Bij TC PABGHCTRD

h—x ]
& T e
. ‘OTKYAa
y=-1(h—2). , ©
Ha pasencrs
saaacuml::)c et (A) u (C) nonyuaen nekoMyio $yHRIMOHATS HY 10
r £
PYAAAY; ‘
/’K
A o N 2 Puc. 6.2

S=(t—xx
14, Hailtu ofparmite QyHKUMH AA% HaHHBIX $yurmui

1) y=3x—5 2 y=VT1T-—%%;
3) y = aresin 3x; 4 y=x2+92, ’

- Paspemas Kamjoe 43
JaHHWX YpaBHeHH# OTH
yuM caeayiomue oBparubie QyHRKLUHHM: OCHTE/ILHO X, 1O+

) 2= 4 +5
3 (onpenenena npa Bcex y, T.
| iy g i Y, T. e Ans
2 x.-:.]{ 1= (onpegencna npu Beex );
) £t = —é-sin /] (onpe,ueneua opH w= -E-< /] <1)-
| F K

4) x=VYy=2n x=—)y=2 gmpe,neneuu np1y>2 T.e 8
2CKOHSUHOM '
ey RONYUHT2PBANE |2,
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B

3apauu
1. Hafitu ofnacTe V3MeHeHHs fepeMerHoRt x M M300pasHTL o8
Ha YKC/JO0BOR TpAMOH B KamioM H3 cnefyiouHX CYuaes:

) lx—3|<4 2 |x+ 2|5
3 |x—4|>T 4) x* 25
5) x> 16.

B—d]=

9. Pemmtb ypastenne |x*— 9|+ | =5,
2. Hairn f(—1), fO)

3. Nana cdyHKnua \ fy=x*—x+
FQ), 1@, =9, F(5) Fet B
4. Onpepenurs, Kakas H3 AaupelX GyHKUui ABAAeTCH weTHOI,
medeTHOH:
]
) =P—t DR =letth
3) fry=0a"+a"3 4 fy=0"—a
5 fx) = 3% 6) f(x)==sinx 4 cosx.
5, Jorasatb, UTO CJefYIOLUIHE GYHKUUK ABAAIOTCA NiepHoEHYe~
exumy, 1 Halimil HX MepUOBL
) j=sin2x+tg5s 2 f(x) = cos 5+ lg 5
6, Haiita oGsacTil Onpeje/ieHns dyrxunit ¥ #300pasuTs HX Ha
guenoBof ApAMORL: 7
X —

1 y=m+’1‘/2x+3; Dy=g_516
4) f(x) = sin’x;

1
Y= Yo—w
5) u="Vsini; 6) y=sin} x;
7) y=lgsinx; 8) y=7V lgcosx.
7. Hafiru flo ()] ¥ o {f (¥)], ecau f(x)= x5 ¢(x)=cosx.

8. B Tpeyrosbumke ABC cTopoHA BC = a, croposa AC =0
¥ repeMedHbll yroa 2 ACB = x. Bmpazutb NAOMAaKs TPEYroabs

KA Xax (yHKLURIO X.
9. Hafith seapie obpaTHble GyTKuuy Aad Xaxjoil ns JannslX

VHKUREA:
¢ ) y=2x—5 2y y =345

Hy=yY1—x% 4)y=cos-;—.

Orsetd

L) =12t =723 Hx<s—38x>1LH -0
B rL—4nx24 2 —ler—22<2x53.8422 4 Pl T

(exF—x-- l)}]?

g

240

P
A
LS

e B

,
g

p 4. 1) sernam; 2) peverdasm; 3) wuermam; 4) neuernam 5) 1 6) dyuxune ue

nmﬂ l:;n__yc;wé:m YEeTBOCTH, BE YCAOBHIO HeTeTHOCTR. 6. 1) % = 2
DU=Wn 61) ~4 <5 <L (=00 D C DG T ooy 6~ 4< T
B oo 00, B) COBOKYWHOCTD OTpe3koB [2km, (2% + I}x], 6 sé
YOHOCTE HETePBANOB (28w, (28 -1} =), 8 cosoKynsocTE 'rimen): x? 2
1 =%

we2zn(n=0, +1, +2 43,.. A f[q: {x)]=cosb, P I (x)]=cos®. 8. s=@ sin %,
) 2

. Dx="LoqLs 2
5 v 2) x=logyy ) x= - - —_—
5t Barisasy, t=+VI=g s=—VT=p;

§62. I
e padu dynxuwy, Tpocrefimme npeoGpazosarnus

I" o
TO%KpﬁJuu@og}fbggg;;fﬂ ¢ == [ (x) HaseInaeTCH reOMETpHYECKOe MecTo
\ aTh KOTOPHX YAOB RAHHO!
I.LHO?[aJIbHOFI 8aBHCHMOCTIL. PHX YaoRIETROpHIOT %yt
ocTpoeHne rpadHKa aHaJHTHYeC
KH safaHHo#
xaMl )mnonnnercﬂ B CAENYIOleM AODAAKe: bysKiE 1o 703
cocTagnReTes TAGMILA Snayensd apy HKIH
1 apr
ocm:él;e m?son dopmyant, pryventa 1 @y v na
B BHIOpaHHO® ClCTEMe KOODMHI
AT CTPOATCA TOYKH, KOODMH-
HATAMH KOTODHIX fBJIMIOTCA COOTBRTCTBYiOmMe Apyr npy'ry Bl};ﬁu
uun3nepemeﬂﬂux. cojepamueca B TaGanne; e-
l'g TIOydeHHLe TOYKH CORRWHAIOT WAABRON JMHped.
rn %c'rpoeﬂue Tpadiika QYHKIUIHY YNPOIALTES, el OHA ABMASTC
Oif, HedeTHON HJH nepuomudeckod. I'padux wernofi Pynxn "
gmme’rpnqea OTHOCHTENBHC oc Oy Tpaduk ReweTHof q)ynxu;m
qg:;egpg;ﬁﬁug;m;?ng::% Hauyana KoOpAavHAT, rpadux nepuo,u,uIi
Al [IyTeM NOBTODEHAS Ya
coo*{_BeTc'raynomeﬁ OfHOMY NepHOnY. ° CTH o< Tpaguika,
padguKke cyMMBbl (PasHOCTH), NPON3BENENHS H YACTHOrO

f@) =H®2=f(0), (6.13)

X} = f,(%)-fa (x), (6.19)
_ ht

Fy =10 (6.15)

. monyvaoTea ¥3 rpadukos GyHxuHMA y, =
= fi(X) B g =
CTBEHHO MYTeM CJIOXKeHHA (BHYNTAHKA), yw‘ugolxeﬁ%sa nf;.g)eﬂﬁ?:?g:

Yenmil JaHnBIX QyNRUMA TpH
FAHHEIX S8Ha4
TpeanonoxRuM, 910 rpaduk PyBKun SHNAX apryMeHTa.

y=J
* HapecTer (pue. 6.3). 1 {6.16)
1. Tpaduk dymxmun
y=f(x—a) .17
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snser cobolt rpaduk Gyuxumu y = f(x), CABMHYTHA BROML
;lcpsng;am laj uacm:Ia)OHux eAHUHI BJIEBO, ecxM a >0, i BNpaBO,
ecad a < 0 (puc. 6.3). ’
2. Tpaduk PyHguUHH
y=F+b 6.18)

y g=f{x)+ ¥
i

|
y-flreld) 4eF) gef -ty

Pac, 6.3

y—-fﬂ)‘f”

b
u3 rpaduka y = f(x) CABATOM BJIOJIL OCH Oy ua |
en,uof:g:aempx an:qu); >0 u saus npu & <0 (puc. 6.3).
3. Cpapuk GyHxUUH )
y=cf(® 6.19)

Y]

Y= C]t(x) » 6>1

Punc 6.4

aeTc U3 HCXOAHOrO Tpadyika NyTeM YMHOMCHUA €ro opauHar

ﬁamg:mnunem ¢, TIpUUEM OPAMHATH YBSJMUHBAIOTCH B € pas npi

¢> 1 B yMeHbIUAOTCA B—:- pas mpu 0 <e< 1, 8 COOTBETCTRYIO-

1

e abcmicoR ocraiorcs mpewuudu (puc. 6.4). Tpadux dynku

ym}; ¢f (x) ABNAETCH BEPKANBHLIM OTOGPAKEHHEM rpaduka y = — cf (&)
orsocHTensio och Ox (puc. 6.4)
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4. Tpadrx dbyakuuy
¥ =Fkx) (6.20)

NONMYUAeTCH H3 WCXOAHOTO IpadhiKa YBeJHYeHHEM B %pas a6eiuce

ero Touek mpH 0 <k < 1 u MX yMenbluenvem B & pas mpn k> |
C coxpamenuem HX opauHar (puc. 6.5). Ecmu k<0, 10 rpaduk

N
Yef1kx)

Y={x}
fo] V' \ X
Y ), ot

Pxe. 6.5

~ ymkunn y=f(k¥) npelctaBiner coGoR oroGpasmelre rpa ;
.y = [ (— kx) oTnocutenbHo ocu Oy. P rpaduka

. YKasanusie npeoGpasoBaHHA AAIOT BOSMOKHOCTD CTPONTb rpa-
Y duky dyHkuni Gojee CAOKHOIO BuAa:

y=cflk(x —a) + 6. (6.21)
NMpumepnt

;. giocrpom‘b no TouKam tpaduy tpymmnﬁ 4 = x* Ha oTpe3ke

Cocragid TabMiuy shaueHHl apryMeHTa u (YHKUMIL

3 1 1 3
x -2 —— | =l . — _—
2| 5 Yz P T ]| 2
27 1 1 97
-8 | | L — ki
¥ 3 g © 3 ! 3 8

[octpone  toukn AM,(—2, —8) M, (-——-l—é—, -—-3—%

8
i 1 3
2 (L, D, My IT’ 3—5-), M, (2, 8) u coexunms ux naasmHoli Kpit-
, moayurM rpadux dynkumn y = x* (puc. 6.6),
2. Ilocrpouts rpaguk QyHKUME y = i

=l =D M= —g) M0, 0, M <)
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4. Tlocrpours rpadux Gyrxuuy y = — 316 — £
Hannas dynkuus onpefenena, Korga 16 — x2> 0 uan 2 < 186,

T. & npH —4 x4, Takum a30M, 06
fiBngeTca cerment {— 4, 4], 0Gpason, acTbiO onpefenieHys

dynkuna 5Ta ONpEjeseHa OpH BCCX SNAMCHHAX X, 33 HCK/MOUC-
mem Touxd x = 0. Ilpupapas aprymenty yxasamile HEKe 3uauc-
Hisl 11 BLiUHC/AAA COOTBETCTBYIOWE aHadeia GYynKui, coCTaBafneM
T10AHLY:

—

1 TR ;
P T I S N IO O B0 A U B 2 | 3
* 3| -2 s =3 7 | 2

1
i y
y_;—%l4994l%_-:)_l 1

HOCTPOHB TOYKH DO JAHHWM KOOpPAWHATAM H COERmNMEB HX NJjan-
Hoft KpiBofi, MomyuuM rpaduk pansod ¢ymkuun (puc. 6.7). Ilo-

3,
i
CKOJbKY (YHKIMA § = — ABIAETCH yeTHOfi, rpadHx ee CHMMeTpil- b
yeu OTHOCHTEAbHO och Oy, ¥

3. Toctpouts rpadux dyukuuy y =V x.

dynkiua y =1 x onpefencHa, Koria NOZKOPEHHOE BhpaiKe-
Hi¢ HeoTpHmaTeabHo, T. e. x> 0. Cnepoparenibro, ofnacTeio ompe-
neneHts (YHKIRYM sBAseTCA GecKomeunbii nomymirtepsan [0, oc).

Boasois B KBagpaT ofe 4WacTH JAHHOTO YypaBHEHH:, HAXORHM
¥® = x. Tlonyuennoe ypaBHenHe onpepeasieT napaony, AIs Kotopoit
ocb Ox OyReT ochlo CHMMETpHH.

i
2
!
3-2-1glf 23 X

Pre 8.7

¥

&

Pne, 6.8

&5

R G oA ) OB

N
L
-

2|

<4321

o A
-

1234

8

S udih &%

Pue. 6.9
Pue. 8.6

Boasoas B xBaapaT ofe uacTH YpaBHeHHA Y = —/

- Yy=—7116—x?
-nonyuuM x% 4~ 4 = 16. 210 ypaBHEHHE OKDYIKH =4
L/ € UEHTPOM B Havaje xoolmuugr. pysiiocTH paiyea R =4

Jlansiekas KsampaTHHlt Kopemb, momywid y ==z }/x. Ilo yeno-
RUIO HYWKHO B3ATb TOJABKO 3HaK HAioC. CAEHOBATE/ILHO, HCKOMBIM
rpaguKuM ABASETCH YacTh napaGofiH, ANs KOTOpoH ¥ >0 (puc. 6.8).

244 245



[lockonbKy HCxoAHas GYBELHS OpRHHMaeT JALIb OTPHIATEND-
gye SHauennd, TO TpaduKoM ee 6yReT NOAYOKPYKHOCTb, pacuo-
noxennas nmxe ocn Ox (puc. 6.9). )

5. Noctponts rpaduK GyHKUHH fO) = x + sinx.

Tpadnk Zaknofl QYHRIHE TOAYuacTCA MyTeM caoxedna rpagu-
xos ABYX OGyHruuk: fx)=x, [ix)=sinz, H300parKeHHLIX Ha
puc. 6.10 ITPHXOBEIMH JHRHAMH, Pap touek rpadhka ¢ymxiuu

f( ; ) = 1. IIp ¥ —0 u x — = GysKuHua HeorpanuuerHD BoIpaCcTaeT,

rpadHK ee uMeer Bup, HsoOpaxeHHuif Ha puc. 6.12. B HHTEpBaJe
(r, 2m) QyHKOHA DPAHMMAET OTPHUATE bHBIE SHAYCHIS, npHYeM

) +
"f:’\ Y ¥’
Y yex, I // yuxsing
\\ , 7
AN rd
e Sk
“\ 27 [2C

vé‘ﬁ.""‘"":‘:‘? _3’; \g P 2F 8F X
' / N

N

Pac. 6.10 \

Pue, 611

f(x) = x + sinx MOXKHO NOCYPOHTS, HpHHEMAA BO BHHMamwe cje-
1iee: N

1) f(x) = Rl TeX X, IpH KOTOPRIX siny =0; .

9) f(x)=x-+1 Aas Tex x, mpH KOTOPHIX sinx = 1;

3) f(x) =x—1 AnA TeX x, MPA KOTOPHX SiNx = — 1.

8. IMoctpours rpaduk dymxuuy § (x) = xsinx.

Tpaguk 570l QYHKIHME HpEACTABJIAET coGoit MpoKsBEleHHe rpa-
(pHKOB ABYX dyuxnui: fy{x) = x, fo(¥) = sinx. Tpaduk Momuo
NOCTPOMTh HO TOUKAM, MMes B BHAY clejpylodlee:

.ll'go-rax Kag - 1 Lsinx L1, 10 —xLf)Lx 1 & rpadux
Gynknay f(x) =xsinx HeIHKOM DACHOJIOKEH MEXLY TPAMbiN
y=2x 1 y=—x (puc. 6.11)

2) j(x)=0, ecam sinx =0

3) f(x;= x, ecan sing=1;

4) f(x) = —x, ecau siny =— L.

7. Nocrpouts rpadur dysrum f{x) = cosec £.

Ilannast GYHKUHA ONpenc/ieHa Ha BCeM MHONKECTBE AeficTBUTEND-
gEix UHCEJ, KpoMe Touek x = ka(k =0, =1, =2, *3,...) T
OBNACTBIO € ONpEfe/IeHus ABJAETCS COBOKYNHOCTD HHTEpBA.JICD
vee (—m 0), 0, ®), (x 2m)...

Tax Xak cosecx = - T0 rpadHK QYHKUHH MOKHO ROCTPO*
4Th ¢ noMompio rpaduxa f,(x)=sinx. Tlocrpomm rpadux Pyux-

wie f(x) =cosecx B wurepsate (0, =). [lpn x =--%- N0y GACK

— . v

Pac. 6.12

‘_e'rca H3 YCJAOBHA NEpHOAHIHOCTH.
e 8, [Tocrpourk rpadmk GyHKuuH y =sinx 4 3,

(% rr) = — 1. I'padux byHRUHH B APYrHX HHTEPBATaX NOAYYa-

& [paduxoM fanHofi QYHKUHH ABAAETCH CHHYCOMAR, CABHHYTAS
f. B HanpasacHuy ocu Oy BBepX Ha TPH eadaHuu (puc, 6.13) (cM.

g dopuyany (6.18)).
946 8
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0. Tloctponts rpaduk QYRKUBH Y = COS ("'—{')'

Mpaduk rolt PynKUHH NpefcTaBIseT cofofi KocHHYCOHRY, CHRII-
HyTY!0 BAOAB OCH Ox BUPaBO HZ BEAWUHHY, PABHYIO —':- (puc. 6.14)
(cw. dopmyay (6.17)).

Y
y=SinXed
NN
o on ysin
Pl \\ u ‘\‘ ’)' AN
~=? N X Puc. 6.13

10. TMoctpoutk, rpadux GyHKIHH {f = Jsin2x.

Ha ocuogayui npocTeiiiuX npeoGpasoparuit rpaduxa @ud
saK/lOuaeM, UT0 rpauk 7o bynKuHH ABAAETCA cuaycougofl, aé-
clceH KOTOpofl YMeHbIIeHE B 1B pasd, d OpIHHATE YBeAHUERL!

B Tpu pasa (puc. 6.19).

y
. yetos ()
DA 7 |
gecom-n 0] FoxS K !
Pac. 614 :
{
i

11, Toctponts rpadix GyHKHIH
y=—4cos(2x—6)+ 1.
Dannyio GYHKUHIO MOKHO NPEACTABHTD B BHle
y==—-4cos[2(x—-3)]+l. (A}
CpaBHeM 3TY byuxoHio € tyugnyed, nonyuatcitelicas 3 ¢op-
myasl (6.21) mpH 3avene CHMBOJIA f CUMBOTIOM €0, T. € (yHKinC
fx) = ccosk(x — a)l +b. B
®ypgnpa (A) nonyvaeres H3 dynkuun (B) npu caeayiomus
gnaveHHsIX NapaMeTPoB. ¢ = —4, k=2 a=3 b=1
{lpurnMas BO BHHMAHHE npocrefitine NpeoSPAsOBIHUS rpadHKa,
noJyuaeM OCHOBHbIE STANbl MOCTPOCHHA rpaduKa ABHOA (QYHKIMH:

248

y-—lz:oﬁem;g;:: Hl; t pasa OpAHHATH TOUEK TrpadHKa ¢yHKuIH
= 2 HaKH H COXpaHsas# HeHIMEHHLIMH
abei
Toll;l){, cTponM rpadur GyukuHu y = —4cosx (puc. 6,16); e
yuenpllaf B 2 pasa aCcuucen! Touek rpaguka (yuxuuu

=—4cos
g = — 4 cos ’éxf' COXpaHAA UX OPAMBATH, CTPOMM FPAQHK ¢yHKLIH

Y=35in2x

Pue 6.15

3) meperocs TOUKH rpaduka YHKIHA

Yy = —4cos2x B Banpa
Aenun ocn Ox n pag-
Y= 4 cos? (x?— % ):enﬂnuum BIpaBO, CTpOMM TrpadBR QyEKUVE

"~
-
- Nty ety R

.
pid \\J \\,/

-x:-zr.gﬁxr <AT
!

\ / \{?
/
/ \lgacosk Y,

Y:-4Cosx

4) nepenocq Touxy rpadHka ysKuuH y = — 4c0s2(x — 3) B Ha-

\mpapfenud ;ocd Oy Ba 1 epmuuuy BBepX, noayuny rpaduk Hexop-

Holl (yHKIHH
y=—4cos[2(x—3)j+ 1.
TMoarsysch RepHORHYHOCTLIO paccmaTpHBaeMofl BYEKIME, ToMy-

g SeHHBNA rpadHK WOXKHO NPOHOKHTL B 00€ CTOPOHLL.

‘11)2. ocTpoutb rpaduk dynkuus f(x) =sin®x,
YHKIHA 912 onpenenena npH seex X. FocTponM chagana rpa-
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¢uk dyncumn g = sinx (puc. 6.17). Tax xak f(0) =0, f(%) =1,
f(m) =0, 10 T03u M, (0, O), Ms(%-. l), M, (=, 0) seasorea

ofmpnMy Aas oboux rpadukos. I'paduk dyuxuu f(x) = sin®¥ B n1po-
mekyTRe [0, %] paChONOKeH HIKE CHHYCOMABl (NOCKOMbKY KBaf-
paTH UACEJ], MeHbIIMX CHHHUBL, MCHbING CAMUX WHCEZ), B TpOMe-

¥l
y=simx
‘\ .
O F TNt X
) y=Sii Pre. 6.17

®yTke [7, 2r] rpaduk TagiKe MPOXORAT Bhiilie OCH Ox 6.17), Tax
Kak sin®xt 3> 0 mpu mo6ux x.

Fanesauyue D[pabuk QYAKLKE NOKHO MOCTPOHTH M APYrAM crocolom,
GpuAMMAR B0 BREMAEWE, 4TO
1—cos2x

. 2

13. Tlocrpours rpaduk dyskuun f(x) =Vsinx.

Hauuass GYHRUMA ONPEAeJeHa JHUb A4 TeX X, AT KOTOPHIX
sinx >0, T. & B OTpe3KaXx BHAA 2k=, 2B+ D] R=0,=1,
=2, .00

sinx = Han sin’t = .?Ié. .__.%. cos 21,

y ]

¢=Ysink i

2 F 0 LA WX :
T yasink Puc. 6.18

Crpony BHayajie rpaiik GyHKUHH ¥ = sinx (puc. 6.18). I'pa-
duk dynkumn f(x) = Vsinx pacnosioxeH Boille COOTBETCTBYIOMHIE '
fyrH CHHYCOMIn (TaK KaK KBAJDAaTHbIHl KOPEHb M3 UHC/A, MEHBIIS!
efHHANH, GOMBLIe CaMOro 4HHCAa). Touxy, HMelOULHe OPAHHATHL Y ==
=0, y=1, aeasiorca o6WHMH Al OCOMX IpaduKos.

14. Tocrpoute rpadux dyskmum f(x) = |sinx].

[lo .onpenenennio a6cOMOTHON BEJARIHHE! (CM. § 6.1, pascuct:?

25

_ ﬁ?.’,l})é"”éfm f(x)=sinx, ecan sinx>0 u f(x) =—sinx, ecan
§- CnepoBatenbno, rpaper HaHHOR GYHKUHM MOXHO NOCTPOUTE
i cacaywwM obpasoM. Ecau sinx >0, 1o rpaduk ee coemapaer
£ c KoM y=sinx; ecan sinx <0, 1 ayra rpaduka Fix) ==
& == sin x| sBAsETCR OTOOpaKeHHEM OTHOCHTENEMO OCH Ox COOTEEY-
i cTBywmel nyru rpapuka y = sinx (puc. 6.19),

25-i5 % 30 FOIax

Puc. 6.19

'}21{ nxoﬁﬂf’?mb )"Pa‘b,“l‘l (]JYH;{L{HH f(x) = sin|x].
. aK [{— X} =sitt| — x| =sin|x| = f(x), TO Aaunas PyHk-
uust sBasercs uetofl. Ee rpagux cmmmerpuven OTHOCHTeJIng)YOCH

"f:'c "%H2s)> O rpadmk coenagaeT ¢ rpaduxom QyHKWHH Y = sinx

X
.25‘ £ - —
0§ N

Puc. 6.20

6. Tloctpours rpadur dyukumd f(x) = |x*— 2x —g|.
Tloctponm cHavana rpadur dyMkumME y = x* — 2x — 3, [Ipeos-
Syd NPaBYO YacTh NOCACAHETO YpaBHEHHS, NONYYHM
p=(—2x 4+ 1)~ 1 =3, y={(x— 12 —34,

YRa

_ y+4=(x~—10

310 ypasueHne omnpeiensieT NapaGo/y € BepiHHON B TO§Ke

{1, —4) u oceo, napannensuoil ocn Oy (puc. 6,21). TlapaGona
ekaer ocb Ox B TouKax ¥, =—1, X, =3 (3Hauenus x po-

QeHbl U3 ypaBHEHHA X% — 2x — 3 = 0). Vpasuenne y = x¥— 2¢ —
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— 3 MOXHO NpeACTaBHTL B BHAE ¥ = (¥ - 1)(:&-— 3), OTKYJAa BHAHO,

170
(*—2r—3)>0mpu x—1 1 x>3,

(P —2—3)<0 mr —1<x <3,

Yy

Puc. 6.21

IMepexopam K byuxuny f(x) = [x* — 2x — 3|, Ilo onpegenenuio
AGcOMOTHO!N BeJIHUHHE HMeeM:
' f(x)=x*—2x—3, ecnu *—2x—32>0,

flx) = — (x®— 25— 3), ecn (x*— 2% == 3) < 0.

CaegoeaTenbHo, rpaduk ¢ymkian f(x) = |x®—2¢x —3| nony-
naeTCH CREAVIOMHM oGpasoM: OpH ¥ <<—1 H x>3 on coBmasaer
¢ rpapukoM QyHKimM y = x?—2x—3; npA - 1 < x < 3 cona-
gaeT ¢ TPadHEOM y = — (x*—2x—3), T. e. nojydaerca H3 rpa-
duKka y = x"—2x—3 npu MSMeHeHHH SHAKA OPAHHAT BCeX €fO

qouex (puc. 6.21)

Saxaun

IMoctpouTd NO TOuKaM rpadakh GysxiuA:

L y=1x% 2, y= —},—.

8, y=Vr+1+2 4y=4—YI=3r
Toctports rpaduxy QyHxuud (¢ DOMOUIBIO CJOKEHHH, YMHOHC:

Hii, JeACHHA)

5. y=log,x + %,
1. y=xcosx,

6. Y= x —sinx,
8, Y=8eC XL
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L% umit:

C MoMOMBIO NPOCTEHIINK NPeoSpaz0BaKIlil NOCTPOHTE rpadiKII ¢yHK=

9, y=cosx—2. 10, y=sin(x+%).
1. y=4cos3x. 12, y=—2sin(3x + 9).

_} TNocTpouts Ipadrey GyHKuui

13. y = cos’. 14, y =} cosx.
15. y = [cos x). 16. y = cos|x|.
17, y = icos|x|l. 18, y = [x? + 5x — ).

§ 6.3. Ilpenen nepesennoii vemuunn. BeCKoneurno Maias 4 Gece
KOHeuHo GoqLHIas BeJWYHRA

HYCTB nepeMenHad ¥ NPHENMAST MOC/eNOBATENBHO 3HAUCHHS:

(6.22)

Takoe nepenymepoBaHHOe MHOMKECTBO WHCEN HasblBaeTed nociedoed-
" meaviocmero {x,}. TlocnepoparenbHOCTE 3ajlaHa, e MsBecTha diop-
MyJla A f-TO WieHa.
Uneso @ wHaskiBaeres npedeaom nocaedosameadrocmu {x,), ecan
A/ A%t M06Ore CKOMb YTOAHO MAJIOro NOJOKHTENLHONO TUCAA € MOKHO
¥. YKasaTh TakOif Homep N, SaBHCSIHH OT 2, YTO0 ANt Beex A > N
5. BHINOJIHACTCA HePaBEHCTBO

Xy, Ko Kgy o0my Xy aus

s g —a] <e. (6.23)
i OGosHayentie mpefeda mocrefoBaresbHOCTH (6.22):
N limx, = a. (6.24)

=0

Hueno b saswBaeres npedesom GyHkum gy = f(x) npn x—a
£ (B TOuke 4), ecaw A BeAkoro wiena ¢ >0 MOXHO HaliTH Takoe
L, uHcHo 8 > 0, uro
it

[f)— b <o, {6.25)
Korjga
0 <x—a| <. (6.26)
Ipenen dywxunn ofossauaerea Tak:
li =
1 dmiw =0 (6.27)
- {x cTpeMHTCS K @ NPOH3BOJEHEIM 0GDasOM). )
Q6osHauerns 0OHOCIMOPONNUX Npederos GYHKUMET
5 =b .
m f(x} (6.28)
.-:,- CTPEMHTCH K @ C/ieBa, OCTaBanch MeHbllle o),
lim f(x) =6 (6.29)
i it
- (x CTpEMHTCA K & COpaBa, OCTaBasch Gosbuie a),
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B wacraocts, nph a= 0 vMecro 0—0 1 — 0 B BNcCeTH
0+ 0 mumyr + 0, nosToMy GopMyLt (6.28) B (6.29) opunmmaive
BAL

Hm f(x) =5, (6.30)
x—=—f] -
lim f(x) =b. (6.31)
x50
Fen i li b, 6.32
m f(x)-=wg;°f(x)== : 6.32)
10
lim f (%} = b. 6.3%

Ecan OfHOCTOPORHHE NPEAEbl PasnHimel, T. €.

lim f(x)=£ lim f{x) (6.3
x—ag=0 2—=+a+0

pad XoTA Ou ONMH H3 HHX He CYUleCTBYeT, TO HE CYHIECTBYET i
npefen GYHKIHR OpH X = &

Tlepemennas BefuuuHa o (x) HasnipaeTcd Beckoneuno marcd Op'
£ -»q, ecAH AR MOOOrO CKOMb YTOQHO MAJIOTO ROJNOKHTENBHOL )
qHCAA @ MOXKHO YKasaTh Takoe >0, gro

|#(x)] < e, xoraa {x— al < 8. 6.35

Mpepen GeckonedHo Majofi senrunus! «(x) paseH Hymo, T. &

lima(x) =0. 6.5%
e

PaznocTh MeXAYy HepeMennol pennyuiiofl X H ee NPEASAoM .

ecTh BesuMHEa Oeckoueyno manad, T. &
Xx—a=4uqa (63?
x=a4w 6.5

AnreGpanyeckas CYMMa KOHEUHOTO RECAd SeCKOHEURD Malil~
peniYHH M HX TNpousBeleHiie ecThb BEJIHUHHA GeCKOHEUHO Madali
Fipousseseriie [OCTOAMNOA H orpaHnuentoll BEJHUHHN HA GeCho-
HEYHO Manyio €cTh BeJHWiHA GeCKOHEURO Manad. (Benywunna x 1"
aBaeTea ozpaniuennoll, ecnH CYUWeCTBYET YHCAO ¢ >0 TaKkoe, u..
AMlS BCeX SHAUEHHH X BLIMOJHACTCA HEPABEHCTHO 4] < ¢)

[Mepemennan BeAUTHHA ¥ HA3LBACTCA Geckoreuno Goaotiotd, ecn”
ans  noforo CKOAR YrOARO GoALLIOTO TOAOKUTEABHOTO guCAa
MOXHO YKasaTh Takoll MOMEHT B H3MEHCHHH 9TOil BeNHUHHW, Haui-

Hag ¢ KOTOpOFO
Ix1 > N. (6 3

DeckOHeuHO GONMBINAA BeAiluHa IpPEfena He HMeeT, HO HuOi:i.
YCAOBHO TOBOPAT, 4TO NpeAenl €¢ eCTbh GecKOREHOCTB (00 ), mpus =
eAM OHA, HaWWHAS ¢ HEKOTOPOPO MOMEHTE, MPHHUMAET TOJLKO fie
AOITENbHHE 3HAueHuA, To mpeaen ee (4 o0), €CJAK OTPHIATL.: -
nule, 10 (= @)
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oTKYyaa

Ecnu x — Geckoneuno Gosiemas, 10 ofpaTian eff BennguHa 1.
HecKOHEUHO MaJjas, T. €. ¥

lim 1 _
>0 X "

{6.40)

Fend «— L
GecKOHETHO MaJjan, 10 —-~ — GecKoneuHo Gonbluasi Be-
ANYHHA, T, € ‘

lim 1 _
o @ OO

(6.41)
Npnuepu

1. IMokasats, UTO MOCACAOBATEMLEOCTD X, = ——(n=1,2, 3, ...)

MeeT mpefenoM HYAb. Haummaa ¢ kaxoro
_‘ HoMepa
CTAHOBATCA M OCTAIOTCA MeHbIle 0,601? pa e anaNewin

1
IMocaepoBaTeblOCTE X, = e {(n=1,2, 3, ...) npuunMaeT 3Ha-

1 1 1 1
Lg g 15 e
= I 1
Nycte e == 0,001. Hepasenerro T<'iﬁﬁ)' GyIer uMeTh MecTo,

1-yﬁa03 n > 1000. Cneposatensgo, N = 1000.
; bMEM NPONSBOMBHOE 4ucao & > 0. IloxaxeM, aro,

. , Ha
HeKOTOpOTO SHaYeHHA A, BHINOJHACTCS HEPaBelICTB(’) (6.23). Bq};::?

1

1 _ 1

cnyuae X, = — B a=0. HepaseHcTeo IT_OI<S Wan
< ¢ GyAeT BRNOJHATECHA, KOTRZ A > —:— B kagzectbe N Moxuo
aTh MEHbII

o e €e M3 fIBYX LEJEX GHCeN, MeKAY KOTOPHME 3aKidio-
o —. TakuM oGpaso, afii MmoGoro ¢ >> 0 MOXHO YKasaTh Ta-

o¢ N, uto fjna Bcex n>N BHOOAHASTCS HEPABEHCTHO L < g
n 1
TO  O3HAUAeT, YTO X, HMEET MpPeAenoM HYAb, T. €.

lim1 o

; n—~+x 1

paBHKTe MOCNEAHEe PaBeHCTBO ¢ copMynoi (6.40)).

k. 2. [loxasams, 910 npeen nocaencsarenvRoCTH g, = 4—
=l’ 2, 3’---) paBeH 4, 3
Lannas nocneroBaTe/bHOCTE MPUHHMAET 3nagens

2 .8 ,2 .8
33, 3?, 3‘5‘?" 3'8_1‘. N



COCTABUM Pa3HOCTH
noe uucno e >0 K aBiM P
3agaRHM TIPOH3BOISHO M )

y,—a= (4— -3},,—) —d=—
Morpebyem, 9TO0H 9Ta pasHoCTs 110 aGCOMOTHOA BEIHYHHE §u,-1a
MeHBIIE &, T, & 1
g, — el < & Wbz <&

Hafizem, NpH KakHX 7 510 HepapeHcTso OyAeT BLITIOJTHEHO, l'l?-
penticas ero B BHAS 1 <3 u BB sorapuMel  0feHx 4acTel,
-3
NOJYYHM |
' log—<n log 3,
0TRY2A \
log <~
n> -—TOE:';'—'.
13 [BYX HeJnX 4l
B kagecTee uiicna N MOXHO B3ATh Mem;meel IBY
e~
YeHO YHCIO —jo53
ces, MexAy KOTOPbIMH SaKmO Tog -
Torna npH Beex 7> N yKasaHHO® HepaBeHCTBO GYAST BLINOM
HATBCS, @ 9TO M O3HATaeT, W70 1
limy, = lim (4 + -55-) =4
n—oe o
Javeuanne 1. OnHOBPEMEHHO NOKASAHO, T

lim Y}
F el

Jamewakie 2. AHAJIOTHIHO MOWUQ NOKA3aTh, 970

o1
Jim =5 =0,

ecmt a> 1.
1 BecKoHeuRo
3amevanne 3. DBemuuna a{x)=.37upa % -—» o0 ecTh

waaas, 1. € fim ok = 0.

K s k'l 3’“ 1
ecthb Oec
Famenanne 4 Bennqanan(x)s.a? rae a>>1 npa x—=> 4

1
KoHeuso Manad, T e.x_l:rm_a? =0, .
3, Jloxasath, 49TO TNpeRed HOCNEROBATEABHOCTH 2, = == 9 7
el n=1,23, .. pased -3
sHAMenHs
ansas nocnenoaamars{ocrh npuﬂumae'; i
—4, —2-, =335 — 29

[lycts pavo moGoe amcno e>>0. PaccmotpeM pasHocTs
a— (=8 =[-3+ 58]~y =5,
3ra pasHoCTh GYAET NO aGCOMOTHOM BeNHUHHE MeHbLUE o

IZ“_(—3N<E, l(%n}lt <3t Tls'<3i

1 "1 1
—_— ns’ T, @& — —
Korfia — < Ve <n wm n>V:. B kavecrse N

MOXKHO BhGpaTh MEHbIUEE W3 JBYX LeJHX 9HCeN, MEKLY KOTOPLIMU
SAKTIOIEHO YHCO 7o Toraa npu Beex n > N
. £

‘ izn_(“3)|<3s
& 310 ¥ o3uavaer, 410 limz, = —3,
n—o
B gacreocrd, ecau & =001, 10 ! !

= ——=10, N;=10.
Ve 1 P

' Vw
Creposatennto, npu 1> 10 |z, — (— 3)| < 0,01.

Ecnu gy == 0,0001, 710 Ve = 100, N, = 100. CneaoBarearyo,
apd n> 100 |z, — (— 3) < 0,0001.

3amevanae Boe sHauends NOCKEHOBATENBHOCTE MOFYT OMTh MeHbile
ceoero npeaena (npusep 2), Hau GoJbute cEcero mpefesia (npuMep 1), HAW mo-
DepeMeHHO TO MEHbLIE CBOCIO Hpefesa, To Gosblle ero (Aphuep 3).
4. Hokazars, 410
lim% 16 _ 5
a—  Bx B
Ans poxasatenscTsa JOCTATOUHO YGRAUTHCS B TOM, 9TO PAasHOCTH
MEKEY NepeMeHHOR Bemuuuuol ¥ =

61' 4 TOCTOAHHON & =-%-
TPR X— 00 €CTb BeAHARHA GeckoHeudo Manan. [IlpeoGpasys sty
S PASHOCTS, NONYYHM

Sa+6 65 _ (5x+6—5x _ 6
' “6x 6 8 6%
3 Tak kak B cuny dopmyasi (6.40) BenudpHa
ﬂmaerca (eCKOHEUHO ManOH, TO

1
=—
i
~ npu X — o0

Shd

5%x+6 5
(A B
" Ifie o — BecKoHeuHO Manan. D10 M O3Hauaer, 4To
3 lim 55 +6 _ 5
{ xr+a Bx 6"

5. Hoxkasarte, 910 a
lin; (2e* - 5x+4) =17,
x"

D Iycan A. A, 257



TlockoMKy ¥ —~ 3, To X = 3 +a, rae o-—GecxoHeulo Manan
{cw. q;ogryny (6.38)). Toncrasyss STO puipaxeHue AdA X B pas-
focTh (203 —Bx+4)—7 npeobpasys e, NOMYHHM
26 +af—5@+ 0 +41—-7=20 + 624 a%) — 16— Sa+4 —

—7=18+ 1204 203—16—5a+4—T7= 202 + Ta.
Tak ®ax «&— GecKoHeuHo MaJjas, TO pesuyuunl 2a® B 7o B MX
CyMMa TaKKe ABJSIOTCA GECKOHEHO MANHMH, CYMMY 9Ty MOKHO
0503HAUNTL gepes B.
CieoBaTeLHO, HMEEM PABeHCTEO
‘ y— b=8,
8 woTopoM § = 2x*—Bx+ 4, b=17, B =204 7o
Ha ocuopauuu (popmyst (6.37) saxmouaes, 970
lin; y=2",
X

[

T. & :
lim@x* —5x +4)=T7.
pes

6. HafiTn ogHOCTOpOHHHE npeassit dyuxuns f(x) = xf-s npH

x— 3 caesa W ChpaBa.
3ajaua CBOZHTCH K HAXOMREHHIO ABYX npefenon

6
lim ¥ lim —s.
30 £ —3  xe3v0 ¥ 3 )
Ecnu % — 30, 7. e x cTpemuTca K 3, 0CTanaich meHsme 3,
70 peNHYMHA X — 3 ABAsETCS GeCKOHEYHO Majtoft, TpHHEMAlOMEH
oTpuuaTenpune suavenns. Ofpatian efi BenugHHA GYAET GeCKOHEUHO

Gonbinofl, MPHHHEMAIONIEH TaKkKe oTpuilaTeNbHbIE SHAVEHHs, TeM KE

6
CcBOUCTEOM 05AAZAeT B BEJHUHHA Y = 7, MOITOMY

i s ==

HsMenienne nepeenHux ¥, x—3 H 'x"f-_é' npy x> 30
BOXHO TIOSCHUTb CAemyiomed Tabauued:

x 2| 29| 29 2,999 29900 | 299009} 2999999

x—3 | —1|—01] =001 | —000 0,0001 | ©,00001 | —0,000001

i ‘O6patuan et senwauna —-

7. Halitu o
o —~ 0 cresa m;Jomne Mpesenst Gymwumn f(x) =3 npu

x—6-3 _s|—60| —600 | —6000 | —60000 | —600000} —6000000

";, 1 ’
TTockonbky -lTl-ﬁecxoueqao Goabutan npu x -0, 70 3'—JLT

Eeast x 340, 7. & x CTpeMurcs K 3, 0CTaBasCh Goawuue 3,
70 BenHuyHa X — 3 AsaaeTcH noloxuTeasHofl GeckoHeuHo manoil.

258

~—7 Oyner GeckoHeano Gonbinofl, npHuu-

M3IOMmeR NONOMHTELHBE 3HAdeHHA. DTHM CBORCTBOM OGAAfseT U

Tpadux dyaxuun y = -;-3-3- usoGpaxen Ha puc. 6.22.

X

2101 12354567 X

-3
-4
-5
bl

] " Pnre, 6,22

[ycrs x crpemurea k 0, 0cTapasch Menbllle €10, T. & ¥ - — 0
»

orjjia x Gyaer GeCKOHeWHO Manofl, NpUHUMAloWel OTpHUATEJbHHE

N _—l
HAVeHHHA -
» 8 BeIHIHHA —— — OTPHUATENbHOA GeCKOHewHO Goabwiod

£ muHpoit (CM, ay (6.41).
et o, oy A1, T e oo e

i L]

X

3" =3 M=

1
3«
i

ke OecKOHedHO Goabinan, a ofpatHan efl pefMYHHA, T -
L] l »
o5l

259



Gyaer GecEOHEUHO ;aa,noﬁ {cM. dopmyay (6.40)). ChneaoparenbHo,
1 _1
lim 3" =lim3 "=lim 1 =0
. e + 0,
Mvers x crpeMurea k 0, ocraBasce Goabule €ro, T. €. X —»
-rornayx 6yaer pIIOJ‘IO)KHTEJIbHOﬂ GecKoregHo Malol Bennqimoﬁ, a

x
1 nonomWTenpHofi GeckOHeTHO GONBILOH, BERHUHHA 3~ Gyper
x

TaKiKe TONOKHTENBbHON GecKOoHeqHO Gonploii, T. €.
1
= i)
lim3” = lim3" = + oo.
x>+0 r=40

Y

Pue 6,23

BHEI MEIKRY CO6Oit,
TlocKonbKY ORHOCTOPOHHHE Npejenti He pa '
1O mpesen @;HKIIHH npA x -» 0 NPOHIBOABHBIM crnocofoM He CYile

CTBYET. 1
Tpaduk pynkunn f{x) = 3? nzoGpamen Ha puc. 6.23.
8, Hafttr npepenst | . |
xkzn:o arelg g — nx}’lgoarctg e
2 oysen ecuoneno O mowel” TooKHTeMe

— GecKOHEUHO OGOJMLIDOH, TNPHANAMAIC:

8HAYeHNS, A BeNWUHHA 54

mell TakKe MNONOKHTENBAHE SHATCHHA. Tpuunmas Bo mng::
onpefeacHne QyHRIHH 2= arctgy u ToT dakr, 4ro ig2z - 00, K

z —r%, 8aK/MIOYaeM, 4TO 1
2—x

T
lim arctg =3
x—2=0

Ecau ke x — 2 cnpasa, 1. e. ocTaBasch Gonbuie 2, Toraa se-
augAna (2 — x) GyAer OTpHUATENBHON GeCKOHETHO Masoff, a BesH-

9HHE 5—— — OTPHUATENbHON GeCKOHeUHO GoMbLWOR BeNHuMHON.

Tak kar igz » — o0, xorma 2> — 2, 10

lim aretg o — = — %
#-2+0 3= 2°

Tpeaen ¢yuxuun y = arctg?_l_—x- He CYmeCTBYyer npu X -2

'.:l'l HIBOJID.
. 1Ipo HEIM CIIOCOGOM, TaK KaK OJHOCTOPOHHHE Rpelednl B STOR
f: TOUKe He paBHB MemAy CoGofi.

Tpadux dynkuwan wsobpaxen wa puc. 6.24.

i
' .6'{12/—1-

Pue, 6.24

Saxauw

’

o 1= AT AT TR TR R rOpLT Y

1. Haunnan ¢ xaroro HoMepa 3HaueHuss Kaxaoff Hz nocaeso-
eAbHOCT:

1, 1 1

: Dx,=- 2 y=-33 3) == (=123, ..}

EraHosatcs u ocralotess mesbie & = 0,0001? [lokasats, gt0 Kax-
NOC/AEN0BATENbHOCTD HMEET npesesioM HYJb.

2, HoxasaTh, YTO KAMAAH H3 MOCAENOBATENBUOCTE

| —1)7

5 =g %=1

pdcer mpegestoM Hyab. FlaunHaa ¢ Kaxkoro HoMepa 3HadewMs Kak-

___-' H3 HHX N0 alCOMIOTHOR BeNHIHHE OCTATCH MeHbme e = 0,001?

& 3. JaHu TpH MOCHeaoBATENBHOCTH:

_. PP ——

Xy == ELL)

1 —1yr
: xn=2—-F; yﬂ=m3+-51“_; zﬂ.—_?..]-(_.s.;‘ll_‘
R0Ka3ars, 9TO:
)limx, =2 2) limy,=—3; 3) limz,=7.
A0 =00 200



4. IoxasaTe, 410

. Ax+5 4, e T = B
D len:o x5x =5 2) ll'l}'ls(u [}
3) lim(bx + 8) =3 4) lima(?,x’—- 4x 4 6) = 10.
x—+—1 x>

5. HafiTh OHOCTODOHHHE Npefensl mpH X -» 2 CJesa W chpaea
ATA CAGRYIOMIMX YHKIM:

DiW=52p D I0=glg
i
HFH=F"% 4 [()=arcigzl

N
Orhernl

"8
1, 1) Ny =10000; 2) Ny=100; 3) Ng=10. 2 ¥=10.5. §) lim ‘5775 =0,

4 4 E .
=—o 9 Im E—pm=-teo Im Tas +©o

x~+2—=0

iim
3-&2+02 —x

§ 6.4. Haxompgenne npefesos

Ecnu nepemennsie Bennahbl fy (x), f2(x), fa(x) uMEOT KOHEUHHC
DpegeNsl npu X -+ d, TO

him f, 69 -+ Fo 09— fole] = lim £ () + lim o () im F (2% (6.42
T lim 1y (£ (- fo ] = limy () im £ - fo 0% (649

lim [cf ()] = ¢ lim[(x) (¢ == const); (6.44)
lim {f (:cﬁ: = [lim f(¥)]* (n — nenoe mucao, n>0) (6.45)
-+ g x—4a
lim f, {x)
’ (x) e Xl + . 0 ; 6.46
liﬂﬁ_(}j = ETI’ T3] (EEE f! (x) ¢ ) ( )
fimy/F; (9 = v/ Tz oy (6.47)
X4 x—+a
limeg==¢ (c= const). (6.48)
x4 .
Ecal ¢— NOCTOAHHAS Beawunna, HpuueM ¢ > 0, 10!,
limex = oo; {6.49)
fim 2 = o3 (6.50)
x+on €
lim = =~ 003 {6.51)
X =0

Jim &=+ oo; 652
Li*ol;- = oo} (6.53)
lim % =0; {6.54)

. 0, ecan 0<ect;
Imr = o e 65
+ o0, ecnu 0 <o <1
zl.iﬂf "{ 0, ecans ¢> 1, (6'56)_

Tipamepta
1. Hafiru lim2 (4x®* — 6x 4- 3).
X -

8  Tag Kak npegen anreGpanueckoli cymmsl MePeMeHHNX paBex
g TAKOH ke anreOpaHveckoll cyMMe nPeReNoB ITHX NEPEMEHHEX (dop-
B MyJsia (6.42)), noCTOANRHIA MHOXHTENb MOMHO BHHOCHTD 84 3HAK
i npeaena (hopMyna (6.44)), mpesen uenolt nosoKurensHO CTeneHH
B paseH Takoft ke creneHn npefesa (GopMmyna (6.45)), npesen mocto-
k- AHHOR paBeH caMofi nocrosuuoR (Popmyna (6.48)), to nocnesosa-
g TENLHO NONYIHM
lim(4x®* —6x + 3) = lim 4x® — lim 6x + lim 3 = 4 lim »® —
X2 x=+2 x~+2 x=+2 x+2

—6limx -+ lim3 =4(limx*—6limx 4 3 = 4.22 —

x-+2 £+2 =2 X+2

3 —624+3=16—1243=7.
3amevanue 1. Buuncacume npelesa MuorowieHa eropofl crenesm cge.
. A0CH X BHYHCASHHIO €10 SHATEHHS MPE NPeAeAbHOM SHAYCHHH apryMenTa.
3aueuanne 2 Urolu pHUHCAHTL Mpesen MEOrOwNema n-f cremeHy
Pr(X)=bo 4024 byx? 4 ... - bpx” npu 5 b,
¢ ZocraTouto Haltth P, (5), T. e. snavenne ero mpu x = b, Hanpnmep,
£ Jiml(i.’x‘—k‘-[-3&"—6.\:’+8x+2)..—-.2-]‘-—-4-l‘+3-l’-—-6-!’+

+8142<5

s Bx% —dy 47
2, Haiitu ,l,l_ﬂ%’—&-t-s

¢ Tak xaxk npenen uacrdoro pasen HACTHOMY Mpemenos, TO Ha

. OCHOBaHHH 4g>opmy.nm (6.46), a rakxke ¢ nomowpio GopMy” (6.42),

(6.44), (6.45) u (6.48) mocnegoraTensHO RONYYHM

| s SO 4tD  imee—lings +lm7

1 T =B+ 6 uml(szqu-p-s) = linr:m:’—liwaax-}-111116r
X~ X

%1 ol
R s I RO U

= TTmA—BimFTTme — 2 =51F6 — 3 — &
x+1

2+ x+]




Sameganue 1. Buuncnenne npegesa pannomaabsoli dysxuun (oTAOMe-
AR EBYX MHOTOTACHOB) CREACCH K BHMHCJECHHIO SnaveHdd oToR dynxnme aOpH
npeAenbHOM SHANEHAR APTYMENTS

3ameganne 2 UToSH BHYMCANTD NpeHeR PANHOHAAbHON (yHKHEH

byt byx 4+ bpx® 4 ..o + Bpa®

ROy= T ex T o & ... F o™ -
npu x—» a, ACCTATOYAC HARTH SHAVEHME e¢ NpR X=g.
Hanphuep,
X6 — 2 4 322 - Gx -9 P2 N4 3.22-6.24-9 _‘3‘#3.
I el tix—11 . 3P—RBF7I—1

Sameuantie 3. Ipemen saementapiol dynxump f{x) npr x-»g, rae a
NpHNaZASKRT OGARCTH e€ ONpefienenns, pases sHavensio GYRKIMA NpR ¥=4a, T. &

lim (1) =/ (@ |

Hanpamep,

VYV E=T74+Vr+60 VE—I+VI L0
DM —5F 58 = S E—54—8

x+4
Vi4+ysr 3344 7.0
“R-ND—8" 4 &

2) }imlllg(f+lftm’+80)1+ﬂ/"_t’+ =g VI +1VTF8=143=4

3. Hafira lim >—5%+8

x—+4 x—4
[pu x =4 gucauTea> H 3HaMeHaTens KaMHof ¢yHRumn obpa-

malorcs B HY/b. ToaydeHa HEONPeASMEHHOCTb -, KOTOPYIO HYXRO

packputh. [IpeopasyeM pnartylo GyHKuMio, paziarad JHCHHTE/]b
¢ ToMolLiBI0 (OpMY JTEE

B+ px -t g=(x—2) (x— 1),

TAe X; H Xz-— KOpHH ypaBHenns x® - px + ¢=0.

Tak Kak ypaBHerne x®-—6x--8:=0 uMeer KopHH X =2,
x=4, To X¥—6x-4 8= (x—2)(x—4). [loacraenag sro Bu-
paikenye B fannylo (YHKOMIO H CORpamias Ha OOWmH MHOMHTENb
(x — 4)=£0, nonyyuM )

fim 2848 i =269 -2 =4—2=2
x4 x—4 x+4 x—4 x4

3ameyapue |. Coxpamas Ha oSmafi MEORHTERD, MH NPEANONArANH, YTO
x— 450, 210 meficreireasuo taxk. Cornacho onpefelenmo mpegens GYHKIUH,
AprYMEHT X CTPEMHTCS K CBOEMY NpeAEMbEOMY BHAUSHMIO &, HEKOrAA ¢ #AM Re
cornafan, T. & x==a 4 x—a 0. (Cu. bopuyny (6.26).)

3amevanne 2 lpesen yHKIUR He SABHCHT OT TOro, onpefienena dyHk-
14s B DpefenbRON ‘TOMKE BAA HeT.

s e —2
4, Haftrn il-llll m.

Ilpn x=1 uncanrems K SH&MEH&'I{')CJII: 0o0paIiAIoTCH B HYJb,
noaydaeTca HeonpepenenHocts Buia 5~ IlpeoGpasyem pannyio

264

¢ysrLmO, pasjaraa Ha MHOEKKETENH 9UCAHTEAL H SHAMEHATEbH 1O

dopuyae
ax® + bx 4 ¢ = @ (X — x3) (x — x5),
FRE X3 U X~ KOPHB YpapMeNns ax?-}- bx 4 c=0.

[ogcraBnas COOTBETCTBYIOUIME BHIpaKeHHS M COKpamlas Ha ob-
mnl MHoXaTeab (x¥-— 1) =£0, noayunm

-2 _ lim se—nle+3) -

== x—.‘lr)

= lim 3(x+%) = 3(1+%) -3
M)

4
3t 1249 — 42 Bx 4+ 5
5. Haﬁ‘ruﬂfﬂl ) .
Ilpuy x = — 1 quc/iHTe L K SHAMEHATENL OGPAAOTCH B HYJb.

Pasnarasn HX Ha MROMXHTENH, HAXOXMM
B4l=x4+DP—x+1),
38 23— 2+ Bx -5 =(x + 1) (3x® — x* 4 5).
Bropoe paBeRCTBO ROJYUYEHO B Pesy/bTaTE HEIOCPRACTBEHHOFO JAe-
neHug 3x% | 25— x24-5x 4- 5 na (x4 1). Corpaman wucanrens
W sHaMenatens ¥a (x 4- 1) #0 u mepexoga K npepeny, NOAYIHM
lim 320 — 22+ Bx+B lim 8% —x2+5
1 ¥+l gl ¥—x+1
_ S(—1P— (=145 _ 1
T —IP—(=bh+1 T3 0 g
3ameuanne Hro6H pacKpuTE HCONpefeAcHHOCTb BHJA 5~ SamanEyo
QTHOUIEHHEM JBYX MROMOYNEHOR, HAZO B WICAHTENE H B 3HaMeHarene BHLNETh

KPHTHUECKHH MHOXATERb (T. € MHOMCHTENb, PABHLIA Hy/Mi0 NPB NpelesbHOM 3Ha-
YeHHH X) W COKPATATB B3 Rero.

624 bx 4 4
. Hait li .
6. Ha TH:»TWF—+H——2

l'lpn X —» - 00 YHC/HTENb ¥ SHAMEHATENb HEOrPAHHUSHHO yBe-
JIHGHBIIOTCH | TOJIY9aeM HEONPEAe/ICHHOCTh BHAA %). Yrobt HafiTh

npefiell, mpeofpasyeM ZaHHYIO Apolb, pasienns ¢ JUCAHTENb B 8HA-
MeHaTeNb Ha %%, T. e. Ha Crapwyio crenend x. [Toansysce cBoit-
CTBaMH IIPENiEJIOB, MNOJIYyYaeM ,

5.4 lim 5,4
b torda 4. Tyt W8t ta
lim m= lim == =
PRORI o x-++oo3+1_ 2 1im 3_'_3__,__?_
X X xeyw ¥ A
64040
340—-0" "
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37ech NpHEATO BO BHHMaHHE, UTO

lim = =0, lim = =0 (¢ = const).

r—4 @ X+ 40

(Cu. dopmyay (6.54).) —

Txt-6x—3
7. Hafite 1im T g

D
Pasjenss SHCAHTeNb W SHaMenareib fpobu Ha 1% 1. € Ha
CTADWIYIO CTefleHb, ROMYIHM

T8 3 lim (.1.-{-1-._9'_)
Him 7x'+6x—3_]im x B 8 ey A )
L8 —2 e 8 _ 2 lim ( _§___2_.)
e Ty 9+-§- = it 94 - s
_040-0_0_, -
9y0—0-9~ >

Bameuaspe UroSu pacKpurth HeONpeAcNcHHOCTH BHA2 %. 32 JaHAYO
OTHOUWIEHHEM APYX MHOMOWNCHOB, HAAQ quCARTeNh H 3HAMeHaTenNk pPasacaHTh Ha
CAMYI; BHCOKYIO BXOASILYI0 B HHX CTEMeHb X, 4 SaTem MepeliTH K mpeaeny.

8. Halltn npesen panHoHaNbHOA (yHKOUH

R(x) = Gy +ayx 4 o { ...+ apxt
bo+ by + bax®+ ... +buxT "
rae ﬁ,,;&o, b, 0, npx x, crpemmnleMcs K GeCKOHCUHOCTH.
peoSpasyeM BHpasKeHHe IAR HaHHOA (YHKOHH, BLIHOCA 8a
CKOOKH MHOMHTENb X" 8 HUCAHTENE U MHOXKHTENb X™ B SHAMEHATENE:

# (Bt gt ta)

R(x)= =" (A)
x'"(%-l-%‘_ﬁ;,%‘:z-t-...q-bu) :
rae “
e i .
- (B EET 4o ®)
T b by by '
(?i+;,,,‘—.:f+xm_z+m+bm)
Tak xax ; c'
wa—x'g=0 k=123 ...)
o -
lim Q(x) = 32 ©

TlockombKy npefies npou3Bef€HHUsl paBeH MPOHU3BEJCHAI npeie-
ao8 (popmyna (6.43)), 1o

lim R (x) = lim £ lim Q). (D)

Tlpenes nepsoro MuoxmTens B npasofi wacTH pabencrsa (D) 3a.
BACHT OT COOTHOLIEHHE MEKAY 71 M #1, a HMEHHO!

limx"™ = 0o, ecnu n>m;
F o ]

™™ =1, ecansn=m (E)

-

Ims™™ =0, ecmmn<m
o .

Hs dopuymt (D) ¢ ysetom dopmya (C) n (E) ronyuaem
o0, eCqH 1> m;
HmR(@)={ Jr, ecan n=m;

0, ecaan<nm,

3amevanne Tlonysensui PeSyALTAT MOXHO ChOopMyAwpoBaTH Caedyi-
miM oSpasou. Ilpeaen 4eCTHOrO ABYX MHOTOSMEHOB WPR X =» OO paBeH OTHOUIE.
HE KODGPHIHESTOR IPH CTAPIINX YNCHAX, €CAN CTENEHH URCARTENS B IHAME-
RATR/IS paBin; npenesl 5T0T pased O #AR 00, eChW CTEneHb UNCANTENS COGTEET-
CTBEAHO MeRbwe AN COMLING CTENMEHH SHAMEHATENS.

Hanpauep,
xo I F AL TR " TIx—2 — 3
oxb — B ;- 62 —Tx 4 12 )
2),,'-132 G —8F - 120 —5x — 14 =0
3) lim 28— 651 lix —18

—w e —0xf2d
A VxFi1—2

Tlpy x =3 4nCAUTE b B SHAMERATENMb ADOGH OGPALLAIOTCA B HY /b,

3naMenaTeNb CONEPIKHT HPPANHOHATBHOS SHipaKenne ¥ x + 1. Hsba-
BHMCA OT HPPAUHOHATLHOCTH B SHaMeHarede, YMHORKafg GHC/IHTeNb

H sHamenateqb Ha (' x + 1 + 2). Honywaem
lim_#=9% iy &=96+IFrET+2) _
3 Ye+1~2 3 (Vrx+1—2WVs+149
= lim &= NE AV LT+ = Jjm =6 +)VEFTLY _
53 Vefip-—o 3 xFri)y—4
=1Ln; 4+3)V x4+ 14+2)=C@4+V3+1+2)=24

Bamenanne UroSu pacKpuTH HeonpepeseHROCTH BHJa %—, B Koropoli

NRCAHTEAL RAR OSHAMEHSTENb COAPWHT BDPAUHONAALHOCTH, CAeZyeT COOTBET
cTByIOUIEN ofpasom a30aBHTLCA OT HpPanHOEAABHOCTH.

10. Haima lim (05,



Pasparan UHCAHTE b H SHAMEHATENb BA MHOXHTERH, coKpamad
Ha MupoxHTEM ! -+ c0sx =% 0, moAyuHM

: sin® x e 1—cos?x . (I +cosx)p(l —cos®)
ll_,n: l+cos‘x=ll_.n:l+cossx_ln_2 (T cos x} (1 — cos x -} cos* X)
1 — cosx 1—(=1) 2

=l Gx ootz ~ T—=DF 1P =73
14346+ ... +@—1
VL. Haltrs lim —25ra =
UpcuTenb H SHAMeHaTenb ApOGH ABJSIOTCA CYMMOH /1 WJEHOB
COOTBETCTBYIOUIHX apHMeTHIECKHX nporpeccuil. Haxoasa 3tH CyMMel
no uapectHofi dopMmyne, RONYYHM .

1 +@r—1)
limdt 3ot 4@ =D gy 2 =
pow 1F2F34 - tn - LE2,

el @=) e 2 _onm M o 2lim—— =
—,‘j{;‘ T+n },L“},n+1 23.1“u1n+1 2,!‘121+1_ 2
n

12. Hafiru $im ""‘2“+3;+“'+”’.
ol

Hcnoapsys GopMyly Aas CYMMs KBAADATOB HATYPA/bHOTO pAla
qHeRA
nn+ )@+ D
6 ]

12420132 .., F0P=

nonyuaes .
tim 242 +3ﬁs+ oy rla it
7 n o

00

n—+|

=gl () () =t (1 )t 2+ )=
1

o)

G“ﬂﬂ n

_— -g L] 02 — -
p
13. lim YIE2=L,
3. Halitu g VT —1
Breenem HoBYIO mepemenHylo z mo dopmyne

l4x=2 ) (A)
(noxasaress BHOpaH Tak, 4TO0H MOKHO 6eino H3aBseUb KOPEHb
¥ BTOpOfi H Tperhefi cTeneHH).

Ms pasencrsa (A) Boitekaer, 470 Z-» 1, worza x —0. Ioa-
CTaBnAs BuipaMeHne Crapoit nepeMeHHON 4Yepes HOBYIO, pasparas
QNCAHTENb W SHAMEHATEN> HA MHOKHTENH, NoaydaeM

L YT z—1 . YVE—1 _ m2=1 -

tim ey = lim Ty = e
p C=De+Y g, 2l 2
if,,n,l(z—l)(z'-q-z-l-l) “ljf.r,' dfz4+1 3

o
<)

14. Haiitu lim-,‘Jﬁi—_
no ) 28 1 6nd - §

Tlpi £ — oo 9HCMUTENs W BHAMEHATEAL TAKIKE CTpeMsires K Oec-
KOHETHOCTH, ROJYYSEM HEONMPEASTEHHOCTs BHIA —. Yro6s mafitu
Q0

5
2 4 — :
lim 122 -6 T n i2
e rem s M 6 8 V& ="]_32'=4'
Tt5+w
(3,necs HPHHATO BO BHHMAHKHE, YT0 lim3 ==(), lim—6—-=0 limi—o)
a—w 1t 0 1 "
Saxauwn
Hafry npepens::
10 1. '_ i
31_{1;(2:\: 7x 1 6). 2. 121}(3x‘—5x3+6x”—4x+7).
. 42— Bx -2 -
3. tim : . 3—Br4-4 . .. B Tx 412
g 303 —6x 44 4 mx"-—?x-{-g' . Ll_lgx’-—-gx-{—-]-g‘

6. ﬁgl[?.t + VBB 4+1gBt + VB8 —
_m+m] '

FoA =11
. A—8c 412 2
7.1 i 3 —Tx42
e E =T 16" 8. ll,,“g—w—sx'i"ﬁ‘
o —3¢+2 102 — 622 + 75+ 5

9, lim

I e —dxt3 10. lim

§—dx 3P — 2@ *

94t — Bt 4 Ta? 4 By — O 4
1. lim o7 - Bx® - 528 — 352 — 12
I e ag—n 12 1i_.'210xe+7xa-ﬁx8-—4x+17°
x,_25 L L
13, im-2=2 ve—l
—52—Vx—1 14. ii-.nll Ve—1"
- H 4”8_3
15 lim XL =3 16. lim—2=5
b T sl FVATS
17, lim E2t3+ .. e gg iy sin2x—cos2e—1
s ¥ 1 Ty wsx—sing
ey
o Yi—tgx=Yitigs . 252 +
19. iLn: T s 2.0. lLﬂ; m+3t ,



Oreer

4 15 1
1.3 27 82 40 68 o 64 7 5 8 - 9 5 10. = 5

1.0 12 c0. 18 — 40 4.-%. ¥iaaaage Tonoxers &= {1% 15 =~
16. 8 17 -;—. 1. Np— T} 19.——;-. 20, — 1,

§ 6.5. Yneao e, limﬂ’—“=

N
1. Yucsom e nasmpactesl npepsea

lim (1 + ) =e (6.57)
HBIH
1
lin;(l +a)* =e (6.58)

Uncao e GHBaeT NOVIeSHHM IPH PACKPHTHH Heonpeagiextocteft
BHaa 1%,
Ecan OCHOBAHME JOTADA(QMOB PABHO UHCRY e, TO JOrapHpMbi
HASHIBAIOTCH HAMYPAALHEIMU:
Inx = log, x.

2. Ecan yroxn a aupameu 8 pamnaHax, TO

Tim &% = q, © (6.59)°
a0
3. Mpy HaXOKACHHH NPeRENOB BHAA
lim [ otP=c (6.60)

KYXHO HMETh B Bnny cne,uylmn.ee.
1) ecaH CYIIECTBYIOT KOHCUHBIE HpEAesH

limg(x)=A n lim}{x) =8, (6.61)
—a f ame
10
C =A% (6.62)

2) ecny
limg(x) = A1 # lim¢ () = oo,

TO npejen HAXOAWTCH ¢ momombio dopMyn (6.55) u (6.56);
3) ecrm '
limo(x) =1, lim¢{x)=
~—a x4

. 2R

? . Caenosarensuo,

70 nodaraor ¢{x)=1-Fa(x), Tae a(x) >0 npa x—>q u, cae-

JIOBATENLHO,
A jrwee ma
C=y_rg{u+a(x)1‘“’} g

fimie () =1]9(x .
=" . (6.63)

fpamepu
t. Halry lim (1 + %)*

MNpa x -+ oo pHpaKenHe (l + -i—) - 1, nonysaem neonpeaencH-
HocTh 1°.
Beenem HOBYIO NepeMeHRYI0 « no gopMmyne

—==a,
x

OTKYNA xu—:;. Ecan x -+ oo, 10 ¢ — 0, nosromy

Py . L
lim(l + -) =lim(1 + ®)* = lim [(1 -l—a)"]
Nonb3yacy caokcTsOM (6 45), na ocuoaamm q)opuym (6.58)

RaXOAHM
]

3§[<1+u)ila=[lg(t+a>:] -

. kA\x =
lim ( 1+ ?) = %, (6.64)
B gacTrocTH, ecnn B =3, TO
lim (1 + %)‘ =&,
npu k = — 2 noay«aem
lim (1 — %) =g,
2. Hafiry tim20+2
= X :
Tax xax J

2 L= +x) ,

TO Ha OCHOBAHUH dopmyan (6.58) maxonnm

hm‘“"+"’._nm[1n(1+x)] ln[hm(l+x)] Ine =1,

an



Taxms oGpazom, -
limRU T2 g, (6.65)
0 X
3. Hafirg lim& =1, —
=) X
BpejsieM HOBYIO NepeMeHiyio z no dopmyne
a1 =2,
OTKyIa
=142z

JlorapudMEpys 970 PABEHCTBO NO OCHOBAHHIO €, ROMYYHM dopuyny
xIna=In(l 4 2), ‘

H3 KOTOPOHE
PO _hhi+2y
= "a *
Ouesugpo npu x -+ 0 u z - 0, nosroMy
o oat—1 2 RTH Ina
l;_‘}}, P “‘Eﬂln(1+z}"'§_’.“olnu+z}'
Ina z

Mpraumas Bo BrkManue csofictea (6.44) 1 (6.46) 1 dopmyny
(6.65), nomyuaen

Ina 1 _
lim Gy = Ine [ln( +z>]—1““‘
-4 -4

lim | ———"

2—0
Hirax,
lim&—!=Ina. (6.66)
0
x + 2y :
4, Haiitu ,],i-To(x-3) .

Pasjienis UHCAATeAb M SHAMEHaTeJb APOOH Ha X H HCHOAB3YS
dopuyay (6.64) npn k= + 2 k= —3, noayinM

1-}-2 *
(xR Xy _ &
ltm(m) =!im( _3) = = &%

. N

5. Hafitn lim 0%
x—0 x

[ 3
MonokuM ax = &, OTKYAR X = 7 Ecom x =0, Tora—»0,

HO5TOMY 1 .
i . i
fim 302 _ im0 < lim e 22 = alim 3 = a1l =a.
=0 % o0 & PR oy &
L )
ChregopatenbHo, o ’
lim &2 =g, (6.67)
x—0 *

B gacrhocts, npr @ =2

npH a= —;-— HMeeM

6. Hafiru lim tg—”.
x—0 x

sinx
cosx B lingcosx—cos0=l.

#a OCHOBaHHH cBoficTs npepenos (6.43) n 